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RECORDS OF PROCEEDINGS AT MEETINGS 





SESSION NOVEMBER, 1914-JUNH, 1915. 
Thursday, November 12th, 1914. 


ANNUAL GENERAL MEETING. 


Prof. A. EK. H. LOVE, President, in the Chair. 


Present twenty-nine members and five visitors. 

Mr. J. P. Clatworthy was elected a member. 

Messrs. G. R. Jeffery and A. Lynch were admitted into the Society. 

On behalf of the Council the President presented the De Morgan 
Medal to Prof. Sir J. Larmor. 

The Treasurer presented his Report. On the motion of Mr. Dallas, 
seconded by Mr. Wren, the Report was received. 

Lt.-Col. A. Cunningham was appointed Auditor. 

The Council and Officers for the ensuing Session were elected. ‘The 
list is as follows :—President, Prof. Sir J. Larmor; Vice-Presidents, Prof. 
W. Burnside and Prof. A. HE. H. Love; Treasurer, Dr. A. E. Western ; 
Secretaries, Mr. J. H. Grace and Dr. T. J. VA. Bromwich; other 
members of the Council, Prof. H. F. Baker, Mr. $8. Chapman, Mr. E. 
Cunningham, Mr. A. L. Dixon, Mr. G. H. Hardy, Prof. E. W. Hobson, 
Mr. A. E. Jolliffe, Prof. H. M. Macdonald, Major P. A. MacMahon, Mr. 
H. W. Richmond. 

Sir J. Larmor having taken the chair, the retiring President, Prof. 
Love, delivered an address on ‘‘ Mathematical Research.” It was agreed 
that this should be printed in the Proceedings. 

Prof. T. Kubota read a paper ‘‘ Onthe Theory of Closed Convex Surfaces.’’* 








* Printed in this volume. 
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The following were also communicated :— 


Note on an Extension of Sylow’s Theorem: Prof. G. A. Miller. 
The Conformal Representation of the various Triangles bounded 
by the Are of Three Intersecting Circles: Mr. J. Hodgkinson. 
*The Dynamical Theory of the Tides in a Zonal Basin: Mr. G. R. 

Goldsbrough. 

*The Modulus of an Analytic Function: Mr. G. H. Hardy. 

*() On the Modification of a Train of Waves as it Advances into 
Shallow Water; (i) *On a Configuration of 21 Points and 21 
Lines which arises from the Complete Quadrilateral and Deter- 
mines the Group of 168 Plane Collineations: Prof. W. Burnside. 

On Integrals and Derivates with respect to a Function: Prof. W. H. 
Young. 


ABSTRACTS. 
On the Theory of Closed Convex Surfaces: T. Kubota. 


A proof of this theorem is given: “If the sections of a closed convex 
surface by each set of parallel planes are similar and similarly situated 
curves, the surface must be an ellipsoid.” 


Note on an lixtension of Sylow’s Theorem: Prof. G. A. Miller. 


The theorem that the number of cyclic sub-groups of order p*, p being 
any odd prime number and a> 1, contained in a group which involves at 
least one non-cyclic group of order p”, m >a, is always divisible by p, 
was proved by me in these Proceedings, Vol. 2, 1904, p. 142. In view of 
the importance of this theorem it may be desirable to direct attention to a 
much simpler proof than the one just noted. 

For simplicity we shall first assume that the order of the non-cyclic 
eroup G is p”, and observe that every cyclic sub-group of order p* con- 
tained in G is found in a non-cyelic sub-group of order p**’. Employing 
a well known method with shgeht modification,+ we let 7, and 7,41 repre- 
sent respectively the total number of sub-groups of order p*, and the total 
number of non-cyclic sub-groups of order p**' contained in G. If we 
count each of these non-cyclic sub-groups as many times as it contains 
sub-groups of order p* there results the equation 
Y=Ta+l 


y 
1 Y= 








* Printed in this volume. 
{ Cf. W. Burnside, Theory of Groups, 2nd edition, 1911, p. 129. 
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where a, represents the number of non-cyclic sub-groups of order p*** 
which contain a particular sub-group of order p*, and 0, represents the 
number of sub-groups of order p* contained in a particular non-cyclic sub- 
sroup of order p**?. 

Hence it results directly that 7, = 7.41 (mod p), and as 7, = 1 (mod p) 
according to a well known theorem due to Frobenius, it follows that 
Ya+1 — 1 (mod p). Hence the number of cyclic sub-groups of order p* in 
G is either zero or a multiple of p. The main advantage of this method 
of proof is that it is only a very slight modification of a well known 
method usually employed to prove the extension of Sylow’s. theorem due 
to Frobenius. The extension of this theorem to the case where G is any 
eroup involving non-cyclie Sylow sub-groups of order p” is evident. 

The only point in the above proof that presents any difficulty is the 
fact that a, = 1 (mod p) for each of the possible values of w. In fact, 
this case presents no special difficulty unless the sub-group H of order p* 
in question is cyclic, and is included in a cyclic sub-group of order p**?. 
In this special case it is easy to see that all the operators of G which are 
commutative with every operator of H form a group which involves kp-+1 
non-cyelic sub-groups of order p**! involving H, since its quotient eroup 
with respect to H involves a non-cyclic invariant sub-group of order p”. 


The Conformal Representation of the various Triangles bounded by 
the Arcs of Three Intersecting Circles: Mr. J. Hodgkinson. 


It is shown that three intersecting circles determine thirty two dis- 
tinct triangles. The triangle the sum of whose angles is least is called 
the ‘“‘ reduced triangle,” the others are styled “ associated triangles.” 

The conformal representation on a z half plane of a triangle in a 
w plane whose angles are Av, uz, v7 18 known to be given by 


{ 1—» 1—/ w—w?+r7—1 |) 


[hee iegmayiay z(zg—1) es 





4 iw, z} =4 


where {w, z} is the Schwarzian derivative. 

The reduced triangle being represented upon a z half plane and the 
associated triangle upon a Z half plane, the author has considered the 
relation between Z, z. 

It is found (1) that the relation is always transcendental when the 
three circles have a real common orthogonal circle, 7.e., for the reduced 
triangle A+"+v<1; (2) that when the three circles have an imaginary 
common orthogonal circle, 7.e., for the reduced triangle A+-u+y > 1, the 
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relation is algebraic when, and only when, the reduced triangle is one 
of Schwarz’s XV well-known cases. 

The relation between z, 7 has been obtained by the author in one case 
by a method due to Klein. From this the writer has deduced that, if 
a, 8, y are the elements of one of Schwarz’s algebraically integrable cases 
of the hypergeometric equation, the equation whose elements are a+7,, 
B+n2, y+n3, where 7, 22, 23 are integers, is also algebraically integrable. 

The author has also considered under what circumstances the func- 
tion z, obtained by integrating the equation 


2 2 y, 2 2 
ee ee eee ee Ae lI 
2 a eer ha ress ya Fy eeasabba, oie 


has a finite number of branches. It is found that when the triangle 
whose conformal representation is effected by the integral of the equation 
is one of Schwarz’s XV cases, or any of the associated triangles, this will 
be the case, but for all the cases in which the reduced triangle has the 
sum of its angles greater than 7, the number of branches is infinite. For 
the cases when the sum of the angles of the reduced triangle is less than 
7, the function z always has an infinite number of branches when the 
triangle represented is an associated triangle, and in the case of a reduced 
triangle the number of branches of z is finite in special cases, viz., when 
the triangle can be built up of transformations of a triangle whose angles 


FES aie ate _ ; 
are Spon oee ere where m, 2 are integers. The author shows by a single 
: n 


ease that A, u, vy may be commensurable, and such a composition yet be 
impossible. Finally, a test is given by which the possibility of such a 
composition may be determined. 





Thursday, December 10th, 1914. 
Prof. Sir J. LARMOR, President, in the Chair. 


Present nineteen members and two visitors. 

Mr. R. H. Fowler was elected a member. 

The Auditor (Lt.-Col. Cunningham) presented his Report. 

On the motion of Mr. Neville, seconded by Mr. Wren, the Treasurer’s 
Report was adopted, and the thanks of the Society were voted to the 
Treasurer and to the Auditor. 
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The following papers were communicated :— 


*On Simultaneous Equations, Linear or Functional: Mr. EK. H. 
Neville. 

*On Cyclotomic (uinquisection: Prof. W. Burnside. 

“Oscillations near the Isosceles Triangle-Solution of the Three 
Body Problem: Prof. D. Buchanan. 

“On Lamé’s Differential Equation and KEllipsoidal Harmonies : 
Prof. KE. T. Whittaker. 


ABSTRACTS. 


On Simultaneous Equations, Linear or Functional: Mr. EH. H. 
Neville. 


The showman’s puzzle of covering a large circle with five equal smaller 
circles, and the principal mathematical question which it raises having 
been described, the equations on which the numerical solution depends 
are written down; they are four simultaneous functional equations. It is 
then shewn, the explanation being made in the case of three equations, 
that 


If it ws known that an approximate simultaneous solution of any 
number n of independent functional equations 


He (ty, Caseess Cn) Oe el ee 
in the same number of variables is gwen by 
Lp Oo a eee eer 


then rational coefficients py can rapidly be obtained, such that vf sets of 
numbers Ayn are calculated in succession from the formule 


iL 


hy, m+1 = 2 Paoli g(im, Tom 0% Pra) (p soe ib ae sey nN), 


Q= 
TL 


where Vie kOe i eee 
k=l 


ios) 
then the n sertes X Aim are convergent, and if the sum of the series Yay 


m=1 
is r the functional equations are all satisfied for the set of values 
l1y Tay +s» Tp Of the variables. 


A comparison haying been made between the method described and © 








* Printed in this volume. 
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the classical method of solving the same problem, in respect of the labour 
involved in application and the rapidity with which the approximation 
proceeds, it is pointed out that the method often effects economy even in 
the two simplest cases, that in which the equations are linear algebraic 
equations, and that in which there is a single functional equation. 

In conclusion, the method is illustrated by application to the particular 
set of equations for whose solution it was devised, and it is found that 
although the arrangement of the circles which is theoretically the most 
effective cannot be described simply, yet in practice, even if the covering 
circles are so small compared with the large circle that this arrangement 
is only just effective, an arrangement of an extremely simple kind is so 
nearly effective that its failure must escape detection. 


On Cyclotomic Quinquisection: Prof. W. Burnside. 


The problem of cyclotomic trisection is known to depend on the solu- 
tion of the diophantine equation 


[4p—16—9(4 + B)]?+27(A— BY = 4p, 


where p is a prime of the form 6n-+1. This equation has only the solu- 
tion (4, B) and (B, A), either of which may be used. It is here shewn 
that the problem of quinquisection depends on the solution of the simul- 
taneous diophantine equations 


122» = [4p—16—25(A+B)]?+5.152(A —B)?+2.15°0?+2. 15?D*, 
= [4p—16—25(4+B)(A—B)] +8(C?+4C0D—D%, 


where p is a prime of the form 10n+1. These equations have just four 
solutions 


(A, B, C, DY; (B, a 295). C), (A, ioe — zl). ED. A; je A 0s} 


any one of which may be used. 


Thursday, January 14th, 1915. 


Prof. Sir J. LARMOR, President, and temporarily Prof. A. K. H. LOVE, 
Vice-President, in the Chair. 


Present seventeen members and one visitor. 
Dr. Bromwich reported that at the beginning of the Session 1913-1914, 
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there were 306 ordinary members, that during the Session eight members 
had been elected, four members had died, and five had resigned, so that 
the number at the beginning of the present Session was 305. 


The following communications were made :— 
On Halphen’s Transformation: Mr. H. Ei. J. Curzon. 
“The Condition that a Quintic Equation should be Soluble by 
Radicals: Mr. W. E. H. Berwick. 
“A Class of Diffraction Problems: Prof. H. M. Macdonald. 
A Christmas Problem in Probabilities: Dr. A. Young. 
On the Lack of Uniformity in the EHarth’s Rotation: Sir J. 
Larmor. 


ABSTRACTS. 


On Halphen’s Transformation: Mr. H. E. J. Curzon. 


In the geometrical construction corresponding to Halphen’s birational 
transformation, suppose. the initial curve CO gives rises to the derived 
curve I’. Then to C corresponds only one curve I’. However, not only 
does C give rise to I’ but so does C’, the reciprocal of C with respect to 
the directing conic, and it is shown in this paper that C and C’ belong to 
a family of algebraic curves, each of which gives I’ on applying the 
Halphen transformation, and that while C and C’ have a one-one corre- 
spondence with I’, each of the other members of the family has a two-one 
correspondence. The method adopted depends upon solving a Riccati 
differential equation, two of whose solutions are known. This two-one 
correspondence involves relations between the coefficients in the equation 
to the particular curve chosen out of the family and the constants in the 
directing conic. 

It is shewn further how curves may be constructed such that the 
Halphen construction gives a (k, 1)-correspondence between the initial 
curve and the derived curve, where #& is an arbitrary integer. In the 
illustration given the derived curve is a conic. 


The Condition that a Quintic Equation should be Soluble by Radicals : 
Mr. W. E. H. Berwick. 


In order that an irreducible quintic equation 


ax + ba'+ca?+dz*+er+f = 0 








* Printed in this volume. 
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may be soluble by radicals in a field of rationality R, a non-symmetric 
rational function of the roots a, 3, y, 6, e which belongs to the metacyclic 
croup G = 0 must have a value rational in R. The function adopted by 
Weber is 


v= (a38+ By+yo+de+ea—ay—ye—€«B —Bd—da)’, 
and he shows that when the quintic is reduced to the form 


Vey cad: a): 


vy is a root of the sextic 
(Yy—p)* (YW? — 6py + 25p*) —3125q*y = 0. 


It is only in the case of a very limited class of quintics, however, that the 
coefficients p, g of the reduced form are rational in Ff. As a rule they 
belong to a soluble field A’ of relative degree 6 with regard to Rk. Lven 
in the simplest case when a, 0, ¢, d, e, f are ordinary rational numbers P’ 
is usually a sextic field, and it is by no means easy to determine whether 
a sextic equation whose coefficients belong to a sextic field has or has not 
a rational root in that field. 

The object of this paper is to obtain the condition that the quintic 
should be metacyclic in # without the aid of operations in any wider field. 
Adopting the function 


ea) ory). Wy 0). (0 —e) (e-—a)> 
+(a—y)? oo )? (e— 8)? )? (8—0)? (6—a) ale 
it is found that 
p+ 10jp°+ (8572+ 10k) o*+(60j?-+ 80jk-+ 102) 6? 

+ (55j'+ 8072k + 25h? +5070) g? 

+ (267° +107? + 447%? + 59714 14k) 

+ (57° + 2077h? + 207°7+ 207k1+25P) = 
where Vee ae pelo Katy bos OE BET. 
with the notation of Salmon’s Higher Algebra, and for the quintic to be 
soluble by radicals in # this sextic must have a rational root. Simple 
conditions under which the group of the equation reduces to Gy) or G;, the 
two transitive self-conjugate sub-groups of Gyo, are also obtained. In fact 


the group of any irreducible quintic with assigned numerical coefticients 
is fully determined. 
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On Integrals and Derivates with respect to a Function: Prof. W. H. 
Young. 


(This abstract was accidentally onutted in November.) 


From Lebesgue’s theorem, that the derivates of the integral of a 
summable function differ from one another and the function only at a set 
of content zero, it follows that any summable function has the property 
that a dw- and an wl-function can be found which agree with it except at a 
set of content zero. In a paper on “A New Method in the Theory of 
Integration,’ presented to the Society in May, 1910, the author pointed 
out the possibility of constructing the whole theory of integration by 
fixing the attention primarily on dw- and wl-functions having that property. 
More recently in communications made to the Royal Society, and in a 
second paper published in these Proceedings, the author showed in detail 
how, in point of fact, such dw- and wl-functions could be chosen to have 
the given function between them. The proof was only given for the case 
of a bounded function, but, if the hypothesis is made that the funetion is 
summable, the same argument shows that the property is possessed by 
any unbounded summable function. This is pointed out in the present 
paper, and, as in the last mentioned paper, the more general case of 
integration with respect to a function of bounded variation is considered. 

The argument employed, of a very simple character, is closely con- 
nected with one of the earlier definitions of integration, given by the 
author. In this definition the ideas of Darboux are fully developed, and 
expressed in a form which shows the inevitableness of the modern theory 
of integration, while at the same time it renders evident the point at 
which Riemann’s considerations are inadequate. 

‘The question naturally presents itself as to whether Lebesgue’s impor- 
tant theorems as to the relations between the derivates of a function and 
their primitive and other fundamental theorems of the new calculus 
cannot be directly deduced from the definition referred to, without the 
use of Lebesgue’s machinery ; and, the further question, closely connected 
with the former, as to whether Lebeseue’s theorem, from which the 
existence of the associated du- and wl-functions can be deduced, is not 
itself a consequence of the existence of these functions, an existence 
which, as the author has shown, can be proved independently. 

The advantage of such a mode of procedure is great, if one reflects 
that, in it, the use of transfinite numbers of the Theory of Sets of Points 
is excluded. 

In a slightly different order of ideas, De la Vallée Poussin has obtained 
Lebesgue’s results by means of a theorem, due to himself, elaborated 
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evidently for the purpose in hand, which states the existence of functions 
majorant and minorant to a Lebesgue integral—namely, such continuous 
functions as have their derivates respectively all greater and all less than 
the integrand, and approach the integral as near as we please. De la 
Vallée Poussin’s proof avoids transtinite numbers, but employs reasoning 
in the Theory of Sets of Points analogous in character to that adopted by 
Lebesgue in his proofs of his theorems. 

In the present communication it is shown that this theorem of De la 
Vallée Poussin is an immediate deduction from the considerations exposed 
above, and that equally whether the independent variable be the continuous 
one contemplated by De la Vallée Poussin, or be taken to be any monotone 
increasing function. By availing himself therefore of De la Vallée 
Poussin’s elegant exposition, the author is able to obtain a systematic 
solution of the problem he had proposed to himself, and the theorems ob- 
tained are at the same time proved in the most general form yet given 
to them by him. 

Closely connected with the subject of integration is that of derivation, 
and the paper contains a number of results with respect to the derivates 
of semi-continuous functions which appear not to have been remarked, 
but which appear to be not without importance, in view of the funda- 
mental part played by semi-continuous functions in the author’s mode of 
treatment. Certain of them are moreover required in the course of the 





argument. 





Thursday, February 11th, 1915. 
Prof. A. EK. H. LOVE, Vice-President, in the Chair. 


Present also seventeen members. 


The following papers were communicated :— 


(i) The Zeros of the Riemann Zeta Function, (ii) On an Assertion 
of Tehebychef: Messrs. G. H. Hardy and J. E. Littlewood. 
Apolar Generation of the Quartic Curve: Mr. W. P. Milne. 
*On the Steady Rotation of a Solid of Revolution in a Viscous Fluid: 
Mr. G. B. Jeffery. 
Relations amongst Bernoulli’s and Euler’s Numbers: Mr. 8. T. 
Shovelton. 
The last was an informal communication. 








* Printed in this volume. 
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ABSTRACTS. 


The Zeros of the Riemann Zeta-Function: Messrs. G. H. Hardy and 
J. i. Littlewood. 


It was conjectured by Riemann that the complex zeros of 
¢(s) = ¢((¢+tt) have all the real part 4, but no proof of the correctness 
of this hypothesis has ever been published. The existence of an m- 
jinity of zeros on the line « = 4 was proved recently by Hardy (Comptes 
Rendus, April 6th, 1914), who based his proof on a definite integral of 
Cahen and Mellin, and a lemma concerning the elliptic theta-functions. ~ 
Important simplifications im and extensions of this method have been 
effected by Landau, in a paper as yet unpublished. Landau has shown in 
particular that, for all sufficiently large values of 7’, there is a zero on the 
line whose imaginary part hes between T and 7°. From this it follows 
that the number Ny(7) of such roots, whose imaginary part is positive 
and does not exceed 7’, is at least of order log log T. 

If the Riemann hypothesis is true, then 

N,(T) ~ Het i. 


Failing a direct proof of the hypothesis, it is a problem of the greatest 
interest to show that N (Z’) is of as high an order as possible. In this 
paper we prove that, if e is any positive number, there is a zero on the 
line whose imaginary part lies between T and T7+7"**, for all sufticiently 
large values of 7’. The order of N,(7’) is therefore at least 


red E 
fh 
e 


We have entertained hopes of showing that the order is at least J7'~°; 
but the difficulties of the analysis have so far defied us. It hardly seems 
likely that any natural extension of our method can carry us further than 
this. 

Our method is now quite free from any reference either to the Cahen- 
Mellin integral or the theory of elliptic functions. Writing 


Qe?! Fi (2t) 


K() = fA te) = f(s) aster BB 3) 3s) — ae 
4 


we prove that if H = T?**, where e is a sufficiently small positive number, 

then T+H 

| X(t)dt = O(T*) 
ae 


for all positive values of 6, and that, if d << e, this equation is inconsistent 
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with the hypothesis that X(é) is of the same sign throughout the interval 
(T, T+). 


On an Assertion of Tchebychef: Messrs. G. H. Hardy and J. H. 
Littlewood. 


A letter of Tchebychet (Huwvres, Vol. 1, p. 697) contains the assertion 
that the function 


Fly) = —D(— 12 O-V er = eV —e He Vp el _.,,,, 


where y is positive, p a prime, and the sign is positive or negative accord- 
ing as p is of the form 4m+8 or of the form 4m+1, tends to infinity as 
y—>0O. No proof of the truth of this assertion has been published: “‘ da 
bis heute nicht entschieden ist, ob dies der Fall ist oder nicht, so ist zu 
vermuten, dass Tchebychef’s unpublizierte Begrundung seiner Behauptung 
einen Irrtum enthalten hat” (Landau, Rendicont: di Palermo, Vol. 24, 
p. 156). 

We have proved that Tchebychef’s assertion is correct if all the com- 
plex zeros of the function 


ie Salers oe 


have their real part equal to 4. This hypothesis stands on the same 
footing as the Riemann hypothesis concerning the zeros of ¢(s). It is 
highly probable that, if this hypothesis is false, then Tchebychef’s asser- 
tion is also false; but of this we have no rigorous proof. 

It follows from a well known formula of Cahen and Mellin that 





Eis)? 


K+i9 TAGs 
jeg L(s) a, 


{ne 1 

ye We aE) are iy oc En 

(1) fly) = (-d) log pe = 5 
if y>O and «>1. An application of Cauchy’s theorem leads to the 


result 
(2) Fy) = A+o1)+2T (py, 


where A is a constant, p a complex zero of L(s), and y—0 by positive 


values. 
Assuming that every p has the real part $, it is not difficult to show 


that 
(3) (LQ) y* | < soy. 
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Further, writing 
(4) 


Sy =—- X¢- “DRO log pe — log p 4 lo > (— 1)?" ©) log pew?"'Y 
P », mt 


=fAWMtThy thy, 
say, we have 
(5) Fil) ~— ary, fay) = Oly). 
From (3), (4), and (5), it follows that 
(6) f,(y) = log 8e~-*—log 5e-™ + log Te~ +log lle“! —... > Ky, 
where { is a positive constant. And, from (6), 16 is easily deduced that 
(ae 
iS Pe Vy logd/y) ‘ 
We have thus proved in one direction a good deal more than was asserted 
by Tchebychef. 


Hap) = e789 — et e-TY 4 ely, 


On the Steady Rotation of a Solid of Revolution in a Viscous Fluid: 
Mr. G. B. Jeffery. 


The problem discussed in this paper is the motion of a viscous fluid 
generated by the slow rotation of a solid of revolution about its axis. ‘The 
characteristic of this motion is that the velocity is everywhere perpendicular 
to the axis. If z,@w, ¢ are cylindrical coordinates, and if there is a solution 
of Laplace’s equation of the form /(zw)sing, it is shown that there is a 
solution of the present problem given by v=/(z, w), where v is the 
velocity of the fluid. There are solutions of Laplace’s equation of the 
required type in terms of spherical harmonies, Bessel functions, and oblate 
and problate spheroidal harmonics. From these we obtain the solutions 
for the fluid motion generated by the rotation of 


(1) Concentric spheres. ‘This solution is well known. 
(il) Confocal problate ellipsoids of revolution. 


(ii) Oblate ellipsoids of revolution whose meridian sections are con- 
focal. 


(iv) A circular dise. ‘Two solutions of this problem are obtained : 
one as a particular case of (i1i), and one in terms of Bessel 
functions, 


All these solutions, with the exception of the second solution of (iv), are in 
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finite terms, harmonies of the first degree only being necessary. The 
method is then applied to the investigation of the mutual influence of two 
non-concentric spheres rotating about their common diameter with different 
angular velocities. The extent of this influence may be gathered from the 
following examples : 


(i) If two equal spheres A, B are surrounded by a viscous fluid of 
infinite extent, and A is caused tu rotate about the common diameter with 
a prescribed spin while B is left free to turn under the stresses on its 
surface; and if the two spheres are so close together that the distance 
between their surfaces is but one fiftieth of the distance between their 
centres; then 6 will rotate with about one eighth of the spin of 4. 


(i) If a sphere in the presence of an infinite fixed plane rotates about 
an axis perpendicular to the plane, and if the shortest distance between the 
surfaces is one fiftieth of the radius of the sphere, then the couple which 
resists the rotation of the sphere is greater than what it would be in the 
absence of the plane only by about 12 per cent. 





Thursday, March 11th, 1915. 


Prof. Sir J. LARMOR, President, in the Chair. 


Present eighteen members and two visitors. 

Messrs. T. Kubota and C. E. Weatherburn were elected members. 

The President announced the deaths of Mr. G. W. Hill, who was an 
honorary member of the Society, and of Prof. H. W. Lloyd Tanner. 


The following papers were communicated :— 


*On some Theorems in the Theory of Series of Orthogonal Fune- 
tions: Prof. KE. W. Hobson. 
Investigations in the Theory of the Partition of Numbers by a New 
Method of Partial Fractions: Major P. A. MacMahon. 
Reciprocal and Parallelogram Linkages: Col. R. L. Hippisley. 
*A Pseudo-Sphere whose Equation is Expressible in Terms of 
Elliptic Functions: Dr. J. R. Wilton. 
Circles and Spheres associated with a Triangle, Orthocentric Tetra- 
hedron, ete.: Mr. T. C. Lewis. 





* Printed in this volume. 
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ABSTRACT. 


Circles and Spheres associated with a Triangle, Orthocentric Tetra- 
hedron, ete.: Mr. T. C. Lewis. 


1. Let ABC be a triangle, P the orthocentre. 

Let 4, B, C, P denote the four orthogonal circles having their centres 
at these points. 

Let J, E,, H,, H3; denote circles concentric with the inscribed and 
escribed circles of the triangle, but with radii increased in the ratio ./2: 1. 

The angle of intersection of two circles, spheres, etc., is taken to be 
the angle between the radii drawn from a point of intersection to the two 
centres. 

The cosine of the angle of intersection of two circles, etc., say A and 
Ey, will be denoted by AH, for short. Hence, if dB = CD, the angles 
of intersection are equal in the two cases; if 4B =—CD, the angles 
are supplementary. 

The following results are obtained. 

Any group of three circles similar to A, J, H, are co-axal, 72.e., have a 
common chord. 

The following seven circles, viz., the four circles J, H,, H,, Hs, and the 
circles A, B, C, have a common radical centre, viz., P. 


Also Al = AE, = AE, =—AF,, 


that is, the circles 1, H,, H, intersect A at the same angle 0,, whilst EF, 
and A intersect at an angle 7—@,. If the similar intersections with the 
circles B and C be 0, and 63, then 


cos” 6,-+ cos? 6,+ cos? 63 = 1. 
The line AP is the locus of centres of circles which make equal angles 
of intersection with the circles J, Hy, Hs. 
Moreover, La a Hine 
i.c., the angle of intersection of any two of the four circles J, H,, H,, Hs; is 
supplementary to that of the other two. 
Also TH, t1E,+TH,=1=— DHE’, 


i.e., the sum of the cosines of the angles of intersection of J with the other 

three circles is unity, and the sum of the cosines of the angles of intersec- 

tion of all pairs of circles that may be chosen from the four circles is zero. 
{nu fact, if 6, be the angle of intersection of J and £, etc., 


cos @; = cos” 6,+cos* 6;—cos? 6; = 1—2 cos” 6, 
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whence also it appears that 6, and $4, are complementary, 2e¢., at a 
common point of A, J, H, the tangent to A bisects the angle between the 
radii of J and Ej. 


2. If ABCD be an orthocentric tetrahedron, and P the orthocentre, 
let A, B, C, D, P be used to denote the five mutually orthogonal spheres 
with centres at. these points. 

Let J, H,, Hy, H3, Hy, Pi, denote eight spheres concentric with the 
spheres which touch, on one side or the other, the faces of the tetra- 
hedron, but with radii increased in the ratio ,/8: 1. The suffixes indicate 
the faces which any sphere touches externally. There are three spheres 
F which touch two faces externally, and they are either () Fy, Fy3, Py or 
(ii) Fog, Fg,, Fg, where the vertex A is taken to be that one whose corre- 
sponding number, 1, occurs in all or in none of the suffixes. 

The following results are obtained. 

Any group of three spheres such as 4, J, H, have a common section. 

The following twelve spheres, viz., the eight spheres J, H, F’, and the 
four spheres A, B, C, D, have a common radical centre, viz., P. 

Also the spheres J; H,, E3, Hy, and in (11) Fg, F'34, Fy, intersect A at 
the same angle 0@,, whilst #, intersects it at an angle t—0@,; while J, Ey, 
Hs, H, in (i) intersect A at the same angle 6,, and the remaining four 
spheres intersect it at an angle 7—0,. If the similar intersections with 
the spheres B, C, D be 03, 03, 04, then 


cos” 0,-+ cos? 6,-+ cos* 6, cos? 6, = 1. 

The line AP is the locus of centres of spheres which make equal angles 
of intersection with the spheres J, EH,, E3, E4. 

If 4, be the angle of intersection of J and £), etc., then 0, and $4, are 
complementary. 

Also Ig cae dined eam i em dO clay 8 OL 
and IE, = —H, Fy, = — E3F yy = — H,F. in (i). 
Thus in (i) the angles of intersection of the pairs J, H,; Hy, Py; Hs, Fis; 
E,, Fy, are equal to one another, while in (11) the angles of intersection of 
the pairs Ho, Fy; Hs, Fug; Ey, Fog are equal but complementary to the 
angle of intersection of J and £). 

The suffixes 2, 8, 4 are by supposition not admitted or omitted in the 
same way as the suffix 1; and we obtain 


Ik, — Hy, Fy “= — HF, = — HF 55 in (1), 
and IE, =—- — Es F's — L3 F'5g — HisP ys in (11). 


SmR, 2. vow. 14. C 
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Also SIH =9%, “and? 2 Hf)=0 Ah, +h kya 


v.e., the sum of the cosines of the angles of intersection of J with the 
spheres EH is 2, and the sum of the cosines of the angles of intersection of 
pairs of spheres FE is zero. 


So Ey aan), 
Tia gag TEAL) 
where 2 and é are other than 1. And 
Fy Py, = Ly, in (1), 
Py, Py = Eyl; i (i). 
There are very many other similar geometrical relations. 
shih the same manner corresponding relations are established in 


space of n dimensions, the radii of the » spheres under consideration 
being 4/n times those of the inscribed and escribed 7 spheres. 


We obtain YIH = n—1, 
DHE = SA — 3 eee es 


The relations between the radii of the n-spheres J, H, F, ... may also be 
easily written down. 

When 7 is odd there are always two sets of cases to be considered, as 
in three dimensions. 


Thursday, April 22nd, 1915. 


Prof. Sir J. LARMOR, President, and afterwards Prof. A. Ei. H. LOVE, 
Vice-President, in the Chair. 


Present fifteen members. 

Mr. C. Walmsley was elected a member. 

The President announced the death of Prof. W. G. Adams, who had 
been a member of the Society for nearly thirty years. 
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The following papers were communicated :— 


*The Influence of the Oceanic Waters on the Law of Variation of 
Latitudes: Sir J. Larmor. 
Note on Dirichlet’s Divisor Problem: Mr. G. H. Hardy. 
*Division of the Lemniscate into Seven Equal Parts: Mr. G. B. 
Mathews. 
Note on a New Form of Closed Linkage: Col. R. L. Hippisley. 


Col. Hippisley exhibited a model in connexion with his paper. 


ABSTRACTS. 


The Influence of the Oceanic Waters on the Law of Variation of 
Latitude: Sir Joseph Larmor. 


The prolongation of the periodic time of the small free orbital motion 
of the Pole over the EHarth’s surface from 3804 to 428 days has been 
recognized to be due to the centrifugal strain of the Harth’s rotation 
changing in step with the changing axis of rotation. This regular circular 
precession is found to be strongly disturbed by irregular surface displace- 
ments of terrestrial masses. But among these disturbances the adaptation 
of the ocean surface to the changing axis ought not to be included, for 
being synchronous with the precessional motion it must affect its period, 
and so fundamentally alter it instead of merely disturbing it. It is 
roughly estimated that if the Harth were elastically unyielding, the effect 
of the existing ocean would be to lengthen the period of free precession 
from 304 te about 332 days. The remainder of the actual increase to 
about 428 days would be, as now, ascribed to elastic centrifugal strain of 
the solid Earth, and the necessary slight revision of current estimates of 
its yielding is made on this basis. The question is broached, what would 
be the course of history of a planet so nearly spherical that the incumbent 
ocean would destroy secular stability for all possible axes of rotation ? 


*Division of the Lemniscate into Seven Equal Parts: Mr. G. B. Mathews. 


The division of the lemniscate into seven equal arcs depends upon an 
equation of degree 24 with ordinary integral coefficients. It is shown in 
the paper how, by a chain of three auxiliary pure quadratics, this equation 
can be broken up into eight cubics, one of which corresponds to all the 
real solutions of the problem. 


* Printed in this volume. 
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Note on a New Form of Closed Linkage: Col. R. L. Hippisley. 


The linkage consisted of a series of distinct and dissimilar 3-bar 
linkages with unequal links. 

The formule given on p. 205, Proc. London Math. Soc., Ser. 2, Vol. 18, 
and two others, not there stated, but equally verifiable, give rise to the 
following vector equations 


ay, +6;+6, = Dj, dg + By,+6, = D, 
dy —y3—0, = Dy, dg —Y11 —0, = Dy 
eer e pe Waa rgy arama (Blas (A) 
6B, —é, te, = D,, B.—6,, te, = D; 
Butys—a = D;; Bytyu—4a = D; 


where as, 3 represent 76%, 7,e'%s, ..., and 


5) Lee 


D,=4( d+2d.+ d3+2d,+ d;), 
Dy = ¥( 2d, + d,— d,—22d,— d;), 

9 = 3( 2d, t+ d,t2d,+ d,— d,), 
D,=4( d,+2d,+ d,— d,—2d;), 
Ds = 4(—d,+ do+2d,+ d,+2d;,). 


S 
| 


The equations (A) represent linkages which can be constructed upon 
bases lying on O,O, (see Fig. 3 of article quoted). ‘The terms on the left 
of each equation can be permuted in six ways, all indicating different 
linkages. There are therefore 60 typical vector equations and 11 varia- 
tions of their subscripts, or in all 660 equations. After a little acquaint- 
ance with them it is not difficult to pick out a series like the following 


ats +£, +oy,= Dy, 


—oy+ay—Yy = Dz, 
+Yotao tes = Ds, 
= 6s Ag 76 = Ds, 
+Y6—% +03 =—D,, 
—6g —Bu-ag, = —D,, 


in which each begins with the vector that its predecessor ended with, but 
with sign reversed; the last one ending with the negative of the vector 
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that leads the first one; and in which the sum of the constants vanishes. 
This compound linkage will close and will have one degree of freedom. 





It will be observed that there is a kind of symmetry in the arrange- 
ment of this linkage (Fig. 1). But quite unsymmetrical ones can be put 
together, such as 


+a, +8, +6, =+D,, 
—)6,, tay —Yo — + D2, 
t+¥o tate; =+Ds, 
—e; +Y1t+hi0 = + Ds, 


eee Sh, aed 
+e —By —y¥s = —D;, 
+y, —d +03 =—D,, 
—d3 thy te =+D, 
ay SN eed Ny cope OF 


which will close although the sum of the constants does not vanish be- 
cause the first and the last radial links are always equal and parallel and 
can be connected by a link at their extremities, the series being, in fact, 
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completed by the linkage 
“FD ee 


which is a parallelogram (Fig. 2). 





A large number of additional formule are obtainable from these 
linkages relating to the amplitudes of the elliptic arguments w+27K/n 
and w+4rK/n. 





Thursday, May 18th, 1915. 
Prof. Sir J. LARMOR, President, in the Chair. 


Present fifteen members. 


The following papers were communicated :— 


*The Diffraction of Waves by a Wedge: Dr. Bromwich. 
An Invariant Modular Equation of the Fifth Order: Mr. W. E. H. 
Berwick. 
*A Direct Method in the Multiplication Theory of the Lemniscate 
Functions and other Elliptic Functions: Mr. G. B. Mathews. 








* Printed in this volume. 
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Dr. Bromwich made an informal communication on “‘ The Bright Spot 
in the Shadow of a Circular Disc,” and Mr. §. T. Shovelton on “ A New 
Method for Calculating Bernoulli’s Numbers to any Order.” 


ABSTRACTS. 


An Invariant Modular Equation of the Fifth Order: Mr. W. E. H. 
Berwick. 


This paper contains the expanded form of the six-six algebraic equa- 
Y¥ion between the modular functions 


ee cat 3 eed | | 
7c) — g a meee mt l44tes 
and Ha). 


A Direct Method in the Multiplication Theory of the Lemniscate 
Function: Mr. G. B. Mathews. 


In this paper the calculation of v,,(), where m is a real or complex 
odd integer, is made to depend upon two ordinary differential equations of 
the second order, the independent variable being p(w; 4, 0). The explicit 
forms of several coefficients are given, and a number of particular values 
of Wy» are tabulated. It is pointed out that y, satisfies an ordinary 
differential equation of the fourth order, and reference is made to previous 
work by Gauss and Hisenstein. 





Thursday, June 10th, 1915. 


Prof. Sir J. LARMOR, President, in the Chair. 


Present eleven members. 

Messrs. G. R. Goldsbrough and H. Jeffreys were elected members. 

The President announced the death of Prof. Morgan W. Crofton, a 
former member of the Society, member of the Council and Vice-President. 
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The following papers were communicated :— 


On Periodic [rrotational Waves at the Surface of Deep Water: 
Prof. W. Burnside. 

A Theorem on Series of Orthogonal Functions: Prof. M. Kuniyeda. 

The Effect on the Tides of the Variation in the Depth of the Sea: 
Mr. G. R. Goldsbrough. 

Oscillations near an Isosceles 'T'riangle Solution of the Problem of 
Three Bodies, as the Finite Masses become Unequal: Prof. D. 
Buchanan. 


LIBRARY 


Presents. 


Between August, 1914, and July, 1915, the following presents were 
made to the Library, from their respective Authors or Publishers :— 


Burgess, H. T.--‘‘ Proof of Fermat’s celebrated Unproved Theorem.”’ 
Carmichael, R. D.—‘‘ Theory of Numbers.”’ 

Carslaw, H. S.—‘‘ Discovery of Logarithms by Napier of Merchiston.”’ 
Dickson, L. E.—‘‘ Elementary Theory of Equations.’’ ‘ 

Hill, M. J. M.—‘‘ The Theory of Proportion.”’ 

Hilton, H.—‘‘ Homogeneous Linear Substitutions.”’ 

Marsh, H. W.—‘‘ Constructive Text Book.’’ 

Moritz, R. E.—‘‘ Text Book on Spherical Trigonometry.” 

Neuman, C.—‘‘ Uber die Dirichletche Theorie der Fourierschen Reihen.”’ 
Norland, N. E.—‘‘ Sur les Séries de Facultés.”’ 

Prasad, Chandi.—‘‘ First Course of Coordinate Geometry.”’ 

Schaller, T. G.—‘‘ Beweis der Richtigkeit des grossen Fermatschen Satzes.’ 
Smolar, G.—‘‘ Beweis des grossen Fermatsches Satzes tiber die Gleichung @’” +5” = ¢”,”’ 
Stieltjes, T. J.—‘* Giuvres Completes.” 


b] 


Calcutta: Indian Association for the Cultivation of Science, Bulletin, nos. 10-12, 1914. 

Calcutta: Indian Engineering, vols. 56, 57, 1914. 

Cape Town: South African Journal of Science, vol. 10, nos. 9-14, 1914; vol. li, nos. 2-9, 
1914-15. 

London: Educational Times, vol. 67, nos. 639-644, 1914; vol. 68, nos. 645-650, 1915. 

London: Educational Times, Math. Questions and Solutions, new series, vol. 25, 1914; vol. 26, 
1914. 

London: Mathematical Gazette, vol. 7, nos. 110-114, 1914; vol. 8, nos. 115-117, 1915. 

London: Nautical Almanac for 1917. 
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MORGAN WILLIAM CROFTON.* 


Tue late Morgan William Crofton, F.R.S., though a man of reflective 
and retiring disposition, and therefore not well known to the public, yet 
had an unusually remarkable and interesting career. 

He was born in Dublin in 1826, eldest son of Rev. W. Crofton, Rector 
of Skreen, Sligo, a living which must have been held just previously by 
the father of Sir George Gabriel Stokes, the great mathematician and 
physicist, who was born at Skreen in 1819. + 

Taking his degree in Trinity College, Dublin, with the highest mathe- 
matical honours in 1848, the late Dr. Johnstone Stoney being second on 
the list, he was precluded from standing for Fellowship in those days on 
account of his having joined the Roman Catholic Church. 

He held from 1849 to 1852 the Professorship of Natural Philosophy at 
the Queen’s College, Galway, then newly founded, and later he worked in 
some of the Jesuit educational institutions in France ; he was succeeded at 
Galway by Dr. G. J. Stoney, who remained there until his appointment as 
Secretary of the Queen’s University in Iveland in 1857. 

Coming to Woolwich, Crofton made the acquaintance of the late 
J. J. Sylvester, F.R.S., who was then Professor of Mathematics at the 
Royal Military Academy; on his recommendation Mr. Crofton was 
appointed an Instructor on the Mathematical Staff. Prof. Sylvester, as 
was his manner, stimulated into activity the exceptional mathematical 
powers of his colleague,» and communicated some of his original work to 
the Royal Society ( Local Probability,’ Phil. Trans., 1868, ‘‘ Law of 
Error,” Phil. Trans. 1870), with the result that at his first nomination, in 
1868, he was elected a Fellow. He was a frequent contributor of short 
elegant papers to the early volumes of Proc. Lond. Math. Soc. When, in 
1870, Prof. Sylvester vacated his office, the other members of the Mathe- 
matical Staff at Woolwich are said to have written to the Governor (Sir 
Lintorn Simmons) to say that if Mr. Crofton, who was the junior member, 
applied for the Professorship none of them would do so. He was appointed, 
and held the position till he retired under the age limit in 1884. 

Many distinguished officers of the Royal Artillery and Royal Engineers 
passed under Prof. Crofton at the Royal Military Academy ; among them 





* The writer is indebted for valuable material to the Rev. James White, who was a 
colleague of Prof. Crofton, at Woolwich, from 1870 to 1878. 

Tt See Obituary Notice by Lord Rayleigh, Roy. Soc. Proc., 1903, or Stokes’ Collected 
Papers, Vol. v. 
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may be mentioned Lord Kitchener, Sir Leslie Rundle, Sir Reginald Win- 
gate, Sir Matthew Nathan, Major P. A. MacMahon, F.R.S., and also the 
late Prince Imperial of France, with whom Prof. Crofton’s religious and 
French associations formed a special tie. 

While at Woolwich he wrote two brief manuals for the cadets, which 
exhibit the high level of the teaching to which they were supplementary. 
One of them, on Applied Mechanics, belongs to a period when the only 
adequate representative of its class in English was the treatise of Macquorn 
Rankine, for whose work Crofton had a high admiration. His own methods 
of demonstration were terse and lucid in their direct geometrical presentation, 
just what is wanted for the training of practical officers, who require to have 
command of the ideas of the subject but may be distracted by analytical 
processes. Lispecially elegant and original was his treatment of the theory 
of structures—for example, that of jointed frames, which was just then 
being worked up into the subject of graphical mechanics. In fact, these 
short works have lost none of their value from the lapse of time. 

The subject of most of his original memoirs was that beautiful combi- 
nation of geometry with the integral calculus to which has been given 
(perhaps by himself) the name of Local Probability. In these investiga- 
tions the elegant geometrical touch which he had acquired in the Dublin 
‘school found full scope. The whole subject of Probabilities fascinated 
him, as it had fascinated the somewhat kindred mind of Pascal; and he 
always expressed high admiration for Laplace’s great treatise. His own 
lucid and elegant exposition of the subject of Probability in the ninth 
edition of the ‘‘ Mneyclopedia Britannica’? might well be recovered from 
oblivion, and should, in fact, survive as a classic on the subject. 

When the Royal University of Ireland came into being in 1882, 
Crofton’s services were obtained as one of the Fellows on the Catholic 
side. For some ten years following, the present writer had the advantage 
as an examiner colleague of sharing in his friendship and intellectual 
interests, and observing the subtle play of his mathematical tastes. Con- 
siderations of health led to the abandonment of this work, and the last 
twenty years of his life were spent in retirement. | 

Prof. Crofton had a large acquaintance with classical and general 
literature. This, in addition to a most amiable and kind-hearted dis- 
position, endeared him greatly to those who had the privilege of his 
acquaintance. 

He had two sons by his first marriage, one a Jesuit priest engaged in 
educational work, who has been active in the astronomical observatories 
of the Order; the other an officer of the Royal Engineers, who died of 
enteric in India before the age of twenty-one. His second wife survives 
him. aad Be 
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GHORGEH WILLIAM HILL. 


Grorce Wruuiam Hint was born in New York City on March 138, 1838, 
of English-Huguenot stock. Having shown at school some signs of that 
mathematical ability which was afterwards so conspicuous in him, at the 
age of seventeen he was sent to Rutger’s College, New Brunswick, N.J. 
His professor there was Dr. Theodore Strong, a friend of Nathaniel Bow- 
ditch, the translator of Laplace’s Mécanique Céleste ; while still an under- 
graduate Hill read in his professor’s library this and other works by the 
creat French mathematicians—Laplace, Lagrange, Poisson, Legendre, and 
others. Strong was keenly interested in applied mathematics of the older 
school, and his influence helped to turn the thoughts of his pupil Hill in 
the same direction. Before he was twenty-one Hull began original research, 
and his first published paper, which contains an attempt to extend Laplace’s 
investigation on the figure of the earth, already showed that mastery of 
analytical resources and facility in exposition which distinguished his later 
work. 

In 1861, soon after leaving college he accepted a position in the Nautical 
Almanac Office, then situated at Cambridge, Mass., and subsequently at 
Washington. Here, under the successive directorships of Runkle and 
Newcomb, he laboured for thirty years on the great problems of dynamical 
astronomy. In his earlier years, indeed, he published a few papers on 
mathematics unconnected with astronomy, but as time went on he became 
exclusively absorbed in the latter subject; here also he gradually tended to 
leave the side more directly connected with observations and their com- 
putation, and to devote himself to the distinctively theoretical branches of 
oravitational astronomy. 

After retiring from the Nautical Almanac Office in 1892, he was able 
to give his full time to those favourite studies which had formerly been 
prosecuted largely in the hours of leisure from official duties. These 
twenty-two years, during which he was “ out of harness,” were spent for the 
most part in much seclusion at his quiet home at West Nyack, where he 
died on April 16, 1914, at the age of seventy-six. During this interval, 
however, he gave considerable time and service to the American Mathe- 
matical Society, of which he was President in 1894-96; and he served as 
lecturer on celestial mechanics in Columbia University during the academic 
years 1898 to 1901. 

Hill never married, and he entered very little into society of any kind. 
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His mode of living was of great simplicity, and he avoided any under- 
takings in ordinary spheres of life which might interfere with his astro- 
nomical investigations. His labours were broken only by long walks 
around his home, by occasional visits to his more intimate friends, and by 
infrequent vacation tours to distant parts of the world. Those who knew 
him well describe him as being, in the privacy of his own circle, a delight- 
ful companion and singularly attractive in personality. He had a strong 
liking for geographical exploration, and made two trips into Canada for this 
purpose: one into the Hudson Bay region and one into the North-west. 
[t was during the latter journey that he worked out his famous solution of 
the problem involving an infinite determinant, a solution (in Poincaré’s 
words) ausst originale que hardie. The value of the work was immediately 
recognized in this country through the notice of J. C. Adams; and it 
presently appeared that Adams had himself in lectures at Cambridge 
treated the similar problem presented by the progression of the lunar node 
substantially in the same manner, though with less elaboration of analytical 
development. Hill visited this country in 1892, and received the honorary 
doctorate of Cambridge. This was one of many honours bestowed upon 
him, in Europe as well as in his own country. In this country he received 
the Copley medal and foreign membership of the Royal Society, the Gold 
Medal and associateship of the Royal Astronomical Society, and in 1907 
he was elected to honorary membership of our own Society. 

Over the long period from his entry in the Nautical Almanac Oftice 
until his death his output of original work remained at a high level both 
of quality and quantity. His papers appeared mainly in the Nawtical 
Almanac Office publications and in American journals; those written up 
to about 1905 have been republished in four volumes of his Collected 
Mathematical Works by the Carnegie Institution of Washington, and his 
subsequent papers will suffice to make a fifth volume. Among his early 
writings were a few which appeared in The Analyst, which are of some 
eeneral interest to mathematicians; they consist of occasional work on 
such topics as the theory of numbers, the theory of equations, finite 
differences, and the theory of gravitation. But the works by virtue of 
which his name will endure are on subjects which must always remain 
little known to most, even among mathematicians, and the number in a 
single generation who will study his works is never hkely to be anything 
but small. Nevertheless, in his chief work, the theory of the moon’s 
motion, he was led to a new development in mathematics, the infinite 
determinant already mentioned, which is doubtless destined to prove as 
useful in other spheres as in that for which it was invented, and which is 
of considerable interest to the pure mathematician. 
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In this new lunar theory, by the introduction of several ideas of con- 
siderable novelty, he laid down the lines of a new method of calculating the 
moon’s motion, which bids fair to hold the field against the works of all his 
predecessors in the attack on this great problem. The treatment differed 
profoundly in many respects from that of Delaunay, Hansen, and the 
earlier dynamical astronomers. Instead of polar coordinates referred to 
fixed axes, rectangular coordinates referred to moving axes were introduced, 
leading to differential equations in a simple algebraic form suitable for 
solution by infinite series, and the convergence was increased by the use of 
a new parameter. A new orbit of reference, called the variational curve, 
obviated the difficulties met with in using the usual reference orbit (the 
Keplerian ellipse), on account of the troublesome motion of the perigee of 
the latter ; this is because the variational curve contains a most important 
part of the solar perturbation, called the “variation.” Apart from its 
value in the lunar theory, moreover, the variational curve was the starting 
point of a general theory of periodic orbits in the problem of three bodies, 
which has been developed by Poincaré, Darwin, Brown, Moulton, and 
others. As regards the lunar theory itself, one of the best tributes to it 
is the enormous labour, extending over years, devoted to its development 
and application by Prof. KE. W. Brown; subsequent observations have 
shown, however, that our refractory satellite has even now not yet yielded 
up all her secrets to the mathematicians. 

Extensive as was Hill’s work on the moon, both in the development of 
his own theory and in the discussion of Delaunay’s researches, his iabours 
were not confined to this branch of gravitational astronomy. The orbits 
of Venus, the minor planets, and especially of Jupiter and Saturn, received 
much of his attention, and in his later years he interested himself greatly 
in the investigations in periodic and other orbits by Poincaré and Gyldén. 
His last paper was published in January 1914 in the Astrononucal Journal, 
of which he was an associate editor. 

At the Nautical Almanac Office, Hill, while he occupied only a humble 
post, lived contentedly in the liberty it afforded him, and never sought to 
better his position materially; all he desired was peace and freedom to 
prosecute his work. Newcomb did his best to secure official recognition 
for his illustrious assistant, but Hill seemed to take little interest in the 
matter. In Newcomb’s words, “here was perhaps the greatest living 
master in the highest and most difficult branch of astronomy, winning 
world-wide recognition for his country in the science, and receiving the 
salary of a department clerk.’’ Newcomb showed the respect in which he 
held Hill by leaving to him the most difficult section of his scheme for the 
revision of all the tables of the planets on a uniform basis. Hill’s share, 


XXXIV OBITUARY NOTICES 


the theories of Jupiter and Saturn, occupied him nearly fifteen years, and 
the investigation takes up the whole of one volume of his Collected Works. 
Its aim was to form theories of these planets such as would be “ practically 
serviceable for a space of three hundred years on each side of the central 
epoch, taken near the centre of gravity of all the times of observation ; 
theories whose errors in this interval would result, not from neglected 
terms in the developments, but from the unavoidable imperfections in the 
values of the arbitrary constant and the masses, adopted from the indica- 
tions of observation ’’ (Hill). All the original calculations he made himself, 
and though Newcomb pressed him to accept assistance, he consented only 
so far as duplication was concerned. In this and all his work he manifested 
not only the greatest clarity of mind and high mathematical genius, but 
also the sincerest altruism in the cause of science, labouring in the pursuit 
of knowledge in its most abstruse branches without a thought of the per- 
sonal reward which he might fairly have claimed, but to which the simplicity 
of his life and the innate modesty of his character rendered him almost. 
wholly indifferent. BieGs 
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WILLIAM GRYLLS ADAMS. 


Dr. WitiiAmM Grytus Apams was born at Laneast, in Cornwall, in 1836, 
entered as a student at St. John’s College, Cambridge, in 1855, graduated 
as twelfth wrangler in the Mathematical Tripos of January 1859, and was 
elected a Fellow of the College in 1864. In his year at Cambridge Prof. 
William Jack was fourth wrangler and Prof. R. B. Clifton eighth wrangler, 
and they were first and second Smith’s Prizemen respectively. In 1865 
he became Professor of Natural Philosophy and Astronomy at King’s 
College, London, in succession to Clerk Maxwell, who at that time retired 
to his Scottish home near Dalbeattie, and occupied himself with the pre- 
paration of the classical treatises that were practically completed when he 
accepted the invitation to return to Cambridge as the first Cavendish Pro- 
fessor in 1872. Adams’s position gave him a prominent place in scientific 
affairs in London during the evolution of the modern electrical age of 
engineering. He was a» member of the London Mathematical Society 
since 1866. He assisted in founding the Physical Society in 1875, and 
was President in 1879; he was President of the Institution of Electrical 
Iingineers in 1884 ; he served on the Council of the Royal Society from 
1882 to 1884 and from 1896 to 1898; he presided over the Mathematical 
and Physical Section of the British Association in 1880. He was for many 
years a member of the Kew Observatory Committee and a Visitor of 
Greenwich Observatory. His mathematical studies were subsidiary to 
physical investigation ; thus in 1875 he delivered the Bakerian lecture to 
the Royal Society on the equipotential surfaces and lines of electric flow 
between point electrodes in rectangular regions in two and three dimen- 
sions. He showed that the effect produced on the electric resistance of 
steel by magnetism varies as the square of the magnetization (as was to 
be expected in the absence of unilateral influence): and he showed that the 
influence of light on the resistance of selenium is a true radiation effect. 
Ot later years much of his attention was devoted to the subject of terrestrial 
magnetism, especially following out the influence of earth currents and the 
Aurora Borealis, and the comparison of simultaneous records at distant 
observatories, in relation to the earlier ideas of Balfour Stewart. On the 
decease of his brother, John Couch Adams, the famous astronomer, he 
prepared his Collected Papers for press in two quarto volumes, concerning 
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himself especially with the preparation of the second volume, which con- 
sisted of his brother’s long continued and unpublished calculation of the 
changes in the Gaussian constants of terrestrial magnetic distribution in 
the half-century succeeding Gauss’s determinations. In 1906 he retired 
from his professorship, and soon after settled at Broadstone, Dorset, where, 
after some years of failing health, he died on April 10, 1915, leaving a 
widow, three sons, and one daughter. 
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| HENRY WILLIAM LLOYD TANNER. 


Henry Wiuu1am Luoyp Tanner was born at Burham in Kent on 
February 17, 1851, his father being Prof. Henry Tanner, F.C.S., a well 
known authority on agriculture and agricultural chemistry. The son went 
to Bristol Grammar School, and afterwards to the Royal School of Mines. 
In October 1868 he matriculated at Oxford as Natural Science Scholar of 
Jesus College. At Oxford he obtained First Classes in Mathematical 
Moderations (1870), Mathematical Finals (1872), and Natural Science 
(1873). He also found time for much music, wide reading of literature, 
and some debating at the Union. He was Librarian of the Union in 
Kaster Term 1873, just between the times at which Mr. Asquith was 
Treasurer and President. 

During the next ten years he held a number of educational posts for 
comparatively short periods, the most important being the Professorship of 
Mathematics and Physical Sciences at the Royal Agricultural College, 
Cirencester. In 1883 he was chosen first Professor of Mathematics and 
Astronomy in the newly founded University College of South Wales and 
Monmouthshire at Cardiff. In this College, and for it and for the young 
University of Wales into which it and its companion colleges were con- 
solidated some years later, the great work of his life was done. That work 
is spoken of by all who knew it in terms of most unqualified praise. He 
organized well, taught devotedly, and endeared himseli to colleagues and 
to generation after generation of students. Given a difficult administrative 
problem, Tanner was the man to face it; given a wayward cutter of lectures, 
Tanner was the last to lose and the first to reclaim him; given a social 
effort in student life or a college entertainment to be got up, his was the 
youthful merry soul which boyish life made its ally. 

He was elected a member of our Society on November 11, 1875, and 
served on the Council in the years 1879-81. Most of his best work was 
presented to us. He became F.R.S. in 1899, and was also F.R.A.S., 
A.R.C.M., and D.Se. of Oxford. His strong belief in the value of education 
found scope for action, not only in the Welsh University and his College, 
but on the Glamorganshire Governing Body for Intermediate Schools. 
Music, to which he was devoted, he served well as Vice-President of the 
Cardiff Musical Society. He was invaluable as Local Secretary when the 
British Association met at Cardiff in 1891. In 1901, during the illness 
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and after the death of Prof. J. Viriamu Jones, he for a time directed his 
College most ably as Acting Principal. 

He was a wise protector of others, but far too unsparing of himself. 
How much of his practical success resulted from the loving guardianship 
of his devoted wife (née Saunders), none can say; but when she died in 
1902, after a long and painful illness, he soon became a failing man. He 
strugeled on till 1909 ; but memory as well as bodily strength were going, 
and he then retired with the dignity of Emeritus Professor. He died 
peaceably on March 6, 1915. Two sons and one daughter survive him. 

He produced mathematical work of high quality quite early. During 
the years 1875-80 there poured from his pen a steady stream of original 
papers on differential equations which can be spoken of without exaggera- 
tion as brilliant. Our volumes vu—x1 contain most of these ; and the rest 
appeared in the Quarterly Journal and the Messenger of Mathematics. 
Readers of the sixth volume of Forsyth’s Theory of Differential Equations 
will recall many references to and results taken from them. He examined 
many Classes of partial differential equations for integrals of lower orders 
expressible in finite form. In dealing with equations of the second order 
which admit of intermediate integrals he went far beyond what had been 
done previously, and in dealing with those of the third order he did 
pioneer service. 

‘Then came a busy time when his writings were few and short, though 
always in perfect form. He had no toleration for hasty work, but must 
highly finish everything he undertook. Thus large ideas had to wait till 
they could be worthily grappled with. 

When he did return to big matters it seems strange that it was not to 
the theory of differential equations which he had earlier enriched. The 
fascinations of the theory of numbers took possession of him. Cyclotomy 
and group-theory in connexion therewith formed a part of this theory in 
which all that was possible had by no means been done. Our volumes 
XVIH-Xxvil contain a number of masterly papers by him on these subjects, 
which are now classical. 

His early series of papers, and probably also his latest, stand among 
the greater treasures of our Proceedings. RE. BE. 
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PROCEEDINGS OF THE LONDON MATHEMATICAL SOCIETY 


ON THE RATIONAL SOLUTIONS OF THE EQUATION 
+ Y%+ 7? =0 IN QUADRATIC FIELDS 


By W. Burnsipe. 


[Read March 12th, 1914.] 


IN a memoir with the title of ‘Die diophantische Gleichung 
X+Y°4+723=0” (Sitzungsberichte der Heidelberger Akademie, 
December 1918), Prof. Fueter discusses the relation between the class- 
number in a quadratic field and the possibility of satisfying the equation 
X?+Y°+ Z? = 0 by rational numbers in the field. The paper, which 
contains a number of very interesting results, suggested to me the 
possibility of dealing with the solution. of the equation in quadratic 
fields by quite elementary methods. I sent the results I arrived at to 
Prof. Fueter, and he suggested to me to make them public. In the short 
note that follows I have done this. 


1. I assume, as known, the fact that the only solution of the equation 
X*+Y'?+77 = 0, (i) 
in rational numbers is given by 
X=0, Y=—Z=any rational number. 


Such a solution, whether Y and Z are rational or not, I call a zero- 
solution. Let x be the root of an irreducible quadratic equation with 
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rational céefficients. Any rational function of « with rational coefficients 
is expressible in the form az+6, where a and 0 are rational numbers. If 
(i) has a non-zero solution in which X, Y, Z are rational functions of 2, 
there must be six rational numbers q, 0,, ds, bs, a3, b3, such that 


(a,2+b,)?+(a,a+ b.)? + (a,x + by)? = 0. 


Neither (a.x+6,)/(ajx +b, nor (agx+bs)/(a,e+6,) can be rational 
numbers ; for if they were (i) would admit a non-zero rational solution. 


: Ayt+t bo _ 
Put eT: Y. 


Then y satisfies an irreducible quadratic equation with rational coefficients, 
and (ad3z+bs)/(a,2+6,) is a rational function of y, say ay +. Also 


1+y?+ (ay +8)" = 0. 
Consider now the cubic equation with rational coefficients 


1+2°+ (az+6)? = 0. 





It admits as roots the two roots of the irreducible quadratic equation 
which y satisfies, and it must therefore have a rational root 2) so that 


1+2+ (az+) = 0. 


Hence 1, z and az)+(, being a rational solution of (i), must be a zero 
solution. We may take, without loss of generality, 


a%atbB=0, 4=—I1, 


as the alternative supposition is merely equivalent to a change of notation. 
It follows that a= 6=a rational number, say k; while y satisfies the 
equation | 

1+y+h (1+y) = 0, 
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Sho kA i? 
ky-+y = ety oe, 


and, clearing the denominators, the solution of (i) takes the form 


[2(1-+ 4°) ]8-+ (1-24? + / —8 A +40) ] 8+ [8h+ ko —38 +44) ]2 = 0. 
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If each term of this identity is multiplied by eee it 


takes the more symmetrical form 


(6k)8+-[8+/ —3 (+44) ]®+[8—/—3 (1 +44) ]° = 0. (ii) 


2. It evidently follows from what precedes that every non-zero 
solution of (i), which is rational in a quadratic field, is obtained by 
multiplying the identity (ii) by [a+8/—8(1+44*), and taking for 
a, 2, k any rational numbers, the values 0 and —1 of & being excluded. 

In fact, if (11) is a rational solution of (i), it must be a zero solution, 
and therefore either / = 0, or 


8+/—38(1+4k') = 0, 
giving | +1 = 0. 


3. If two solutions of (i), in which 


BOA ae A 

Xabi uaamenes 7 
are called equivalent, and two solutions, one of which is not, in this sense, 
a multiple of the other are called distinct, it may be shewn that in every 
quadratic field in which (i) admits non-zero solutions, it admits an infinite 
number of distinct solutions. 

First, it is clear that the two forms of (Gi) with k and k’ for 

parameters cannot be equivalent. If they were, then either 


k _ 84+V—3044R) _ 8 F V3 FH) 
fae Bn OTA ED), Bi BcA/ 8 (4 es 





i k _ St y—80F) _ 3 F V3 +a) 
8+ /—3(1+4k") Kk’ 8 /—3(1+4k") 
where the + in numerator and denominator are independent. 
The first supposition gives k = k’, and the second 
Shae es NC ni = sae 


neither of which is admissible. 
Secondly, an infinite number of values of the parameter & correspond 
to the same quadratic field. In fact, the field determined by 


€ 
) 


rer ey fi 
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where 2 is a positive or negative integer with no square factor, is the same 
as the field determined by /—8(1+4h4°), if there is a rational number 
2 such that 

nl’ +12k°+8 = 0. (iii) 
But, if this equation (n being regarded as a given positive or negative 
integer with no square factor, and the value n = 1 being excluded) can be 
satisfied by rational values of & and 7 at all, it can be satisfied by an 
infinite number of such values. In fact, if k,l are rational numbers 
satisfying (ili), it is easy to verify that so also are k’ and l’ where 


| BO 8 (2k 101) 
eA ae Sr win (Aiea ee 


and from these an infinite number of such values can be constructed. 

The equation (i) has therefore non-zero solutions in the quadratic field 
defined by 4/n if (iii) admits rational solutions in k and 7; and when this 
condition is satisfied there is an infinite number of distinct solutions. 
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ON THE REPRESENTATION OF THE SYMMETRICAL NUCLEUS 
OF A LINEAR INTEGRAL EQUATION 


By KE. W. Hoxson. 
[Received February 10th, 1914.—Read February 12th, 1914.] 


Ir K (s, t) denote a symmetrical function of s, ¢ defined in the funda- 
mental square ax<s<b, a<t</J, then it may be regarded as the 
nucleus (Kern) of the linear integral equation 


b 
j= 6()—2| K(s, t) p(t) at. 


If {n(s)}, {An} denote the characteristic functions and numbers of 
the equation corresponding to the nucleus K(s, t), the following funda- 
mental theorems relating to the representation of K(s, ¢) are well known 
for the case in which K (s, t) is a continuous function :— 


(a) If the series Bol) Ball converges uniformly in the fundamental 


t=!) n 


square, then /‘(s, ¢) is its sum-function. 


(>) If all the characteristic numbers {A,|} with the possible exception 
of a finite number of them are of one and the same sign, then 


AS dn ° ; is 1 
2 Gris) bald) certainly converges uniformly to the sum /x(s,?). This 


a | v 


theorem was first established by Mercer. 


It can easily be shewn that the uniform convergence of the series in 
the whole square necessarily involves its absolute convergence at each 
point. 

The present communication contains the results obtained in the 
course of an endeavour to ascertain how far the nucleus K(s, ¢) is repre- 
sented by the series when that nucleus is not necessarily continuous, but 
may have finite or infinite discontinuities in the fundamental square. In 
many of the most important applications of the theory of linear integral 
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equations the case in which /‘(s, ¢) is discontinuous on the line s = ¢ 
arises ; if is therefore desirable on this account, as well as on the general 
eround of the desirability of restricting the generality of the theorems as 
little as possible, that the relation of the series to a discontinuous nucleus 
should be elucidated. Throughout the investigation it is assumed that 
all the integrals employed exist in accordance with Lebesgue’s definition 
of an integral. The Riesz-Fischer theory relating to series of normal 
functions and to integral equations of the first kind is extensively used. 
b 
It ig shown that a nucleus K (s, 4) such that | | K(s t)}?dt is a limited 


a 


function of s exists, such as to have prescribed characteristic functions and 


; : (sy 
numbers (¢n(s)}, {An}, provided the series = (f0" converges for 
Ve n 


each value of s to a value which is a limited function of s in (a, 0). It is 
further shewn that the function J (s, t) determined in accordance with 
the prescribed conditions is unique, except for equivalent functions not 
differing essentially from it. Several theorems are deduced from this 
result, and a simple proof of Mercer’s theorem is obtained by these means. 

By means of an extension of a well known theorem due to Hilbert, to 
the case of a discontinuous nucleus, an extension of Mercer’s theorem is 
obtained which apples to all nuclei which are not infinitely discontinuous 
on the lines =?. Various other special theorems are obtained relating to 
* the convergence of the series. 

It is shown that, in case the repeated function of K (s, ¢) is continuous, 
or at least equivalent to a continuous function, the nucleus /(s, t) may be 
divided into the sum of two functions Ks, ¢), K(s, t) that are orthogonal 
to one another and are such that K“(s, t) has for its sole characteristic 
numbers those characteristic numbers of (s, ¢) that are positive, and 
that K@ (s, t) has for its sole characteristic numbers those characteristic 
numbers :of K(s, t) that are negative. The characteristic function 
corresponding to a characteristic number of A(s, ) or of A®(s, ¢) is the 
same as the characteristic number of K(s, ¢) corresponding to the same 
characteristic number. This result may possibly help to decide whether, 
or under what conditions, Mercer’s theorem can be extended to the case 
of a continuous nucleus that has an infinite number of characteristic 
numbers of each sign. The question is shewn to depend upon whether 
K(s, #) and K®(s, t) are infinitely discontinuous, or not, upon the line 
Saat. 


1. If K(s, 2) be a summable and symmetrical function defined for the 
points of the squaarea<s<b,a<ti<b, it may be regarded as the 
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nucleus of the linear integral equation 


ie 6) >| K(s, t) p(@ dt, 


with symmetrical nucleus. 


The method of Fredholm is directly applicable to the equation in case 
/<(s, ) 1s a limited function. In case A (s, ¢) is not limited, but when all 
the repeated nuclei from and after the one of some fixed order are limited, 
Fredholm’s method is capable of extension so as to provide the solution of 
the integral equation. 

ieee (s, 2), Kea (spb), 24, are’ all limited; and ¢,(s) 18 a characteristic 
function for the nucleus /,(s, t), with A‘ as the corresponding charac- 
teristic number, then ¢,(s) is also,* in general, a characteristic function 
for the nucleus £ (s, t), the corresponding characteristic number being X,, 
a real n-th root of A*; and, conversely, every characteristic function for 
K(s, #) with the corresponding characteristic number can be obtained in 
this manner. ‘The case in which » is even, and two or more characteristic 
functions correspond to one and the same characteristic number, is 


exceptional. 
(1) 


Thus, let pale) pr le Dor “9) gr 
A"—2r; 
be that part of the resolvant for the nucleus K,(s,) which becomes 
infinite when A” =A*. In this case the characteristic functions ¢(s), 
¢(s) are not uniquely determinate. For we may replace ¢”(s), 6© (s) 
by cos a. f@(s)+sin a. f(s), sin a. p(s) —cos a. f(s) respectively, where 
a is arbitrary, without altering the expression ¢%(s)¢© ()+¢4® (s) ¢@ (0. 
The corresponding part of the resolvant of A (s, ¢) will bet of one of the 
forms 





aos a 3 
br (s) dr ODS (8) or ( 
A+A, 


[cos a. oy (s)+-sin a. ae (s) |lcos a.¢, (+sin a. , (t)] ?(2)] 
A—A,> 


; 1 1 é 1 2 
re [sin a. (s)— cos a.g, (s)|[sin a.dy(t)—cos a.g°(8)] 
A+A, 
* See my paper ‘‘On the Linear Integral ee Proc. London Math. Soc., Ser. 2, 
Vol. 13, p. 307. 


{ Ibid., p. 332, where it is shewn that there is one canonical sub-group for K(s, t, A) 
corresponding to each such sub-group for K, (s, f, A"), and vice versa. 
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where a has some particular value. It is now clear that the characteristic 
functions for A,(s, t), corresponding to A” =A”, may be so chosen that 
they are also characteristic functions for the nucleus /(s, @) corresponding 
to N=A,, to N=—A,, or to the two characteristic numbers A = A,, 
A =—A,. 

We may thus in all cases regard the characteristic functions for 
K(s, t) as identical with those for K,(s, ¢). 

Unless A (s, ¢) is in some way restricted it will not necessarily be the 
case that the characteristic functions |¢,(s)} are continuous functions. 

it is, however, a sufficient condition that they may all be continuous, 
that f(s, t) should be a limited function with its discontinuities regularly 
distributed, in accordance with the extended meaning of that term given 
in the paper referred to above. It is there shewn that, if ¢(é is any 


b 
summable function, then for such a function /(s, 0), | K(s, t) ¢ (t) dt is 
a continuous function of s; thus the relation ‘ 


bls) = a. | 


l 


“K(s, t) by (t) dd 
a7 
can be satisfied only by a continuous function ¢,(s). 

If’ K(s; 8) “be ‘unlimited, but AzG)d, Aetses eee ee 
functions, if is sufficient to ensure the continuity of the characteristic 
functions that A, (s, ¢) should have its discontinuities regularly dis. 
tributed, in the sense referred to above. 

When (s, ¢) is any symmetrical summable function that differs from 
zero at points of a set of which the plane measure is greater than zero, the 
proof due to Kneser* that A‘(s, t) has at least one characteristic number 
is applicable, whether the function be continuous or not, provided it 
be limited. In case the function is unlimited, but the repeated nuclei 
Kn(s, 0), Kns4il(s, O, ..., are limited, the proof establishes that A,,(s, f) has 
at least one characteristic number, and this will also be a characteristic 
number for K (s, 7). : 

‘Two symmetrical nuclei A (s, ¢), K’(s, t) of the linear integral equation 


b 
fis) = (9) | K(s, 0o (at 


will be said to be equivalent to one another when they differ from one 
another only at points of some set such that its section by any straight 
line parallel to either the s- or ¢-axis is a set of which the linear measure 


* See the Rendiconti di Palermo, Vol. xxi1, p. 235. 
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is zero. It is clear that equivalent nuclei have the same characteristic 

functions {¢@,(s)} and the same characteristic constants {A,}. Also they 
) 

have the same repeated nuclei. 


2. Let it be assumed that the symmetrical pace K(s, 0), although 


not necessarily continuous or limited, is such that i \K(s,0}?ds is a 


a 


b 
limited function of ¢, and that the repeated nucleus | FASE eat at 


is elther equal to, or equivalent to, the continuous function Ky(s, t). The 
characteristic functions {¢,(s)} are then all continuous. 
; s) b(d) : 
It will then be shewn that = pul) 0 converges uniformly to the 
n=1 n 


value of [4(s, t); the convergence being absolute. 


Since 
oe > buls) pn(t) dnt) " oss : , 12 1 > tpn lt) f t)}? 
| { | KG t)— 2 X, see KG, t) \?ds— 2 = ae 
2 
it follows that the series = wn is convergent for every value of £, 
ea n 


b 
and that its sum is =) {K(s, t)\? ds, which is less, for every value of ¢, 


a 


than some fixed positive number M@. We have 


ee dns) orlE. pn (t) | SO {dn (s) }? (s) | te segs ipa? . say | bn (t)}? 
n=m ne Se n=m nz, foe nu < ud ene ri, ' 








For a fixed value of ¢, let » be so chosen that 


Lon(d) }? 
Ce are 


for every value of 7, where e is an arbitrarily chosen positive number; we 


have then i 
bi 78 n\o n t) are n nl 
> boll pull /< 3 role ell oO | <e 





n=™m nu n=m™ 


for every value of ». Since ¢ is arbitrary, it follows that, for a fixed value 


of ¢, the series es ee ae converges absolutely and uniformly, and 


u 


has therefore a sum that is continuous with respect to s. From the 
symmetry of the variables s and ¢, we see that for all values of s and ¢ 
the series converges to a function that is continuous with respect to the 
variables s and ¢ separately, at every point (s, 2). 
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2 
Considering the series = ign(d) i" fal) 


= n 
oo) 


— {bn(t) }? eof {on(b)}* EG 
et <5r 2 ie rae < 383 


mm 


, we have 


M+Pr 12 
hence, if m be sufficiently large, gut 


n=M n 


chosen positive number, for all values of » and of ¢. Thus the series 


is less than an arbitrarily 


2 
pa ee is uniformly convergent. From this we deduce at once that 
n=1 n 2 


the series > Pol pel is absolutely and uniformly convergent, since 


(ib nN 


| on (s) bn(t)| < 4 {bn(s)}?+4 {pu }?. 


It follows, from a known theorem, that the series converges to K,(s, 2); 
and we have 


Ky(,) = iga(OE 
Since 
b 
(x _ > Gul) ond | i _ > ign |? 
| {x 9(S, 00) z xe j he iG Geet) 2 ? 


we now see that 


lim | | | Ke 3(s, )— = Puls) bn eo as — 0. 


Z 
m™~ «@ = MS 


From this, we infer, by employing the Riesz-Fischer theory,* that for any 
fixed value of ¢, there exists a sequence of values of m, such that 
= Pn (s) dn (0) 

es rv; 
sequence, the convergence taking place for all values of s with the possible 
exception of those belonging to some set of linear measure zero. Since it 


converges to K,(s, t) as m passes through the values of the 


has been shewn that the series Sols poll is everywhere convergent, 
ist nN 


it now follows that, for each fixed value of ¢, 1t converges to K,(s, ¢), for all 
values of s except possibly those belonging to some set of linear measure 
zero. ‘The points of convergence to K,(s, ¢) are, for each value of ¢, every- 
where dense on the line a<s <b, and the sum of the series is continuous 











* See, for example, the account of this theory given by W. H. Young and G. Chisholm 
Young in the Quarterly Journal of Mathematics, Vol. xutiv, p. 47. 
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with regard to s; therefore the series converges to the continuous function 
KX, (s, t) for every value of s; ¢ having any fixed value. 


It has now been shewn that = epi converges for all values of 


n= rn2 


s and ¢ to the sum K,(s, ¢). 


; 2 
s : Pa 
Since = ipals)}" in which all the terms are positive, converges to 


n=1 n 


the continuous function IK, (s, s), its convergence must be uniform. 


Since 
Bae nS) Pu) On Gul) One| ease {onis) }? (5) ase ipult)}* 
n=m <p = n=mM ie ms n=mMN n n=™m rN; 


the integer m can be so chosen that, for all values of 7, 


and 


n=m n n=m rN; 


"Ss" Len) Go| "Z" Gnld) dnd) 
AP | 


are less than an arbitrarily chosen number, for all values of (s, ¢). It 


follows that the convergence of = Pa Pal Pal (2) 
absolute. Bie! n 


o K,(s, t) 1s uniform and 


The following theorem has been established :— 
I. If K(s, t) is any symmetrical nucleus, whether continuous or not, 
b 
and for which | | K(s, t)}? ds is less than some fixed positive number in- 


dependent of t, and if K (s, t) as such that wits repeated nucleus is equal to, 

y dn (s) prt) 
na rv; 
verges uniformly and absolutely to the value of Ka(s, b). 


or equivalent to, a continuous function Ko(s, t), then cOn- 


The case of this theorem in which /(s, t) is continuous has been 
established by Kowalewski.* 

8. It is known that, if ¢,(d, ¢2(0), ..., be a sequence of orthogonal 
functions defined for the interval (a, 0), and normalized so that 


{ ifn (d)}°dt = 1, 


and if C,, Co)...» Cn) ---, be a sequence of real numbers, the necessary and 
sufficient condition that a function /’(t), of which the square is summable 





* See his treatise Hinfiihrung in die Determinantentheorie. 
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in (a, 6), should exist and be such as to satisfy the conditions 
Cb 
F (6)¢n (t)dt =, for n=1, 2, 8, ..., 


is that the series c;-+ot+...tc,+... should be convergent. 

The function F(t) is unique, disregarding the distinction between 
functions that differ from one another at points of a set of measure zero, 
only in case the set of orthogonal functions is closed ; t.e. when no other 
function orthogonal to them all exists, such that its square is summable, 
that it differs from zero at points of a set of measure greater than zero, 
and such that it is not a linear function of a finite number of the given 
orthogonal functions. Even when the set of orthogonal functions is not 
closed the function F(t) can be so determined that 


b 
| {F(t)\?dt 
is equal to the sum of the series Heirs : 
If x(¢) is any independent function, of which the square is summable, 
and such as to be orthogonal to all the functions {¢,(¢)}, then we have 


| Fw x(t) dt = 0. 


The truth of this last statement follows from a consideration of the 
fact that 


Cb b me a 
| [rox | POxOd— FE egal | at 


has a value that is essentially positive. It is equivalent to 


™m 


b foARe 2 
| (FO dt | Fw y (2) at} — 2 ch, 


b 
it being assumed that \ Bo etitias ab 
As this expression is positive for every value of m, we see that 
b 
| F(t) x(Hdt = 0. 


Let us now suppose that 24, As, ..., An, --. 18 any sequence of real 
numbers arranged in order of increasing absolute magnitude, and such 
that |, | increases indefinitely as 7 does so. 


1914.] THE SYMMETRICAL NUCLEUS OF A LINEAR INTEGRAL EQUATION. 13 


Let it be assumed that, for a fixed number s in the interval (a, 6), the 


( 2 
La (s 
SU Ei ae) a eal A a ) 


Tk 


Then the equations 


is convergent. 


Put) = =i EG) dalthdin (hol, 2;°8,'..) 


are all satisfied by a function F'(é), such that 


ras ese 1Pn ee 
va ce ne 

Conversely, the convergence of the series is necessary for the existence 
of the function /’(¢), such that its square is summable and that it satisfies 
the equations. The function F'(¢) is unique in the sense that it can be 
replaced only by another function which differs from it at points of a 
set of which the measure is zero. 


5 1¢n(s)}? 


When we consider different values of s for which the series = re 
is convergent, we may denote F(t) by K(s, #). Pes 


Nats) (Pe 
Let it now be assumed that » I Gn(s) 5 is convergent for all values 


haa | nv 
of s in the interval (a, 6). Then “(s, t) is defined, except that it may be 
replaced by a function which differs from it at points of a set of which the 
section by each line parallel to the ¢-axis has linear measure zero. 
The function K(s, t), so defined, is such that 


MeL i K(s, t) dalt)at 


for all values of n. Also, if x(¢) is any independent function such that 
x (s) is orthogonal to all the functions {¢,(s)}, we have 


| K(s, t) x() dt = 0, 


and thus y(¢) is not a characteristic function. 
We have now 


[ | ey ee cpp | (Ks, )}2d¢— 3 Jul : 


a n=1 n & n= ; » Ne 


and therefore for each fixed value of s we have 


n= au HAN A Eeays 


li ASE 
im | s, Fs a, Na 


Mr wn 
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From this it follows, by using the Riesz-Fischer theory, that for each 
value of s a sequence of values of m can be determined so that 


S nls) pn (EC) 


n=1 An 


converges to K(s, ¢), except for a set of values of ¢ of measure zero, as the 
values of the sequence are assigned to m. It thus appears that the 
function it (s, t) is symmetrical, and that it may be regarded as the 
nucleus of an integral equation of Fredholm’s type, of which the functions 
{dn(s)} are the characteristic functions and {A,} the characteristic 
constants. 


The following theorem has now been established :— 


Il. If {dx(s)} denotes a sequence of prepared orthogonal functions for 
the interval (a, b), and {X»|} denotes a sequence of real numbers in ascend- 
ing order of absolute magnitude, the necessary and sufficient condition 


7 b 
that a symmetrical nucleus K (s, t) should exist, for which | { K(s, t)}?dé 


is finite for each value of s, and for which {dn(s)} are the characteristic 
functions, and {X,} the characteristic numbers, is that the series 
( 2 

| n(s) } 
>) ae 


i n 


should be convergent for all values of s in (a, 6). 


It should be observed that the plane set of values of (s, t) for which no 


dnl) pn (b 
Ne 


m 
sequence of values of m exists such that converges to 


n=1 
K(s, t) is such that its sections by lines parallel to the axes are all sets 
of linear measure zero. It follows that the plane set has its plane measure 
Zero. 


ys ifn s) }* 


In case > ~;~~ is divergent for a set of values of s of linear 


n=1 a 
measure zero, the method given fails to determine a function K (s, 2) for 
which {¢,(s)} and {A,! are the characteristic functions and numbers. In 
this case the given functions {¢,(s)} may be replaced by a modified set of 
orthogonal functions for which K (s, 4) may be determined so as to have 


the given characteristic numbers {An}. Let n(s) = ¢,(s), for all values 
{ \2 
of s for which & ee is convergent, and let ¢,(s) = 0 for all other 
n=1 n 
values of s. The function A(s, t) will then be determined, as above, for 
those values and s and ¢ which do not belong to the exceptional set ; when 


s ot t belongs to the exceptional set, we assign to /{(s, ¢) the value zero. 
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The equations 4 b : 
Jn) =u | KG, 0 Gud at 


are then satisfied for all values of s in (a, 0), and for all values of x. 


4. Let it now be assumed that the given functions j{¢,(s)} and the 


i Pn(s) |” 
given numbers {A,} are such that = Pn. is not only convergent for 
n=1 / 


1 . 
each value of s. but also that its sum is a limited function of s, in the 
interval (a, 0). 

In accordance with what has been established in § 8, a symmetrical 


function K(s, t) exists, such that 


b 
dn (Ss) = rn | KS, t) bt dt, ior cae". 2, 3,820; 


b | | 2 
and such that \ WiC gt) pte iPnlS)p 


9 
a al ri 


It will now be proved that there can exist no other function H(s, 2) 
b 


not equivalent to K(s, 4), such that | | H(s, t)}*d¢t is finite for each value 


of s, and limited for all values of s, which shall have the functions j ¢,(s)| 
for its sole characteristic functions, and j{A,|} for the corresponding 
characteristic numbers. 

For assume H(s, t) to be such that 





b 
| ERE abit Bt fon wD 7 28 eee Oar abe 
a An 


We need consider only the case in which {¢,(s)} is not a closed 
system, for, if it were closed, H(s, ¢) and A (s, ¢) must be equivalent. 
It is known * that any normal orthogonal system is enumerable; we 











* It was shewn by E. Schmidt (Comptes Rendws de l’ Académie des Sciences, Dec. 10, 
1906, p. 955), that any orthogonal set of continuous functions | ¢ (s) } must be enumerable. 
The proof will here be adapted by means of a slight alteration to the case of functions that are 
not necessarily continuous. Let #’(s) be any function whose square is summable in (a, 0), 
and let q»,(s), Pp, (8), ..., Pp, (8) be any finite set of the functions {¢ (s)} ; we have then 

b 


rif : : aes aie He ff 
[, |F()—3 4», (8) | FO) », (8) ds} ds = |. {17(s) Pds— = || F(s) dy, (94s) - 


It follows from this equality, since the expression on the right-hand side is essentially positive, 
that, if k be any fixed positive number, there can exist only a finite number of the functions 
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may therefore assume that {¢,(s)} is a part of some* closed system of 
normal orthogonal functions which is obtained by adjoining an orthogonal 
system {xn,(s)}, where 1 =1, 2, 8, ..., so that {¢n(s)}, {Xn(s)} taken 


together form a closed orthogonal system. - 
Let us suppose that | 


b 
| He Dy.) d? = Wn, 


where v,(s) may be zero for some values of x, but not for all values of 1, 
in which latter case H(s, t) would be necessarily equivalent to A(s, ¢). 
We have now 


b | a) roe) | 2 
| iA (s, )}? di = = in (s) po a bales 


2 
a n= r n 


the convergence of the series being necessary for the existence of H(s, @). 











g (s), such that 
> k. 





[ 7 6 (8) ds 


Ja 





Assigning to k a sequence of values diminishing towards the limit zero, we see that the set of 


those functions ¢ (s), for which b 
F(s) (s)ds | > 0 


Sa 





is enumerable. We have then only to consider those functions ¢ (s) for which 


[’ #(s) @ (s) ds = 0. 


a 


Taking for simplicity a=—7, b ==, which involves no loss of generality, let F'(s) have 
successively the values 1, coss, sins, cos2s, sin2s, ...; we have then an enumerable set of 
enumerable sets in each of which one at least of the integrals is in absolute value > 0; the 


whole composite set is enumerable. There is no function x (s) such that | " {x (s)}2ds exists 


as a positive number, and such that 
~! COs 
jie (s) sin 7% ds = 0, 


for every value of nm. For, in accordance with a known theorem, first established by Fatou, 
for such a function x (s) we have 


cea X(8) 72.08) = S Be x (8) cos nsds\ + > {| x (s) sin 2s ds : 
Ww J-3 ere | -7 ) n=l VJ-w 


and thus it is impossible that all the integrals on the right-hand side can vanish. It has thus 
been shewn that the set {@(s)} must be enumerable, whether it be closed or not. 


* It may be noticed that a set of orthogonal functions may form part of more than one 
closed set of orthogonal functions. For example, in the interval (—7, a) consider the or- 


thogonal set sin x, sin2z, ...,sinzz,.... This forms part of the closed set 1, cos2, sina, 
cos 24%, sin2x, ...; but we might also adjoin to the set sina, sin 2a, ..., sinnz, ... the ortho- 
gonal functions P, (mx), Py(wx), ..., Pz (x), ...; where P2, (x) denotes the Legendre’s func- 


tion of order 2; the extended set is then still an orthogonal set. 
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Let us consider H(s, t)—K(s, t) as a nucleus; we have 
b 
{ | H (s, t)—K(s, t)} dn () dt = 0, 
a 


and thus the functions {¢,(s)} are not characteristic functions for this 
nucleus. Also b 
| | H(s, ) —K(s, )} Vn Eat = Wry (s) 5 


a 


and therefore it appears from these two sets of equations that 
\ Pr RG ares ye 


Mt 


It is now seen that the repeated nucleus of H(s, t)—JK (s, 6), viz., 
| {H(s, t)—K(s, t') | {H(t t)—K t, t)| de’, 
is numerically less than 
[= (yal? S tyr], 
and this is a limited function since it has been assumed that 
\ { H(s, t)}* dt, 


and consequently  {wW,(s)}?, is a limited function of s. It now follows, 
n=1 


in accordance with what has been pointed out in $1, that the nucleus 
H(s, t)—K(s, t) has at least one characteristic function u(s), and we have 
seen that this cannot belong to the set {| ¢n(s) |, We have therefore 

b 

| {H,0-K6, 0} ud =", 


where y is the characteristic number corresponding to «(s). 


From this we see that 
1 b 
i| KS) px(s) ds = i uo) at LH(s, t)—K(s, t)] pn(s)ds = 0; 
hence «(s) is orthogonal to all the functions {¢,(s)}, and hence we have 


| KG. t) u(t) dt = 0. 


sR. 2. vou. 14. wo. 1222. Cc 
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b 
It follows that | SAD) Ob ws) ; 

a V 
and therefore u(s) igs a characteristic function for the nucleus H(s, 2). 
This is contrary to the supposition that H(s, has {¢,(s)} for its sole 
characteristic functions. Hence H(s, t) must be equivalent to K(s, 0). 


The following theorem has now been established :— 


III. Lf {dn(s)} be a system of normal orthogonal functions, and {Xn} 

a set of numbers arranged in order of increasing absolute magnitude, the 

necessary and sufficient condition that a symmetrical nucleus K(s, t), such 
b 

that | {1 K(s, t)'* dt is a limited function of s, may exist and be such that 


a 


( . . . . . 
i¢nls)}, {An} are its sole characteristic functions and numbers, ts that 


/ 9 

( pn(s)) ~ ; : ae 
x a - should converge for each value of & to a value which w a 
n=1 md ; 


lumited function of s. This function K(s, t) 1s the only nucleus, apart 
Srom equivalent ones, which satisfies the above conditions. | 


The set of values of (s, ¢) for which no sequence of values of m exists 


ed Dy (s) Pr (t) r : : : 
such that 2 ae n converges to /(s, ¢), is such that its sections by 
(aaa Nir 


lines parallel to the axes are all of linear measure zero, and therefore the 
set has plane measure zero. 


We have now established the following theorem :— 


IV. If K(s,t) tw any symmetrical nucleus, not necessarily con- 

Db 
tinuous or limited, but such that \ {K(s, t)\?dt exists as a limited 
a 


function of s, for all values of s in (a, b), then for each set of values of 
(s, t) with the possible exception of those belonging to a set of which all 
the sections by lines parallel to the axes have linear measure zero, there 


: J ae Pn (5) pnt) 
exists a sequence of values of m such that “> converges to 
n=1 n 


I< (s, t) as m passes through the values in the sequence. 


If, at any point (s, ¢) not belonging to the exceptional set of points, the 
pn (s) dnt) s 


series x is convergent, 16 must converge to the value Jv (s, 4; 
n=1 n 


> 


we have then the following theorem :— 


= dn (s) Pr (t) 


V. Of the series 
1 Xn 


b= 


corresponding to a nucleus K(s, t), for 
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D 
which \ {K(s, t)\?dt ts a limited function of s, be such that it is conver- 


a 


gent for every point (s, t) which does not belong to some set of plane 
measure zero, then the series converges to K (s, t) with a similar exception. 
If the series is everywhere convergent, it converges to K(s, t) except 
possibly at points of a set of which the sections by lines parallel to the 
axes have linear measure zero. 


The following theorem is immediately deducible :— 


VI. If K(s, t) be such that the functions ¢,(s) are all continuous, and 
b 
such that | {K(s, )}? dt ts a limited function of s, for all values of s in 


(a, 6), and uf wt be continuous in a closed connex set G, consisting of a 


° ‘ . . = dy s) aL 
domain and its boundary, and wf the series = eines 
n=1 n 


convergent in G, then vt converges throughout G to the sum K(s, 2). 


is uniformly 


ior the series converges in G to a function that 1s continuous in G. 
Moreover, G has its measure greater than zero, and thus, in the arbitrary 
small neighbourhood of any point of G, there are points which do not 
belong to the exceptional set. Hence KX (s, ¢) cannot differ at any point of 
G from that function, continuous in G, which represents the sum of the 
series. | 

For example, if K(s, 4) is continuous except when s = ¢, where it may 
have any finite or infinite discontinuities consistent with the condition 


b 
that | | K(s, t)\? dt should exist for each value of s as a limited function 


ey ful) or 


ilk n 


t, such that |s—¢t| >, when e is an arbitrary positive number, then 


the series & Pn (8) dn (0) 

m—1 An 
This applies, for example, to the case KX (s, 2) 
a continuous function, and a < 4. 


of s, and is uniformly convergent for all values of s and 


converges to K(s, ¢) at all points such that s+ ¢. 
f (s,.0) 


— her ‘ 1 
m=arace where /(s, ¢) is 


5. Let all the numbers ),, A., ..., be positive, and let A(s, f) be 
continuous; then, in accordance with a known theorem due to Hilbert,* 





* See E, Schmidt’s paper in the Math. Annalen, Vol. 63, p. 453. 
c 2 
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we have 


b fb i ( (2 2 
[| xo of@foaa=z+ {| foewasl, 


Xn 

where f(s) is continuous in (a, 0). If f(s) is chosen so as to vanish except 
in the interval (s,, s;+e), and to be positive within that interval, the 
number e being so chosen that A(s, t) has the same sign as K (s;, s;) 
in the square s; << s <58,+e, s; << ¢<s,+e, unless K (s,, s;) =O. Itis 
clear that that sign must be positive, since the right-hand side of the 
above equation is positive ; hence K (s;, s;) > 0, and, as s,; is any point, we 
have K (s, s) >O. If we now consider the nucleus 


(a 


"bn (8) bul) 
a s, Z ne An 


which is symmetrical and continuous, and has only the positive charac- 
teristic numbers Anii, Ani2, ---, we see that 


n=m } 2 
Katee oS EAS os yy 


v1 n 


Ws oes : 
Thus the series = oe is convergent for every value of s, and its 
n=1 n 


sum is limited for all values of s. 
It follows from theorem III that there exists a nucleus f(s, ¢t) such that. 


[ (kG, opde= = ASE, 
a n=1 n 
of which the characteristic numbers are NG ao ..., and of which 
$1 (8), $o(s), ... are the characteristic functions. This nucleus is unique, 
except for equivalent ones. 

The repeated nucleus 


(ial \ UR EA el Chor Wa a: 


has for its sole characteristic values »,, A», .... and for its sole character- 
istic functions 4, (s), do(s), ... (see § 1). 


b 


Hence, sine | ikg(s, #)!2 dt is a limited function of s, it must, in 


a 


accordance with what has been shewn in theorem III, be equivalent to 


K(s, ¢), and therefore by the theorem I of § 2, we see that Puls) Stab 


nil n 


converges uniformly to J (s, ¢). 
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If a finite number of the numbers {\,} be negative, we may apply 
the above result to the nucleus 


FGA ee Spee Doe 
both) 1 a ? 


r= ” 


where 7 is so large that all the negative characteristic numbers are in- 
eluded in the first » This nucleus has its characteristic constants 
rit, Argo, --. all positive, and the above result may be applied to it. It 
has thus been shewn that— 


VIL. If the symmetrical nucleus K (s, t) be continuous, and all its 
characteristic constants, with the possible exception of a finite number of 


dn (Ss) dnt) 
1 Nw 


them, are of one sign, then converges wuformly to K(s, t) 


as Sur. 


> 
pe; 
n= 


This is Mercer’s theorem.* 


6. The theorem of Hilbert quoted in § 5 will now be extended to the 
case of discontinuous functions of which the squares are summable. 
We shall assume that i (s, t) is hmited only by the condition that 


b 
| | K (s, t)}?dt exists for each value of s, and is a limited function of s 
in the interval (a, b). Let p(t) be a function whose square is summable 
b 
in the interval (a, 6). Then, if g(s) =) K(s, t)p(t)dt, we see that g (s) is 


a limited summable function. 
Consider the function 
t 


“9 (8) dn(f) de. 


a 


F(s) = g(s)— > én(s) | 


The series in the second term on the right-hand side is equivalent to 


2) 


b b rb 
Da, | EK (s, t) dn at | | Kv (é, t') p(t’) dn(t) dt dt’, 
(il ct a Ja 

ro) b b 
or to »2 | K(s, t) pu(tiat | dn(t') p (U) de’, 


n=1 





* See Phil. Trans., Vol. 2094. Another proof has been given by Kneser, in the Rend. 
di Palermo, Vol. Xxxvit, p. 195. 
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which, in accordance with a theorem* due to E. Schmidt, is absolutely and 
uniformly convergent. 
We have now 


b b b 
| F(s) bn(s)ds = | g (s) $n(s)as—| g(t) pn (t) dt = 0, 
and hence, in accordance with what has been shewn in § 3, we see that 


i AAs, t) 2G) dt 0. 


We have now 


| {Fo Pds= : Fe) gas = | 


a 


[ F(s) K (s,  p()) dsdt = 0. 


It follows that F(s)=0 for every value of s, with the possible 
exception of those belonging to a set of measure zero. 
Therefore the uniformly convergent series 


b 
es dul) | g(t) dn (t) at 


converges to g(s) for all values of s with the possible exception. 
The series is equivalent to 


b 
= buf | gn (t) p(t) dt. 


Multiplying by q(s)ds and integrating, we have 


oo b b bb 
x x | nls) (6) as | pull) p(t) dt = \ K (s, t) p(@) q(s) dsdt, 
nm=1 n Ja a aJa 
where q(s) is a function whose square is summable. The legitimacy of 
the term-by-term integration is unaffected by the possible existence of 
the exceptional set of points of measure zero. 

We have now shewn that 


b (b ie 
\ | Kis, 1) Oe) Osis ee 


1 


tee y 
= | dn(s) q(s) ds pn(s) p(s) ds, 


where p(s), g(s) are any functions whose squares are summable in (a, 0), 





* Math. Annalen, Vol. uxi11, p. 440. 


1914.] THE SYMMETRICAL NUCLEUS OF A LINEAR INTEGRAL EQUATION. 23 


and where K(s, ¢) is subject only to the condition that | { K (s, t)\?dt 


exists for each value of s and is limited as a function of s. 
Let p(s) and q(s) be identical; the theorem then becomes 


b (b D ( 7) 2 
| 550 eR AN OTE ELA Gr RSG Weems ae ~ || dn(s) p(s) ds ! : 


a Ja Tes) Ny 


‘7. Let it now be assumed that 4(s, ¢) is such that all the charac- 
teristic numbers {A,} are positive. Let p(s) be defined by p(s) = 1, when 
Ss—e <S<s,te, and p(s) =O, for all other values of s, where ¢ is a 
fixed positive number, and s, a fixed value of s. 


We see then that \| K(s, t) ds dt, 


taken over a square with its centre at the point (s,, s,) and its sides 
of length 2e parallel to the axes, is essentially positive. 

Let us now assume that all the characteristic functions {¢,(s)| are 
continuous, and let us apply the result just obtained to the nucleus 


a Pn (s) Pn () 





K(s,)- + x , ‘ 
‘s =, An 
b n = 2 
which is such that \ KG, t)— - eee Gull) dt, 
a am n j 
b mH (s) 2 
or | 1 I (s, )\*dt— ; eee [3 


is a limited function of s, the value of m being fixed. 
We see that 


71 n= 
ia \\X (s, 1) dsdt— 7 || Sy bn ls) pn (O Te 


n=1 nu 
is essentially positive for each value of mand each value of e; the integrals 
being taken over the ae with centre at (s,, s;). 


n= > 
(s) x , . 
Now nls) pn lt) being a continuous function of (s, t), we see that 


ey rN n 


ah {| > ‘nee’ Pu a6 a4 = = ipals)h + Nins 


iy 
de n=] iv ns n 


where 7, converges to zero as « does so, and thus can be made arbitrarily 
small by taking e small enough, for each fixed value of am. 
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1 rey 1Pn(s) be 
Thus Te \| K(s, )dsdt = Su Tt Ym 
is essentially positive. 
If K(s, t) be such that it is not infinitely discontinuous at the point 
(s;, S;), we can choose e so small that | K(s, ¢)| is limited in the square 
S—e 8 <8, fe, 5, —-e = t <x sy fe. 


a 


In that case Ie 


\ K(s, i) dsdt < N, 


where N denotes the upper limit of | K(s, ¢)| in the square so chosen. We 


eo 
; (83) | oe eae 
now see that the series » i pn (sy) | cannot diverge, for if it diverges we 
=i n 
can choose m so large that 


iS { Pn (S,) i > Ne 


i=l n 


and since 7, may for this value of m be taken arbitrarily small by proper 
choice of e, the expression 


n=nNd 2 
mu \| Tots. t) dsdt— a» we — Fo, 


‘ 
2 
Ae n=1 


would then be negative, which is impossible. 


; AI (s \ | 2 ; 
Therefore the series > Iu AST is convergent, provided Jt (s, ¢) is not 


(0—ah n 


infinitely discontinuous at the point (s,, s;). 


2 
In case ibn (s) 5 is divergent, /¢(s, t) must be infinitely discon- 
n=1 nN 
tinuous at (s;, S,). | 
In case K(s, t) is such as to have no infinite discontinuity on the 
bn (s)}? 
Ne 


straight line s = ¢, the series = is convergent for every value of 


v= 


sin (a, b). It then follows that the series = Pall is everywhere 
: 1 n 
absolutely convergent. 


Employing the theorem V established in § 4, we now have the 
following theorem :— 


VII. If K(s, t) be any symmetrical nucleus for which all the charac- 
teristic numbers are posite and the characteristic functions all con- 
0) 


tinuous, such that | | K(s, t)}? dt isa limited function of s, and also suc: 
a 
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as not to be infinitely discontinuous at any point on the straight line s=t, 

. ; n n t : . 
the series y bale) fall converges to K(s, t) everywhere with the possvble 
exception of points of a set of which the sections by lines parallel to the 
axes have linear measure zero. 


This is an extension of Mercer’s theorem to the case of discontinuous 
nuclei with positive characteristic numbers. It is easily seen that 1t can 
be extended to the case in which a finite set of the characteristic numbers 
are negative. 


. . ) 
8. Let K (s, 4) be any symmetrical nucleus for which dn (s)} and {An} 
are the characteristic functions and constants, and let it be assumed that 
1 

the series 
jal ‘ded 
Let e,, €, ..., denote a sequence of decreasing positive numbers such 
that e,+e-+... converges to a positive number ¢ arbitrarily chosen. Let 

M4, Mg, M3, ..., be a sequence of increasing integers so chosen that 


| is convergent. 


San ok Senstk 
py 9 
z foe = ei Me Dt ae | = e : 
b mo—-1  § 2 
We have then | p ae ds <j, 


b m3—1 ! 
| >> 1a 4. me €, 


a Me |r n 


OA PAAS) | 


my nu ceived ae 


It follows that we 


in the points of a set of linear measure > J—a—e,; that 


AS { bn(s) |? 


I <i €9; 
Me | Ny 


in the points of a set of linear measure > b—a—e,, and so on. 
It follows that in the points of a set of linear measure > b—a—¢, 


mtr fs i Pn (s)}? 


Dy < 
My Rare Ni | ¢; 
for all values of 7. 
Now choose a set of values of ¢, say G, ¢:, ... converging to zero, and 


such that ¢;+¢,+... converges to a positive number é arbitrarily small. 
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Paes 2 
We see then that in a set of measure > b—a—d, the series > | pul) j 
n=1 Xn 
\ 
converges uniformly. Since ¢ is arbitrarily small, we see that = a 


is convergent for all values of s that do not belong to some set of linear 
measure zero. 


Since | PriS Palo bat zl Se 1 tee (s)\? +4 ee 
An | n 


s Gris) pr 
= Ay. 
neither s nor ¢ belong to the exceptional linear set. We thus see that 
>) Puls) Pr) (s) prlb) . 
n=1 n 


the plane measure is zero. 


we see that the series is absolutely convergent, provided 


is convergent, except possibly at points of a set of which 


It has thus been shewn that :— 


IX. If K(s, t) be any symmetrical nucleus not necessarily continuous 
or lumated, such that the series of which the terms are the reciprocals of 


its characteristic numbers ts absolutely convergent, then =X gals) dal®) Gul!) 5. 


n=1 n 
absolutely convergent, except possibly at points of a set of which the plane 
measure is Zero. 


Employing theorem V, we now obtain the following theorem :— 


X. If K(s, t) be any symmetrical nucleus, limited or unlimited, such 
that its characteristic functions are continuous, and such that 


b 
| | K(s, t)\?dt is a limited function of s, then, if the series of which the 
a 
terms are the reciprocals of the characteristic numbers is absolutely con- 


vergent, the series = nls) bull) converges to K(s, t) with the possible 
9 < g p 


iH | W 


exception of points (s, t) of a set of which the plane measure is zero. 


9. Let K(s, ¢) be such that, provided |s—t| is >e, where e is an 


arbitrarily chosen positive number, | 2 ¢,(s)¢,{¢) | 18 less than some 
w= 


fixed positive number, for all values of m, and for all the values of s and ¢ 
which satisfy the prescribed condition. Also let us assume that all the 
characteristic numbers }A,,; corresponding to A(s, t) are positive. 
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It can then be shewn, by employing Abel’s lemma, that the series 


5 Puls) Gr 


converges uniformly for all the values of s and ¢, such that 











n=1 ne 
|s—t|>e 
For 
n=m+p e s) . t 1 m+ 
z a mN =X gn(s) on(?) 
Ch igaey n m+p+1 m+ 
iS ( 1; 1 "= ' «| 
7a n\S) Pn : 
q=1 Am+q Mri vee ? ? ; 
° 1 a 
and since a > 0, 


Amo Nei +p+1 


ne ee | <5 P +P(S )<xe 


Veni Pll hes +p+1 m+ it 











we have 


3 


n=m+1 Am+tpt1 


is 





where P is a fixed positive number, dependent only on e. Since i 
m+1 


arbitrarily small, by making m large enough, the uniform convergence of 
the series is established. 
If we assume that K(s, ¢) is continuous except on the line s = ¢, where 
b 
it is infinitely discontinuous, and that | | K (s, t) }?dt is a limited function 


of s, the functions {¢,(s)} are all continuous, and the theorem VI of § 4 is 
applicable. 
We obtain then the mallow theorem :— 


XI. If K (s, t) ts continuous except on the line s = t, where it may be 


b 
infinitely discontinuous, but such that | | K(s, t)}*dt ts a limited func- 
tion of s, and if > dn (8) on (t) 
n=1 
independent of m, for all values of s and t such that |s—t| >, where e 


hn (s) pn (t) 
Ze An 


converges wuformly to K(s, t) for all values of s and t such that 


as less than some fixed finite number, 





is an arbitrarily chosen positive number, then the series 


|s—t| > 


This theorem is applicable to the case of the Sturm-Liouville functions 
and to other orthogonal functions which arise in connexion with linear 
differential equations. 
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b 


10. Let K (s, 2) be such that | | K(s, t)\?dt is a limited function of s, 


and that the repeated function of /’(s, f) is equivalent to a continuous 
function [X,(s, ¢). 


Then, as has been shewn in theorem I, fea ell converges uni- 
formly to K,(s, t). n=1, n 
N ( do, (8) ) 2 





Therefore = i, j converges to a continuous function of s. 
nv d 


Let us consider separately those values of X which are positive and 
those which are negative ; let the former be denoted by 


OP) oh) ein LE) 
Al 5 Ag 3 A3 3 +e 


Le} 


(Y) ,) 


and the latter by Nie Aces 


(NV) 
83 9 oeeg 


each series being arranged in order of increasing absolute magnitude. It 
is then clear that the two series 

s {Gn \? { pu? (s) | * 
n=1 | AGE ae n=1 | Ae ) 








are each convergent and have limited sum functions. 

Let A (s, t) be that nucleus, constructed as in § 8, which has 
{o%(s)t, {A| for its sole characteristic functions and numbers, and 
let A®(s, t) be the nucleus, similarly constructed, which has {¢%(s}, 
{X)! for its sole characteristic functions and numbers. We have then 





b (P) 2 b Sie s ° 


and therefore 


b 
a 


b b 
| (A (s, d) at+| Bee ayers fe | | K(s, t)}? dt. 


Since ¢(¢) is orthogonal to all the characteristic functions of A“ (s, 2), 


we have , 
[1,0 gd = 0; 


a 


b 
and similarly, we have | K®(s, ) & (\dt = 0. 
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It follows that 


b 
| {KM%s, )+K (s, t)} pn(Odt = Av’ hn’(s); 


b . 7 
and | {K(s, J+ KO (s, t)} iO dt = MPP(S) ; 


Hence the nucleus Ks, )+H@(s, t) has the same characteristic 
functions and constants as K (s, ft). It will be shewn that it has no other 
characteristic functions than these. 


Since A(s, ¢’) is orthogonal to g(t’), ¢9(v/), ..., we have 


b 
| ee Gi ek dg. Os 


b 
heres | [KO%s, + KO(s, KOU, EKO, )] dt! 


b b 
= | ROG GK ET) ae'+| Gr en OES ey dt 
and thus the repeated function of Ks, +K@(s, t) is the sum of the 
repeated functions of K®(s, t) and K®)(s, 2). 
l 


b b 
Also | {K(s, t)\?dt =) {KO (s, H+ Ks, t)}* dt, 


a C 


b 
since | BRON eo RO (sh di—-0: 





D Oya ee: (N) 2 
1 (1) 7 (2) yee = ( pn ‘(S) | S ( n (s) | 
Se | ESE EEN SI area en eal CaN 
it now follows that K®(s, )-+K®(s, #) has no characteristic functions and 
constants other than those of KX (s, ¢). 


The following result has been established :— 


XII. Lf K(s, t) be such that its repeated function ts equivalent to a 
continuous function, then K(s, t) may be expressed as the sum of two func- 
tions K)(s, t), K(s, t), orthogonal to one another, and such that K(s, t) 
has for its sole characteristic numbers those numbers corresponding to 
K(s, t) which are positive; and such that K)(s, t) has for its sole charac- 
teristic numbers those numbers corresponding to K (s, t) which are negative. 
The characteristic function corresponding to a characteristic number of 
K)(s, t) or of K@(s, t) is the same as the characteristic function of K(s, t) 
corresponding to the same characteristic number. 
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This theorem is applicable in particular to a continuous nucleus 
K(s, t), which may have an infinite number of characteristic numbers 
of each sign. 

If it were certain that A(s, 4, AK@(s, 2) were not infinitely dis- 
continuous on the straight line s = ¢, theorem VIII would be applicable 
to these nuclei, and the uniform convergence of pols) n(@) to K(s, 2) 
could be deduced. As, however, this possibility cannot be excluded, at 
all events a pritort, no further general result has been obtained for the 
case of a continuous nucleus with an infinite number of characteristic 
numbers of each sign beyond that obtained in § 38; that, for each point 
(s, t), with the possible exception of points belonging to a set of measure 
; n=mM 7 ¢) - t 
zero, & Sequence of values of m can be so determined that puis) ord) 

n=1 0 


converges to A (s, ¢) as m goes through the values in the sequence. 
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THE DYNAMICAL THEORY OF THE TIDES IN A POLAR BASIN 
By G. R. Goupsprovuer. 


[Read December 11th, 1913.—Received March Ist, 1914.] 


1. Introductory. 


Tue problem here attacked is that of finding the tidal oscillations on a 
rotating globe in an ocean which is bounded by parallels of latitude. In 
this paper the case examined is that of a polar basin, so that only one 
boundary is to be considered. A similar analysis, however, can be applied 
to the double boundary problem—the zonal sea. In a further paper I 
intend to give the results of the latter case. y 

The only complete solution of a tidal problem hitherto found is that of 
Hough * for the case of an ocean wholly covering a rotating globe. His 
results are in the form of series of spherical surface harmonics, and, in 
consequence, it is possible to include the effects of the self-attraction 
of the water particles. Poincaré + and Love{ have suggested the use 
of the method of Ritz for the determination of tides in restricted basins ; 
and Poincaré § has also mentioned the possible application of Fredholm’s 
integral equation method to these problems. Previously Kelvin | had 
indicated a direct method of attacking the simpler problem of the tides 
in a zonal sea. Upon his method the following analysis is based. The 
form in which his results were left was such that it was almost impossible 
to make a numerical discussion of them; so that several alterations, 
suggested by Hough’s work, have been made in the following paper. 
Since series of powers of cosines of the latitude are used, it is not possible 
to include the self-attraction. But the effects of the latter appear to 
be small, except in the vicinity of a coincidence of free and forced 
oscillations. The final results show that such an event cannot occur 





* Phil. Trans., A, t. 189, p. 201, and t. 191, p. 139. 

+ Lecons de Meéc. Cél., t. 111, p. 297. 

t Proceedings of Fifth Inter. Congress of Math. (1912), Vol. 1. 
§ Gottinger Vortrage (1910) ; Lecons, t. 111, p. 233. 

|| Phil. Mag., 1875. 


32 Mr. G. R. GotpsproucH | [Dec. 11, 


in basins of the dimensions considered ; and hence the results without the 
self-attraction will represent well the complete expressions. 

My thanks are due to Dr. T. H. Havelock for much useful advice and 
encouragement, and to Dr. Bromwich for many serviceable hints and 
comments. 


2. The Equations of Motion. 


Consider an ocean of uniform depth covering a rotating globe of 
negligible ellipticity, and bounded, if at all, by parallels of latitude. 
We shall principally discuss the case where the ocean includes one of 
the poles. 


Let 0 = co-latitude of a point on the surface ; 
¢@ = the longitude, reckoned eastward ; 
u = the southward component of velocity ; 
v = the eastward component of velocity ; 
w = the angular velocity of the earth’s rotation ; 
a = the mean radius of the earth ; 
h = the uniform depth of the ocean ; 


¢ = the tide height, reckoned above the free surface ; 
and i me where Q is the tide-producing potential. 


Then, subject to certain approximations, the equations for the tidal 
oscillations are* 


Ou @ © ro 

= — 2wv cos 6 = — 2 ap (S—$) 

Ov 0 = 

a + 2wu cos 0 = ae ae : (1) 
ley! h (on dv ) 

ot asin@ | 00 Grae ghar al 


(é has the general form H, P35 (cos @) cos (ct+sh+e), where P3 isa spherical 
surface harmonic of rank s and order 2. For the three species of tides, 
s takes the values 0, 1, 2; and for each of these o hag several values.+ 





* Lamb, Hydrodynamics, p. 314. 
+ Ibid., pp. 342, 343. For details as to the various values of o, see Darwin, Scientific 
Papers, Vol. 1, pp. 20-25. 
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Assume ¢ £ cos (ct+shte), 
wu“ sin (ct+s¢+e), 
v & cos (ct-+sd-+e). 


Substitute in equations (1) and solve for wand v. On putting 


9 wa 
o, = ft g 








eoaiies 


, 2) er 
we find w.4m(f?—1-+1’) = —oVl—) & eae Vv) ¢ 
V V 





d ! 
v.4m(f?—-1+7) = — 20 (1— v9) ae (2) 
—o6 = — — =) va) £ (w—s0 | 
where we have changed the variable 6 into v, = sin @. 
On eliminating wu and v, we have, finally, putting 
_ 40°%a? ak ra 
re) 7% gh ’ ¢ oie Conte 
a[- WWF — = (l—v" i] 
Boy =/(1—v’) — wemntage foo pay ee 
Sa 4 Fe 
ne aes (3) 


For the free oscillations, which we discuss first, € = 0, and €’ is re- 
placed by ¢. 
If we suitably rearrange (8) for discussion, we find 


a) re dg Ho, 14 WO 


ieee)! 
alee Ge= (f?—1+ 1) 
The coefficients show singularities at 


@) fP—-14+7=0, or seeataek 


3? . a 
+= +6 fP—14.))] =0. 4) 


(ii) ei ie a Sa 
(111) eb) 
and (iv) Phe emo 


ser. 2. vou. 14. no. 1223. D 
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With regard to (i), 7 is unknown. It manifestly depends upon the 
depth of the sea and the extent of the basin. Moreover, for the same 
dimensions of the basin, / has an infinity of values. It is impossible, 
therefore, to treat this singularity as the others. But, on examination, 
it appears that there is no singularity at all at the points vy + /1—/”. 
Or, rather, there is a special arrangement of the terms in the equation 
which prevents infinities occurring at these points. 


When fP—-i+r = 0, 
oO 
one + cos 0. 


If we take equations (1) and remove the time-and-longitude factor, the 
first pair present the form 








cu— wv cos @ = — I dg 
a de 
| ; (5) 
—_—_ 5 a] a gs 
cv+ 2wu cos 6 Teaco 


On putting o = 2wcos @ in these, we find 








2 We ce eared ay 
gen he Ondo 

Rf), ae a ek eer 

ae DF es Pa 
Cl Sere Seog 

d 
or Va-A B+ se=0, 

y y 


Hence, when the denominators of the fractions in (8) vanish, the 
numerators do also; while the value of the fraction in such a case is 
a finite quantity—viz., w in the first and v in the second. Exactly 
the same happens when ¢ =—2wcos@. Hence this appearance of a 
singularity may be disregarded.* 

Proceeding to (1) we remark that, in the problem under consideration, 
y is always positive. Hence, disregarding the singularity y= —1, we 





* See Poincaré, Lecons de Méc. Celeste, t.111, pp. 141, 142. The points » =+ /(1—f?) 
are, of course, ‘‘ apparent singularities.’’ 
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proceed to find a solution of (4) valid in the vicinity y=1. For this 
et) Ado 1) ae tt 
The indicial equation is 
a(a—1)+3a = 0, 
giving es) eee 
Hence the solutions suggested are of the character 

€= Ay +4, (v—1) + 4g(v—1)?+..., (6) 

and ¢ = v—1)? {By + Byv—1) +B, (v—1)°+...}. (7) 


Usually the solutions are convergent in the vicinity of the singularity. 
But it is evident that, unless the coefficients in (7) have special values, 


as will have an infinity at y = 1. 


For case (111) the indicial equation is 
a(a—1)+a—s? = 0, 
whence ai = ay 
The solutions indicated are then of the character 
€=v {Ap tAyy+Aov?+...}, (8) 
and €= v5) BotByy+Bav?+...}. (9) 


In the case of the tides of first species (symmetrical oscillations) s = 0. 
The indicial equation has then equal roots, a=0. The two solutions 
are then* 


¢ = [»* PA ga Ane A gach: }- bl a0) 


and c= E ("dot Ayy+4a?+...)} | 


The latter may be written 
€= logy[Ap+Ayv+4or?+...]a=0 


+[< (Ay tAy+4ar*+...) | 


a—v 


This solution, owing to the presence of the logarithm, has a singularity 





* See Forsyth, Theory of Differential Equations, Vol. Iv, p. 93. 
D 2 
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at v=0. The solution (9) likewise becomes infinite there.* Hence they 
are useless in considering a basin including the pole, though they would 
be of value in the case of a zonal sea. Solutions (6) and (7) are finite at 
v=1; so that it may be concluded that (8) is convergent from v = 0 


us 


up to and including »=1. But, since from (7) probably has a 


singularity at vy = 1, we must investigate fully the convergence of the first 
derivative. + 

Proceeding to find the relation between the coefficients in the series (8) 
from equation (8), it will be found advisable to break up the equation by 
the introduction of an auxiliary quantity X. 


Let ye 2S eh X= 1H). (10) 


fi (l= 
Then (8) becomes 
Bfr"g = —frv(l 9S — + f?°PX+sf(1—1?) X+8°¢'. (11) 
From the form of solution indicated in (8), we assume 


le 2) 
ce sone py Anv 
0 


15s yi 


mal 
l| 
omMs 


and ‘se 


oM8 


Ce yest n : 


whence C— Ge = (A, +B,) >". 


From (10), on substituting and equating coefficients, 
owe (f?—1) Gack Cn—-2 
Ae Wt aha , (12) 
and, from (11), 


Bi (Agee + Bao) sede ae / —f?(n+s)+sf | C 
+ 1 f?(n+s—1)—sf | Cro (13) 


* The treatment of this solution, since s is an integer, would require to be carried out in 
a similar manner to the analogous solution of Bessel’s equation. See Forsyth, Theory of 
Differential Equations, Vol. tv, p. 101. 

+ I am indebted to Dr. Bromwich for drawing my attention to this fact. 
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It is simplest, though less convenient afterwards, to eliminate A 
between (12) and (18). The result is the general relation 


Fd n (28+) 
“n+s+s/f 
Pine ee) amide aaa 
1 On—2 \ rage n+s+s/f a 
Uyee eveen Ee hae = Gali o. (14) 
n—2+s+s/f 


In (14) put» = 0. Then 
0.Cy=0 or (C)1s arbitrary. 
Again, put » = 1, and we find 


eae 281) 
a l+sts/f 0; 


It follows that the series is one of even powers of vy only, factored 
by v*; the odd coefficients all vanish. In discussing the solutions of (14) 
three cases, s = 0, 1, 2, must be mentioned. For s = 0 there exist 


jee ly, salle ig arn LL 


Ot Gy 0. 


For s = 2 there exists By) = H, only. 
In the other case, s=1, a different form must be given to the 
equations owing to the fact that the tide-producing potential is 


C= Fa p./ —i). 


This case is examined separately further on. 

We will discuss (14), leaving s general, though having more in mind 
the value s = 2, as it is obvious that the simpler case s =O can, by 
a slight readjustment of quantities, be made to fall within the same 
analysis. 

Let 


i, = {20 _ m+2+s” 14) _wtetstsif 
‘ n+st+s/f n+2+s-+s/f ) (n+2)(n+2+ Qs) 


B(n+4+s+s/f) 
YE OOS BIRD SY EL by STP TE sel) 


2+s+s/f _ 
PB, 2, (24+9s) id 
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Kquations (14) then become 
(kK + Tan Cock Cs, 
M,CotLeCeot+Cy 
and thenceforward Mn-¢Cn-etLinCatCnse = 


‘ 


| 


s 
| 


In equations (16), when « = 0, f is unknown. When f is given, x, 
which determines Cy, is unknown. Hence they embrace both the free 
and the forced oscillations. In addition, the quantities C must satisfy the 
boundary condition. If we suppose the basin we are dealing with bounded 
by a parallel of latitude » = », we must have there 


(16) 


0 
0 
0 


iin, 
that is, DC,” = 0.* (17) 


When the ocean covers the whole globe, this equation is replaced 
by the condition that ¢ and w are both finite when y = 1. 

Consider the convergence of the series defined by the last equation 
in (16). It is to be noted that we know nothing of the magnitude of f; it 
may even be negative. From (16) we have 


Creo Mn-2 
One En CRORE: 


BYP=D | F2ts% 4) _ntBtots/f_ 
n+s+s/f : wP2-+s-s/f ) (rn +2) (r+ 2+ 23) 


Geant Aa tort aed ho ON 
(n+ 2)(n-+2-+ 2s) (n-+-s+s/f) Cn/Cn—2 








ie 
| 


It is obvious that in the limit C,+2/C, tends either to unity or zero. 
More exactly, if Cn/Cn—2 is not a small quantity, whatever finite value f 
may have, for values of sufficiently large, we may write 


Wn 


0 
Cn+2lCn ae 1+ a hina ’ 


where w, is less than a fixed finite number. 


Hence the series 2C,,»**” is only convergent so long as |y| <1. 








* The quantity X or 3C,,v'*" is a simple multiple of the velocity wu, as is seen by refer- 
ence to (2) and (10). 
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Consequently, in order that the series may be valid at the point vy = 1, 
f (or x) in (16) must be so determined that 





Cea 
B eaten ()s 
1) Neer al? 2) Ch 
That is, f (or x) must be a solution of the convergent infinite continued 
fraction 
Misia, 
L,— Ly—- Le 








0=«+L,— yi hibae (18) 


In this case the series 2C,v"** is valid over the whole globe. But the 
application of (18) prevents the inclusion of any boundary condition. 

Crise 
Tare 
tends to unity as m increases. Hence the series 2C,v°*” is not valid at 
=1. Consequently the polar basin for which our series give the tide 
heights cannot include the equator. Tor seas including the equator, but 
not the pole, series in powers of uw, = 4/(1—»”*), are appropriate. 

The series we have discussed is, of course, >C,rv**”, and not 2A,v°*”, 
the former being used because of the simplicity of the relation between the 
coefficients. But there has, as yet, appeared no case in which the series 
was convergent and its derivative divergent at »v—=1, as was 
anticipated. Yet, if 2C,v°*" 1s absolutely convergent then, from (12), 
DA,v*" and its derivative are also convergent within the same circle of 
convergence. It may be that, owing to a lack of knowledge of the 
value of /, and a consequent lack of delicacy in the tests, or owing to 
the relation (12) masking some point, no indication of the expected 
resulf has appeared. One case, however, is interesting. For the 
luni-solar semi-diurnal tide f is rigorously unity and s=2. Henee, 
from (12) 


If any other values of f (or x) than those given by (18) be used, 








aE Gina 
aie n+4° 
, (W+8n roe + 
Also, from (14), nO, ( may n-2- — aD or) 
or n(n+6) An—n(2+8) An_2t+BAn_s = O. 
n+3 B 1 


From this AnjAn—2 = n+6  n(n+6) An—a/An—a 
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Hence, if An—2/An—4 is not small, the limiting form of A,/An-2 1s 


n+3 ; 3 
n+6’ tone 0 





This is identical with the limiting form of the ratio of the coefficients 
of »” and y"~? in the expansion of (1—»*)*.. Hence the terms of the series 
YAnv"**s become ultimately comparable with those of (1—y)3, so that we 


may write : 
= L+M(1—}, 


where L and M are functions of »y that do not vanish wheny = 1. In this 
case clearly ¢’ is finite at » = 1, but has an infinity there.* 


The series are all undoubtedly convergent with their first derivatives 
so longasy <1. For the future we restrict ourselves to the condition 
that the basin shall not include nor extend up to the equator. 

In seeking the solution for a polar basin we have to solve the equations 


Covi t Cait? + C,rit*+... = 0 | 


(e+L) Cot, = 01 He 


Mes no le Cot Cn+2 ——10):7 


First consider a finite number of unknown quantities, say (7+1). 
That is, suppose we can find a solution of the original differential 
equations by giving proper values to Cp, Co, ..., Co. If we suppose 
f (or «) known, we have only to express in terms of C, the remaining 
r quantities C. For this purpose we require 7 equations only, viz., the 
following :— 





Covi t Cort? + Cyvit* +... + Cot?” ae WD 
eo NG ALE 0 | 
MiGs 0s G p= 10 (20) 
Mor—6 Cor e-t Loh Giger Center — 0 


* Cf. Lamb, p. 325. 
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On solving these in the usual way, we have 





iS SA IT ae rr te yiter 
Ieee OSI S Uae ao ee 0 
io pck aaah iae 1e AE ak raellg 0 
jib gee Dp agers pe ERE RR OO 0 
(tee OS Mn te Tnes eel 0 


Sa Ca | | 
ee Oe | | 
= C,,(—1)" + Vy Pd Bice a) eee eRe oa ee ane 
feaedee 1 UR Sea ere ae eee 
M) Lg LN RINE RE Ae pect 
0 Minnillo Bo 8 ee. B58 
0 
0 0 Ore oecce i. Lig tit | ge. | 


Hence, if we write the determinant associated with Co, as De,, we have 
(—1)”. Con ag tae = Gy Lee 


Now the original differential equations can only be satisfied by an 
infinite series, and, further, since the series = C,,v,°*?" converges, we have 
as a necessary consequence 


L Copvt?? = 0. 


> Ky 


Hence we must have THe Ds =e OQ. 
To 


This is the equation that determines the possible values of f (or x) for a 
given boundary. Written im extenso it is 


Mts 0 eee | =O. (21) 
“elie. Val eo 
i uae re igo 
08 Mh ae 0 
0. AORN Te 1 
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In calculating the value of this determinant, we may use the sequence 


te eae gays a) ny Ve 
AN —= “eS Dod, — M, Ag, 


ats —= gia Tig — M7, An+43 


where A, represents the determinant beginning 


vt yas Acie sey Res (22) 
jhe = il 0 
Ve Linge i 


In order that this determinant may be used at all we must show that, 
for a given finite value of /, it converges. The object will then be to find 


out for what value of f 1t converges to zero. 
From (15) it is easily seen that |Z,|< 1 for sufficiently large values 


of n, and that Mnis a small fraction. Hence 





Ag a ee i 
1 .foeste .O 
iNT cee eel 

O Mn+2 1 eos | 


if, on expanding, we replace the usual minus signs by plus. From this, 


JAn| ose Listes. eg Bae ial |e | 1 CAE 
VW | 

a apie eee al 1 

| 0 Mn+e 1 | 


Vara. 


| 
| 
| 
| 


aye am SiN th 6 
Beek oie, 
1 


0 My, +2 1 
0 0 M n+4 
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A 
Or, et <A M) +R M A Mes 
+r (1+ Mn+ Maret Mnsat+ Mn Mn) 
+..., 


< 14+4(04+,) 
+8(1-+M,)(1+Mn4s) 
+13 (1+ My) (1+ Maes) 1+Mnsd) 
ae (23) 


The ratio of the (y-+1)-th term to the p-th of this last series is 
yi (1 + Mn +26) 


cig Ge CS ee) 
ey i (n+ 2p +2) (n+ 2p —2+-25)(n+2p—4-+s+s/f)) ’ 


1.€., <.1, after some fixed value of s, since vy < 1. 


| An| 


Hence 7] is less than the sum of an absolutely convergent series, 
1 
and so has a finite value. It follows at once that the original determinant 
on the left-hand side of (21) has a finite value for finite values of /. 


Again, the series in (23) decreases in sum as 7 increases, since each 





; hbase 1 ; 
coefficient decreases. ‘The limit is See Also the factor v} decreases to 
a 
1 


zero as m increases. Hence the series A,, A,, ..., As, ultimately decreases 
to zero in the manner of a geometrical progression. 
In the case of the tides of the second species (s = 1), the form of the 
tide-producing potential suggests the substitution 
(= Vl-v)7, 
fz / DN ies 
¢ nV (1 fend J ) é» 


E=V/(1—v)z, 


| 


Equations (2) then give, for the velocities, 


u.4m(fi—1+y’) = —o | ia - Tae = (1—1”) = 


v.4m(f?—1+v?) = —/(1—2"*) (20) c —2wv2' +o =| . (24) 
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And in place of (8) we have 





Bewsde me pray Pye 
a ‘ee v(i ag yz’ + ] 
tien Unig eae 
1—,? dz’ vz’ |, # 
per cone, es 
fP-l14Yr j 


The coefficients in (25) have singularities atv =O andy=+1. The 
indicial equation corresponding to a solution in the vicinity of y= 0, is 


Sree lh See 
whence a = sp lh, (26) 
Corresponding to y= +1 (v= — 1 cannot appear in the problem), we have 
2a(a—1)+3a = 0; 
whence a=0O, —4. 


These results might have been inferred, of course, from the results 
found previously. It seems probable that a discontinuity in the series 
will occur at y= 1. 


Let viv) & —yrgi + eu = X(f?—1+’). (27) 
Equation (25) then becomes 
PBa? =— S prt fxs, (28) 


As before, assume as a solution in the vicinity of y = 0, 


and Xi Deer 
1 


On substituting and equating coefficients, (28) gives 


C,(f—f?n) oe An-2—Antf7B.Bn-2. 
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Similarly (27) gives 


Ay (n+ = Ana (n= 14 A = (f?—1) Cu + Cn—2. 


Whence, on eliminating C between these two equations and reducing, the 
result is 








terval 
(tO) ee Wie elec 8 — 7 
An+An-2 Fave eo sasts aea 7 1 
aot ae) | ae 
edie 4 1 ze ie a2) 
Se A 
7 (n—2) ' 


1 
oa — —n)B 
—_— vue Ja ie G 1 | Deas (29) 
(n?—1) (+ —(n—2)) 


The convergence of the series determined by (29) is discussed in the 
same manner as before. 


An|An 2— | Agee 10 (n sme) ile Die 





; 1 

z nf 

wi | eae af (poy ee w—1 
af 


i! 
eee Vey) mn eet 


It is possible, as in the last case, for A,/An_-2 to converge to zero 


‘Coen t 
the other case, when 4,,-2/A4n-4 1s not small, for sufficiently large values 
of 7, 


1 Wn 


Hence the series 2 A,” is convergent only so long as |y| < 1. 
Equation (18) gives one type of free oscillations for the case where the 
ocean covers the whole globe; but, as is well known,* there are two types 


* Hough, loc, cit. 
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characterized by symmetry or asymmetry with regard to the equator. 
Let us find an equation for the other set. 

The original differential equations (2) and (8) may be satisfied by a 
solution of the form 


Chen (eye ee 


where z’ is a series of powers of ». 
On making such a substitution, we find 


i¢ 


w.4m(f?—1+?) = —o | a) S —yz! — 20s (119) —. 


i} dz' 


».Am(f?—1-+9) = — 2 fas 





—*)z' | a ee as 


Dor a, 5 ! 
A yi) Fe +(1—)*)—z 
Ba = —— Mea 


eo capes vei + es z' 
7a aD fig Sia 
The equation (18a) has apparent singularities at vy = +./(1—f*), and real 
singularities at vy = +1, y= 0. 

At vy = O, the indices are +s. 

Hence we may expect to find a solution in the vicinity of y = 0, of the 
type 0 
2 ice eel ee (18d) 


=0 


= 
> 


The solution involving the second index, —s, includes a logarithm, 
and hence is infinite at the pole. 

On substituting the value (18d) in (18q@) in the same manner as was 
done previously we arrive at the relation, for free oscillations, 


vn wW+2ns_ a | oP (Fisrmeuly a Ut Lee 2) 
"n+s—s/f 12 \naleg elf n—2+s—s/f 
pb ea 
ae ee n—2-+s—s]f ==) A}. (18c) 


Hiquation (29) is included in this as a special case (s =1). The 
corresponding alternative for the tides of the second species is found 
by putting s = 1 in (14). 
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Kquation (18c) differs but little in form from (14); but it is easy 


to verify that it provides the oscillations omitted in (14). In the case of 
2 2 


no rotation, the frequency is given by ae =n(n+1), where 2 may take 


any integral value. 
Putting » = O in (18c) and (14), it is obvious that the frequencies are 
given by 


ce = (n+s)(n+s—1) 


2 2 
in the first case, and by aH = (n+s—1)(rn+s—2) 


in the second case; where s = 0 or 2, and 7 is any even integer.* These 
two statements each supply the other’s deficit and complete the whole 
series of frequencies. 

Hence (18c), with a corresponding boundary condition, will give a new 
set of free oscillations in the same manner as those already indicated. 
The series defined by (18c) is subject to the same limitations as that 
defined by (14), and hence the free oscillations for the ocean covering 
the whole globe will be given by an infinite continued fraction of the same 
type as (18), and for which the quantities Z and MW are given in (18c). 
As, however, these types of motion have no relation to those excited 
by the tide-producing potential, their interest is much diminished, and I 
have not proposed to pay them any further attention. 

If equation (18a) be taken and reduced so as to express oscillations in 
a plane circular sea, by putting y = z/a and making a infinite, we find 


1 d rE lh! 2 3? ) PAS samc es = 

ae da Hil LY i _— mj ye Dae 

which is the familiar form of the equation. It is noteworthy that (3) 
reduces to precisely the same form. The two sets of oscillations 
apparently merge into one another as the basin narrows, and finally 
present only one solution, of the form 


ve oes ees 
2=J(cx), C= (f? ee 











* The circumstance s = 0, nm = 2 in (14) is discussed later. 


48 Mr. G. R. GotpsBprRoueH [Dec. 11, 


The two classes of oscillations in the general case have the forms 


(oa) 
> Any: 


n=0 


and J(1—v) = Ba". 


i) 


Since each of the series converges at the equator (v= 1), the tide 
height for the second set of oscillations will vanish there, while that of 
the first will not. This affords a distinction between the two types when 
expressed in terms of ». 


3. Tides of the First Species. 


The tides of the first species are determined from the previous formule 
by putting s=0. From (14) we have 


a8 
mrt Ona {PLY —@—)} 40,495 =—8.Biai 80) 


(f?—1) Ca+ Cyr-2 ; (31) 


together with Ah a 


These equations are not satisfactory when 2 =O or 2. From the first 
when » = 0, we have 


0.C,=90, or (C, 1s arbitrary. 


But, from (81), UY ace oe 


an infinite quantity. 
In place of the arbitrary C, choose Ao, which is such that 


nA, = (f?—1)C,, when n is zero. (32) 
Then, from (80), when ” = 2, 
2C,+6A,=0, or —B,, (83) 


according as the oscillations are free or forced. 
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The relation (32) requires that C, should be zero. Hence, when 
n = 4, the condition is 


ae e 
LOPRG: (Pu —3) 27 lp were (34) 


After these values of », the relation (80) holds good. The boundary 
condition is simply = C1; = 0. 
The determinant for free oscillations is 


el Pn ee ey eee ee Onis Us; (35) 
pie vie 20" 0870 
PLReM Teal! S04 20 
Oras Tania bc 0 
Op MOM M philip Aol 





: _BY?—1) _ n+1 
where 1h EASON OA TLL 


= p 
es (n-+ 2)(2-+ 4) © 


In attempting to find the roots of this equation we may take as a rough 
approximation to the first root the value given by putting all the powers of 
v, above the second equal to zero. That is 


1 
ine. (36) 
1 


Another approximation may be obtained from the original differential 


equation (3). 
Putting s = 0, it becomes 


/(1—v*) d fv —y”) a] As 
y dy fP-14+7 dy niet! D 
If we put vy = 2z/a, and then make a indefinitely great, the equation 
becomes 1 a/ He he? 
tl Tei i bp a Ds Fee 
iy gh Bs (z =) Blt oe. gh SM 


gun, 9. vou.. 14. “No: 1294, 
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The solution of this is 
( i(f?—1) Aw” ) 


See: TEN gh ia 


The boundary condition then becomes 





F an Awa? ee 
Ih nV i | = J, {uvGF—DB} = 0. (37) 


Equation (87) can readily be solved, and the values of / so found used 
as first approximations to the solution for the lowest roots of (35). 

This problem has been carried to a second approximation by 
Proudman.* 

Having determined a value for /, the determinant can then be evaluated 
by use of the sequence 


eae / 
Aor —= yy" — Lior Nop 42 — Mo, Mop sae 


. 


The quantity Ae, eventually becomes equal to r{"~* in value. Hence, for a 
sufficiently high value of 7, we may reject Aos-42, Aos4, ..., &e., and 
putting A:, = v;""*, evaluate in succession Ag,_2, Aor4, ..., Ag. | 
The value of A, will not be zero. A second and modified value of / 
is then chosen, and the value of A, again calculated. By this process of 
trial and error and final interpolation a value of f may be found that 


satisfies (85). 





: Awa? o at 
Since 8 = ay} Ande — 5° when w= 0, ZL, becomes 
Os 
gh” nel 


n(n+2) m2? 
and M, becomes zero. 

Hence, by a very slight modification of the preceding process, the 
frequencies for the case of no rotation may be calculated. 

Following out this process the results given below were obtained. 
The sequences used in calculating the value of the determinant (85), 
as they ultimately become the geometric progression Dy, converge rapidly 
for small values of »,. But as », approaches unity the work becomes 
exceedingly laborious. 





* Proc. London Math. Soc., Ser. 2, Vol. 12 (1918). 
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Taste [.—Lowest frequencies of tides of first species. 


Boundary v, = 1, Lat. 75°30’. 


Value of Period in | Period in case of 
Depth. > 9 9 - . | . 
f° = o*/4w*, | sidereal time. | no rotation. 


( 58,080 feet 














gaaee 45°08 |1h. 47m.| 1h. 48m. 
(29,040 _,, | 

\g Ea () 23°05 | 2h. 80m.; 2h. 33m. 
a » | 12:02 |8h. 27m.| 8h. 387m. 
ae is 651 /4h. 42m.|; 5h. 6m. 





TasLe II.—Lowest frequencies of tides of first species. 


Boundary v, = 4, Lat. 60°. 






Value of Period in Period in case of 
f? =07/4w?. | sidereal time. no rotation, | 





Depth. 











58,080 feet 
[eee 
| (29,040 ,, 





11°74 8h. 30m.; 3h. 40m. 












eon 628 | 4h. 47m.) 5h. 12m. 
| K | | 
feces ” SEG bE 20m) 7h. 29m. 
etd ®) | 
ates y OP TLES Ho tOna TO hied0rn 


The principal forced tide of the first species is the lunar-fortnightly. 
For this the tide-producing potential is H,(cos*9—+) or H)(2—»”), and 
the frequency is /*=°00133. We have, therefore, By = 2H) and 

E 2 
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B,=—H),. Hence, putting H, = «C2, we have to solve the equations 


n=o 2 
US 
ConVy — 0 
n=0 


(88) 
(L.— Ee) OLE Se 


and thereafter Ma, Cpa Lee Cs Ga 0 


In the first of these equations it is to be remembered that, according 
to our previous arrangement, C, = 0. 

Leaving for a moment the first pair of equations (88), the last set can 
be solved. We have 


C, = —C,~+ D, = C, —- Ds = — Cz + Ds 


= (—1)"" "Ce, + Dare 
— eet (39) 


where we have written D2, in place of 








| Le—a0x 1 0 0 0 0 0 
M, Dy, 1 0 0 0 0 
0 Me oy Cage 0 0 0 
0 0 M & pe eek 0 0 
0 0 0 0 0 ee MG ee ae 
The quantities D are related by the succession 
Dey a Tipplo3 9 — Mineo Lard, (40) 


The method of calculation is the following. The quantities D are 
calculated in succession by means of (40), the quantity « being left 
undetermined. These are then substituted in the boundary equation 
and a linear equation determining « results. From the condition 
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Cy = H,/«x, Cz is found. All the coetticients C then follow. Finally, 4, 


is determined from the second equation of (38), and the remaining A’s 
trom (31). 


The tide height is then 


N=n As 
c= H,(2—v)+A y+ a eee al yet 


17 


The calculation is possible for any value of », less than unity; but, 


of course, it is very tedious owing to the slow convergence when », is near 
unity. 

The following series for the tide heights were calculated with four- 
figure logarithms. Only three significant figures have been retained in 


the results, as, owing to the complexity of the processes, much doubt 
attaches to the fourth significant figure. 


Lunar fortmghtly tude. Boundary y= 4, Lat. 75°30’. 

Depth 58,080 feet; 6 = 5. 

€/H, = {°:0806—°962.7—°30514—‘0102r°+ °018)°—...} cos (ct+e), 
Depth 29,040 feet ; 6 = 10. 

¢/H, = {°0298—*9261?—*58714—"1521°+ 029,°—...| cos(ct+e). 
Depth 14,520 feet ; 6 = 20. 

¢/H) = |'0284—°8581?—1°03)*—°735r°— 056)°—...| cos(ct+e). 
Depth 7,260 feet ; 6 = 40. 

¢/H, = (°0260—'740/°—1°62v'—1°891°—°8938y°—...| cos(ct+e). 


Lunar fortmghtly tide. Boundary vy = 3, Lat. 60°. 
Depth 58,080 feet ; 6 = 5. 
¢/H, = {°117—'8567—°285v4—0158)°+-°01861°+ °0091y"?+ *0056v” ... | 


X cos (ct+e). 
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Depth 29,040 feet ; 8 = 10. 
Ch 105 —°737,2—"4938v4— 096,°+ 017018 + '0208r+ 0188... | 
X cos (ct+e). 
Depth 14,520 feet ; 6 = 20. 
Cink = {-0887 —°557/2?—"75114—"358y5— 044118 + '0382y" + -0353y™ Re, 
X cos («t+ e). 
Depth 7,260 feet ; 6 = 40. 
¢/H, = {:0668—°383y?—"91614—°915/— °468y5—0E80r"+ 07082” ...} 


X cos (st-+e). 


4. Tides of Second Species. 


The equations to be solved are (29), together with the boundary 
condition u=O0Oatyvy=r,. From (24) the latter turns out to be 


= £BAn-2 acta 2 “Ps 
he 4 n= 2. f—frn BAY ao 
c 5 visti mt ) ——— _ fBBn Wale , 
oo 24a GER Foe epee 


The only value of B occurring in the tide-producing potential is 
B,= H,. Hence, writing, as before, 


1 1 
{ pone 1B abl =] +9) 


Ly, = ay ak eee hy SE ee ae 
[> — (nF 2) soo | Kiowti 
7 qos 
7 
fpr N+2 vi 


eps (n+ 2) Sp nm’ 
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the equations to be solved are 


See. = _ BH 
ae 
i 
2__1) BH. 
ig Te oe De 1 
1 -, (42) 
Gores 
(eee ier ope ty) pane Le ay 


(s— a 24 


and thereafter 





M,AntLn+e AnsetAnra soees 0 


The determinant for the free oscillations is 


Bra; As Os Oq At ae | = 0. 
iis 1 0 0 0 ae 

Megs Get Ques Ome Wee 

to) eet! ace La Ones: 

0. SUC ee Hy 


Approximations to the first roots of this equation are found by putting 
all powers of v, above the third equal to zero. Then 


Vy 15 By; 
a eae 8 


2 
v 


Vy 


Cg i ae rae PO 


F—f?.8° 


Oe 








the other values of a vanishing. 
The equation to be solved is 


ae USI 
L,=—, 


ag 


or 


pp | : 2 
<1 7 cult ee) ate aie 
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This reduces to 


1 


oan =) +4 (F +24 =} = 0. (44) 


9 4 9 3 2 B 
oil Sexi a Ret 


The solution of this equation exhibits four roots: two large, one 
positive and one negative ; and two smaller, both positive. On making w 
zero, the two smaller roots vanish and the larger roots become equal with 
opposite signs. This is exactly analogous to the results found by Hough.* 
The oscillations of long period apparently only exist when the rotation is 
not zero. In the other case they reduce to tidal currents. 

In the accompanying table, we have only shewn the first of the smaller 
roots. The second may be judged to belong to the next complete set 
of roots. The approximate values only are given. But it is clear that, 
were the frequencies required for a given basin, they could be exactly 
evaluated by means of the formule given in the same manner as was done 
in the case of the tides of first species. 


Tabie [I1.—Lowest frequencies (approximate) of tides of second species. 
Boundary vy = 4, Lat. 75° 30’. 


| 











Depths. ' Frequencies (/2a). 
58,080 feet : sa 
oSe meanisti 
29,040 f pao 
9; ni eet —1:89 | 
p= 10 0069 | 
14,520 feet | Cee 
bl Es Sint 
a ‘0065 
1°58 
7,260 feet : | 
ay — ‘91 
ues 0058 | 








* Phil. Trans, (A), Vol. 191 (1898), p. 159. 
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Taste [V.—Lowest frequencies (approximate) of tides of second species. 


Boundary v,= 4, Lat. 60°. 








Depths. | Frequencies (¢/2«). 
58,080 feet ae 
ay = 
e "024 
1°58 
29,040 feet | 
Bites =U 
ie "022 
14,520 feet ees 
lap ay ete 
ee ‘O18 
Le dbf 
7,260 feet 
ihe — I 
ar ‘013 





In solving equations (42) for the values of the coefficients in the case of 
the forced tides, it is worthy of note that, in the case f = 4, which corre- 
sponds to the luni-solar diurnal tide K,, if we disregard the boundary 
condition, the remaining equations are satisfied by 


ee ee) 
and Silken fede 
Hence €=C-- = »p/ 1—V) (— H+) = 0. 


This is Laplace’s famous result that the diurnal tide for the case of an 
ocean of constant depth covering the whole globe produces no rise and fall 
of the surface. 

In the case of the other diurnal tides, 7, while not rigorously equal 
to $, 1s not far from that value. Hence, as shewn by Hough, the whole of 
the diurnal tides are small. It becomes, therefore, of importance to see 
the effect of a boundary in altering these conditions. As the numerical 
work in any case is very complicated we shall confine our attention to the 
case of f = 4. 
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In (42) put H, = «A, as before. The second and third equations then 
become 


(L1— 38x) A, +A, = 0 | 


a (44) 
(Meteo eG Aedes! 


These equations can be solved in precisely the same way as was done 
in the case of the fortnightly tide. The following are the results :— 


Lum-solar diurnal tide. Boundary v,= 4, Lat. 75°30’. 
Depth 58,080 feet; 8 = 5. 
¢/Hy = /(1—v’) {°895v—°518y? — "1827? —122y"...' cos (ct+d+¢). 
Depth 29,040 feet; 8 = 10. 
¢/Hy = /(1—v?) {°805y— 17120? — 2°76? — 2°7 257 — 2°348y9 ... } 


X cos (st-+h+e). 
Depth 14,520 feet ; 8 = 20. 


¢/A, = /(1—v*) {°648y— 2°53y? — 6°34y°— 6°43r"— 505y* ... | cos(ot+ +e). 
Depth 7,260 feet ; 6 = 40. 
€/H, = /(1—v?) {°708v—4°87?— 15°77 — 18°3y'— 18°2y° ...} cos(ct-+h+e). 


Lum-solar diurnal tide. Boundary v,= 4, Lat. 60°. 
Depth 58,080 feet ; 6 = 5. 
¢/H, = /(1—v’) |°634y — 6407? — 1°30)? — 1°25y’—°928)°— "838714 ...} 


xX cos (ct-+ +e). 
Depth 29,040 feet; 6 = 10. 


€/H, = /(1—1*) {°408y —1°491? — 28.40? — 2°6 917 — 230° — 202.244 


—1°813y" ...} cos(ct+¢+e). 
Depth 14,520 feet ; 8 = 20. 


C/H, = /(1—r") {°211y—38°861?— 6°82y° — 6'438y"— 4:90)°— 3°86" 


—3°28r ...} cos (ct +¢+6). 
Depth 7,260 feet ; 6 = 40. 


C/A, = /(1—”) 1°267v— 6°59? — 176° —19°1p7— 129-7184 
— 4°39) |. | cos (ct-+ +e). 
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5. Tides of Third Species. 


The results for the tides of the third species are derived from the 
formule (12), (15), (16), and (17) by putting s = 2. In the tide-producing 
potential the only term appearing is B,= H,. The frequencies are 
determined from (21) after putting x =0, s=2. As previously, the 
approximate values of the first set of roots are given by 


peat: 


or 28f°—Bf?—f (B+12+ =) +2 = 0. (45) 
1 


The roots of this equation exhibit the same characteristics as those of 
the equation in the second species. There are two large roots, one positive 
and one negative, and one small positive root. When the rotation 
disappears the small root becomes zero and the others tend to numerical 
equality. It is noticeable also that the large roots tend to numerical 
equality with increasing depth. These two results are consequent upon 

wa 


gh 





the reduction in value of 8, which is 


Taste V.—Lowest frequencies (approximate) of tides of third species. 
Boundary v, = 4, Lat. 75° 30’. 


| 














Depths. | Frequencies (a/2w). 
58,080 fect | 8") 
St —4°33 
0096 | 
29,040 f Paag 
9; ai — 3°08 \ 
Ris 0098 
2°64 
14,520 feet cree } 
6 —2°15 
ee -0089 | 
= : 208 
7,260 feet 1°59 


6 = 40 0082 | 
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Taste VI.—Lowest frequencies (approximate) of tides of third specves. 
Boundary v,= 4, Lat. 60°. 





Depths. Frequencies (¢/2w). 





see 


58,080 feet 
pce 9:38 - 
03! 
| 219 
29,040 feet _ 1-66 } 
p= 10 029 | 
| 1°69 
14,520 feet are | 
| 
B = 20 025 | 
1°39 
7,260 feet gad 
8 — 40 f 
a 920 








It is interesting to examine determinant (21) with a view to discovering 
the possibility of synchronism between the free and forced oscillations of 
this species. All the semi-diurnal tides have valnes of f near to 1. For 
the luni-solar semi-diurnal tide (K,) f is rigorously unity. If in (21) we 
put f= 1, it becomes an equation in /, the solution of which would give 
the possible depths at which synchronism could take place. As a first 
approximation, in (45) put f=1. We have then 6 = about 480 for 
vy, = 4, and 6490 for 4 = 4. 

Using these approximate values we may, by the process of trial and 
error, find the exact solution of (21). We then arrive at 6 = 552 and 
7760 respectively. These values correspond to depths 526 feet for », = 4, 
and 388 feet for »,=+4. The smallness of these depths precludes the 
possibility of synchronism in oceans of depths comparable with the 
average depth of the ocean as it is on the earth. 

Of course, the equation (21) is satisfied by other values of 6. But 
these will be higher than those already calculated, and will lead to smaller 
depths still. 

The semi-diurnal tides may be calculated from the analytical results 
previously given by using the proper value of /#. We append the 
expansions for the tide K,, worked out in the manner suggested. 


1913.] THE DYNAMICAL THEORY OF THE TIDES IN A POLAR BASIN. 61 


Luni-solar semi-diurnal tide. Boundary v, = 4, Lat. 75° 30’. 
Depth 58,080 feet; 6 = 5. 
€/Hy = v? {14°05227?—°592y4 —°4217° —°258)8 ...! cos(ot+2p+e). 


Depth 29,040 feet; 6 = 10. 
gine Ym {1+°104:7—1°061'—°856°— "477% Me | cos (ct++ 26+¢). 


Depth: 14,520. feet; 6 = 20. 
iH 304 1+°209.7— 2°36514— 1°829)°— 66578 ...| cos (ot + 2p+e). 


Depth 7,260 feet ; 6 = 40. 
¢/H, = v7 {1+°419)°—4°75y*— 3°76) —"1720 ...} cos (ct +2h+¢). 


Lum-solar semi-diurnal tide. Boundary vy, = 4, Lat. 60°. 
Depth 58,080 feet; 6 = 5. 
€/Hy = v7 {14+°218y?— 49204 —°3871)5—-244,8—"175y— "18777 —"111™... | 


X cos (ct 26+). 
Depth 29,040 feet; 8 = 10. 


€/H, = 7 41+°428)7—°982)4—°7951® —"460.8— 2907" — 2077" —"162r"*... 


X cos (st-+2h+.e). 
Depth 14,520 feet ; 6 = 20. 


¢/H, = 71 1+°869r? —2°021* — 1°80.°—"810.8—°3147"—"154y"—"100r"*... | 


X cos (ct-+2¢-+.). 
Depth 7,260 feet; 6 = 40. 


€/Hy = 1? {14+1°88?—3'86r>—4°581°— 1268 1°87y — 1°21" —-658p"4... ! 


) 


X cos (st-+2h-+.e). 
6. Conclusion: 


An examination of the expressions for the tide heights in a polar basin 
shows that they do not differ in form from those for an ocean wholly 
covering the globe; the differences of the tides are merely in magnitude. 
However, the following remarks seem worthy of attention :— 


(i) As the table below shows, the fortnightly tide is very much reduced 
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in magnitude. Indeed, it is minute when compared with the value given 
by the equilibrium theory. The table exhibits a comparison between the 
heights of the tides at the pole and at the boundary as given by this theory, 
as given by the theory for an ocean covering the globe completely, and 
as given by the equilibrium theory. The entries in columns three and. 
six are taken, for depths giving 6 =10 and 8=40, from Darwin’s 
paper,* and for depth 6=5 from Lamb.+ Unfortunately, Lamb uses 
f = 0, though this apparently makes only a small difference in the result. 
Hough { has given the most complete expressions, but his results include 
the self-attraction of the water particles; and, as this has been omitted 
throughout the present paper, a comparison with them would be 
misleading. 


1, Lat. 75°80’. 


Boundary vy 





Tide height at Pole. 





Tide height at Boundary. 



















































7 Present; Theory of | Equilibrium Present Theory of | Equilibrium 
theory. |complete globe.| theory. theory. | complete globe.| theory. 
B=65 ‘434 Hy 6667H, 4 —"0307H, | —'401H) "6042 H 
B = 10 ‘3140, ‘6667H, |—‘0305H,| — 255H, ‘6042H, 
B = 20 a ‘6667Hy |—-0293H,| — -6042H, 
B = 40] "104H) ‘6667H, §—'0270H,| —-1023H, *6042 Hy 





Boundary v, = 4, Lat. 60°. 





Tide height at Boundary. 





Tide height at Pole. 





























Present, Theory of | Equilibrium; Present | Theory of | Equilibrium 
theory. |complete globe.| theory. theory. complete globe.| theory. 
B=65 |[°117H, | '434 Hy 6667H, |[—'115H) | —*302H) *4167H 
= 10] °105H, *314H) ‘6667H, |—‘112H, | —'144H) °4167 A 
= 20] 0887 H, | — 6667H, | —"103H | aa | ‘4167H 
B = 40] -0668H, 104) ‘6667H, | —°0899H, pee "117A '4167H 
| 


N.B.—The quantity H, used here = —H’ in Lamb, and —# in Darwin. 





* Proc. Roy. Soc., Vol. xu1 (1886), p. 8337; Collected Works, Vol. 1, p. 370. 
+ Hydrodynamues, p. 321. 
t Loc. cit., p. 240. 
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It is to be noticed that all three theories give the tide in the same 
phase at the pole, but at the boundary the two dynamical theories give the 
opposite phase from that of the equilibrium theory. 

The tide heights required by the present theory are so small compared 
with the other two that it seems worth while to verify the work by 
reference to the problem of a plane circular rotating sheet of water, which 
should present results not much different from those given by the smaller 
of the two basins just discussed. 

Using the notation of Lamb,* the equations for the case of symmetry 
about the axis (s = 0) are 


oe ihecele: pee ee Acre 
ARAN Terie a eaTd ghis 





and the boundary condition 
OC 
ain 0 


In the first equation we have put 


as a close approximation. 
The tide-producing potential will be now 


et 9 yr? 

et Oe ae NG 
¢= Hy (3 Vi =) 
ry 


v, being the boundary taken in the spherical problem. 
The solution is 


ekg ee ; 
Hy er Kr, Ly (xr3) Ty («r). 


So that the tide height at the pole is 


\ ——— ee 


2 
at the boundary it is _— -— Se 


ae ee i ea 
* P. 304. 
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Remembering that 


2 2 
GA Awr} Rie Awa? 6 eit 2. 


/ Ga Gh 








we can, with the aid of tables* of the functions J,;(z), evaluate the 
above expressions. The results are, for », = 4, 


Pole. Boundary. 
B= 5);°% -082H, .—:0818;; 
8=20, °029H, —'080H). 


These figures completely verify the results given in the previous tables 
and establish the extreme smallness of the fortnightly tide in such a basin 
as that considered. It is also worthy of notice how very far from the truth 
the equilibrium tide is. 


(ii) The diurnal and semi-diurnal tides both vanish at the pole in 
agreement with the equilibrium theory. At the boundary each shows 
positive values if the basin is of small extent. But the diurnal tide, for 
larger basins, rapidly becomes largely negative. The values at the 
boundary are given in the following table :— 








Diurnal tides. Semi-diurnal tides. 
os egy | eT ee 
Ai Ee 9g YL AWN AC ay 











=5 | -212H,| -167H, | 0625H, | °254H, 
B= 10] °178H, |— -084H, | -0626H, | -257H, 
B= 20} -114H, |— -502H, | -0627H, | :265H, 
B = 40] 082H, |-1:24H, | -0629H, | -285H, 











a z Fie 2 
( D1 11T 1 aeeeaee "242, ‘433A, 


Equilibrium tide eee 
| Semi-diurnal ... °0625H, "25H, 


It is noteworthy that the semi-diurnal tide has, in each of the cases 





* Brit. Assoc. Reports, 1889. 
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worked out, a value very near that given by the equilibrium theory. In 
the case of the plane circular basin there is exact equality.* 

When the ocean completely covers the globe the luni-solar diurnal 
tide vanishes entirely, and the other diurnal tides, except at an 
approach to synchronism with one of the free modes, are small. In 
the last table the numbers for the diurnal tides are large in most cases. [| 
have therefore made a comparison of the diurnals and semi-diurnals at the 
various depths to ascertain their relative importance. From Darwin's 
tables + H,/H, = 4°5 about. It is at once seen that in all cases the diurnal 
tide is the greater, having from 14 to about 20 times the range of the 
semi-diurnal in the examples given. This remarkable effect of a boundary 
in increasing a tide from zero to such importance can readily be verified 
by reference again to the plane circular rotating sea. 

Near the pole the tide producing potential may be written H,y,.7/7; 
for the diurnal tides, and Hyy}(r/7,)” for the semi-diurnals ; where 7 is 
the radius of the basin. 

Using Lamb’s results,} the tide elevation at the edge ( = 7,) will be, 
for the diurnal tide, 

31, (2) 


L.@+e@o” 


where fo Nee = / 30. 


The semi-diurnal dynamical height is the same as the equilibrium 
. . 9 
height, viz., Hoy’. 
On evaluating these quantities for the usual values of 6 and », = 4, 
we have 
Diurnal height 


Semi-diurnal height °/! '™ 


meen AWS) GURY e 


| 


D, 

10, 

20. 
—=- VO, OmLoT 40. 


6 
6 
= 16°7 for B 
6 


‘These results verify completely those given by the general theory. 








* Lamb, p. 309 (27), and p. 311 (12). 
} Darwin, Collected Scientific Papers, Vol. 1, pp. 20, 21. 
t Hydrodynamics, p. 309. 
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In his discussions of the tidal observations * of the “ Discovery” and 
“Nimrod” Antarctic Expeditions, Sir G. Darwin has drawn attention to 
the fact that the diurnal tides are relatively of much more importance 
than the semi-diurnals in high latitudes. And while it is not suggested 
tbat there is any resemblance between the Antarctic Ocean and the basins 
considered in this paper, yet it 1s clear that the exaggeration of the 
diurnal tides can be accounted for in a dynamical theory. The 
Arctic Ocean would be nearer in form to the oceans we have been 
considering, but the observations of the tides seem less complete. Harris 
gives two sets of reductions,t but in them the semi-diurnal greatly 
preponderates. He gives reasons} for thinking, however, that the Arctic 
tides are derived from the Atlantic Ocean, and not generated in the limits 
of the Arctic Ocean itself. 








* Collected Scientific Papers, Vol. 1, p. 872; Vol. tv, p. 473. 
+ Manual of Tides, Vol. tva, p. 664. 
t Ibid., Vol. 1vb, p. 386. 
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ON A MODIFIED FORM OF PURE RECIPROCANTS POSSESSING 
THE PROPERTY THAT THE ALGEBRAICAL SUM OF THE 
COEFFICIENTS IS ZERO 


By Major P. A. MacManon, Sc.D., F.RB.S. 


[Received March 14th, 1914. — Read April 23rd, 1914.] 


Pror. SyivesTer at the close of his Sixteenth Lecture on the ‘“ Theory 
of Reciprocants,”’ remarks :*—“‘ It will be already seen from an inspection 
of the fundamental forms that there is no law for the coefficients of re- 
ciprocants akin to that of their algebraical sum being zero in invariants.” 

I wish to shew in this short communication that the forms may be so 
modified that the vanishing of the algebraical sum of the coefficients is in 
evidence. 


Denoting with Sylvester dy/dx by t and dx/dy by 7, also 


1 aetey b 1 gtry 
(s+2)! da’t? Je es, (s+2)! dy? Y as, 


we have the well known formule 
% = — a > P, 
a = (—a,t+ 2a?) + ?, 
Qs = (—dgf + 5a,q,t—ba)) + t, 
as = |—dst?+(6aya,+8a?) P—28a2a,t+14as} + P, 
ay = | —ayt+ (Tag dg 7a, 49) (28a; d+ 28ay a3) & 
+84a%a,t—42a;} + t”,t .... 
In these formule we may interchange the sets of symbols 


tA, a1, eeey T1 4 Oj > «ee 





* Mathematical Papers, Vol. tv, p. 398. 
Tt Observe that in the Mathematical Papers, Vol. 1v, p. 311, the term 28ay a is erro- 
neously printed 28a, . 
F 2 
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A pure reciprocant is a homogeneous and isobaric function of 
Mo, Gq, Og, --- 

which is equal, the sign being disregarded, to the same function of 
Ofre Gi sas, wires 


multiplied by some power of ¢. 

It we form from the above relations any such function of ap, a, ag, «-. 
each term of the function, when expressed in terms of ¢, do, ); da, .--; 
gives rise to a term which is simply a power of a) multiplied by a power 
of ¢, and in the combination of terms which stands for a pure reciprocant 
these powers of ay must in combination vanish. 

EMT 

ho 


9 4 
; a 
A3— Baya, dg +20? =... +(—“2) (14 os) 


-3 (—#) (22) (-5 ) +2 2%), 


and since the right-hand side is equal to aja3—8d9d,d,+ 2a} mai a 
negative sign and a power of ¢, it is clear that the terms written on the 
right-hand side must vanish identically. 

Hence, if f(a, a, A, G3, ...) be a pure reciprocant, 


f(—4, 20;, —5a;,d4a,,A2a...) 


0? 


must vanish identically. 
The general a) term here is 


2 (2) 


A A 1 , s+ 2, 
2 = Th pil 
Hence, if we write = a, = (—)"*? SO ( : ie 
! S424) 
that is to say Ee ey sp tcc Fane (s+1)! 


(Qs+2)! ee 
and denote the pure reciprocant by 
Pl Ops 05203; wee) 


the forra is such that the algebraical sum of the coefficients vanishes. 
If a term of the reciprocant be as regards the literal portion 


Ao Al Ag 
A, a, a, 
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this, by the substitution, acquires the sign 
(—)rotratast... 
? 
which is the same for every term because 
fem ee as es aa (— )QotArtAat...)—Qit 2rot 83+ 4r4 4...) 
? 


and the right-hand side is constant for every term of the reciprocant. 
Hence we may take the substitution to be 


Pdi ore ee 
aa s ) b. 


and then the algebraical sum of the coefficients vanishes. Otherwise we 
may assert that a pure reciprocant vanishes on putting 


ha a Ca 





The same result is deducible from the writer’s theorem given in the 
Transactions of the Cambridge Philosophical Society, Vol. xx1, No. 6, 
pp. 148-170. The paper is entitled “The Operator Reciprocants of 
Sylvester’s Theory of Reciprocants,” and the theorem will be found on 
p- 166. 

It states that the transformation 


] 
(1 ee oe 
0 an 
2c, 
Pidas aes 37 
Co 
8 2 
__ 3ly iu Cy 
Ay = a 5? 
0 0 
3 
__ deg at 80,6, 40e; 
a3 ob co cae 
0 0 ‘0 
&C., 


converts all pure reciprocants in the elements 
Live Oye ng ngs oes 
into seminvariants in the elements 
Gris: Cy Gor atts 


The reader will observe that on the dexter of the above relations the sums 
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of the coefficients are respectively 


1. 05 4 or Tem lo ee (aaa 


s+1l s 
and that knowing that in seminvariants the sum of the coefficients 
vanishes, we at once proceed to the theorem of this paper. 


The substitution of 
if eee j 
an +I ( : OU, mOLaQs 


in pure reciprocants leads to a remarkable simplification in the numerical 
values of the coefficients which must be of importance to any investigator 
who desires to study the mutual relations of the forms. 

Below are given (1) Sylvester’s forms, (2) the forms which arise by the 
modification which has been explained. 


XM 
Lb, 
{ 40) d2— Bay 
Leh bem hs 
5d3— Bip dy Ao + 2a} 
REC, 
50a5 y—175ay Ay Ag+ 284A, +1054} ay 
Shab 67,0, Det Os Hee ae 
{ 800a a, a,—87 505 4 —1000a,0} ay + 24500904, dy 4g—1844a)03— 8504 a 
 4g02h;b,— 49b°G2— 48d, B75, 40 OB bab. Fb eee 
1250) a, — 7504; dy dgd3+ 256a,a3+165a,a, a,+500a2a;,—3004a; ay 
49b3 b> —2100?}, babs + 640202 -+ 330,020? +1120; — 48b%d, 


625a, a, — 487547 ay d3a4—49700a, a, y+ 551254; aga,+128625a,a-aoa, 
— 61250a,a; a; — 156800a,a, 4,4, +84868a, a; 

—78750a;a, +188750a,a,a3 —102165a‘a; 

9b, b; — 4.25 by bs bs — 4.267 bb, 4-441); bb; 4-882), 0; bo by 

— 892b,b; b; —896b,), b; bs; +483), 05 

—482b;b, +840b5b,b, —41707b3 
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ON DARBOUX’S METHOD OF SOLUTION OF PARTIAL DIFFER- 
ENTIAL EQUATIONS OF THE SECOND ORDER 


By J. R. Wiuton, M.A., D.Sc. 


Communicated by Prof. A. H. Lrany. 


[Received January 8th, 1914.—Read January 22nd, 1914.] 


1. The following paper arose out of an attempt to answer a question 
proposed by Prof. Forsyth in the lecture on “The Present State of 
Partial Differential Equations of the Second Order, as regards Formal 
Integration,” delivered before the Fourth International Congress of 
Mathematicians,* at Rome, in April 1908. The quotations given below 
will indicate the scope of the inquiry. 


(a) “‘ An intermediate integral may be ‘general,’ as involving an 
arbitrary function, after the idea of Monge; it may be ‘complete,’ as 
involving two arbitrary constants ; 1t may be ‘ particular,’ or ‘ singular,’ or 
‘special.’ Whether general or complete, M. Darboux’s method suffices 
for its construction, and the result easily allows its character to be 
discerned. When it is singular it can be constructed by direct operations 
on the given equation itself. When vt is particular or special we have at 
present to depend almost upon fortuitous chance for its discovery.” 


(b) “ There seems very great importance in the discrimination of those 
classes of equations which are amenable to M. Darboux’s method in a 
finite number of operations.” 


(c) ‘Equations might be imagined as_ possessing unquadratured 
primitives expressible only in non-finite terms. ... If M. Darboux’s 
method has a limiting form when the number of operations which it 
requires in practical application is imagined as being capable of unlimited 





* The same suggestions occur in Prof. Forsyth’s Presidential Address to the London 
Mathematical Socicty, November 1906. 
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increase, the equations amenable to the limiting form of the method would 
be of the kind indicated.” 


As regards (c), the only reason for its introduction here is to point out 
the necessity of very careful handling in following out the idea suggested. 
A very simple example will suffice to show this. 


The equation seh tc ty ges St Nati ee SS Ey Breereatle (1) 


is soluble by Darboux’s method (most easily, however, by Laplace’s 
method), there being two integrable combinations of each set of 
characteristics, one in each involving « and y only, the other involving 
the n-th order characteristics. In fact, if 


E= Qn—laxVe"V4+y, 4 = (Qn—1) ar -VO"-V_—y, 
it is readily seen that the general solution may be expressed in the form 


—1)(n—2) (€+7) " “2 
ene oty— gs En) Pat Sy oreee inet ee 








(1 — 


eed ces ‘Gna! (Ebay | pV YC—D) (2) 


where ¢ and wW are arbitrary functions of € and 7 respectively. 
It is evident that both the equation (1) and the solution (2) tend to a 
definite limit as n tends to infinity, but the limit of (2) is plainly 


= 9 (FP) 4y (1-2) = pMt¥—y, 


which does not satisfy nor in any way suggest the solution of the limit of 


(1), namely, 2°r-+2up ay Sy 


2. The attempt to reply to the quotation (>) has, as was perhaps to be 
expected, met with but slight success, but the nature of the few results 
obtained leads one to hope that the complete answer may be given in the 
not very remote future. We are, incidentally, enabled to reply to the 
italicised portion of (a). It should be noticed that, in the remark last 
referred to, Prof. Forsyth was speaking of intermediate integrals of the 
second and higher orders, for Ampere’s method * suffices to discover all 
intermediate integrals, of whatever kind, of the first order. 

The method here followed is nothing more than a slight modification 





* Goursat (loc. cit., p. 77 infra), t. 1, § 100. 
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of the Monge-Ampere method of obtaining first order integrals, or of 
Darboux’s method of obtaining intermediate integrals of higher order. It 
is perfectly general except in its application to the determination of first 
order integrals, in which case it applies only to equations of the form 


S(@, y; 2 2, Gg, r-+ms, s+mit) = 0, (3) 
where m is a function of x, y, z, p, q; this includes the “ linear”’ equation 
Rr+Ss+Ti= V, (4) 
for, if m is a root of the characteristic equation 
Rmr?—Sm+T = 0, 
equation (4) may be re-written as 
? mR(r+tms) + Tistmt) = mV, 
which is of the form (3). 
To obtain those first order integrals of (8) which belong to the system 


of characteristics for which the root of the critical equation is m, let 
uw = constant be an integral of 


Up 0. 


in which 2, y, z are treated as constants. Assume as a first order integral 
of (3) the equation eee (5) 


where v is a function of x, y, and z only. 
If u is an integrating factor of dp-+mdq = 0 we may take 


Ou __ Ou 
Op mee fas oq = Mp, 


and differentiating (5) with respect to z, and with respect to y, we shall 


have Ou Ow 
wr +ms)+ > BD as, a a = ae = = 0, 


Ou Ou 


wistmo+ got +o tg 2 = 0, 


Substituting these values of r-+-ms, s-++mt in (8), we shall have a first 
order equation to determine v, which. since v does not contain p or qg, will, 
in general, be equivalent to several simultaneous equations for v. If these 
equations have any common solution it will give, on substitution in (5), 
a first order integral of (8). 
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As simple examples we may take the following :— 
(i) r—at =a*|z+2(p—aq)]. 


Here we take p + aq = v, whence 


ov — ov hes Ov he 

om + Os +(p + 4g) ~ = a ape ag)e 
he OUT y CUTE ae ae = a’ [z-+2(v—2aq)|, 
Sa Ox Oy Oz 


or a?(z+ v2). 


The equation cannot be satisfied if we take the lower sign, but with the 
upper sign it leads to 


“ 
he oD arz — = aa 
Ox oy Ceri ie 


whence the general integral 


ptag =v = Wze+F (y+ax). 


(ii) (s—at) (p—ag) = x (r—as) (s—at) +y (s—at?+0?. 
Here p—aqg =v, 
where v may, in this particular case, be regarded as a function of x and y 
only. 
Ov Ov 
We have s—-at=x~, vr-a==~, 
Oy Ox 
m Ve 
whence v = = re m2 y (<=) +0’, 
Cy “Or 0 Oa. Oy 
i.e pre ay 2 = ef 
fae ox oy Oy’ 


leading to the complete integral 
p-—ag=v=hetkyt+l’/k, 
where / and & are arbitrary constants. 


(111) p (2qr-+ps)(29s+pt) +2 (2or+ps) +y (2¢s+pt) = pq, 


here aes 
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Ov ov Ov Ov 


Ox Bia ones tom 


whence 


leading to the complete integral 
pq =v=axr+by+ab, 
and the singular integral pqtay = 0. 


(iv) (rg+sp)(sqt+tp) = 2. 
Here we put Dina O; 
Ov ov =) &) a 
ace Ox OY +‘ Oz \P “(0s Ox ae oy ue Oe mab 2 
ne Cee nou | e a 
necessitating aa ai = 0, Dae Mao 
Ve. pg =v = a+), 


a particular integral, involving one arbitrary constant. 
The equation (rq-+sp)(sq+tp) = f(z) 


may evidently be treated in the same way. 


(v) r+zt = p*/2. 
Here m = + 12%, 
and we take ptivqtv=od, (6) 


whence we find 


; 3B 
a T3G £ epg F a? (2 +95) + +p2=0 


Substituting from (6) for q, and simplifying, we find 


ov + ,0v v 


Ov LES Sg 
alee S\ 452 +0 pra oy TE oe 
in which the coefficient of p and the term independent of p must be 
separately zero. From the first of the two equations so obtained we have 
v= zf(a, y), 


and therefore, from the second, we see that the onlyZpossible solution 
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isv=0. In this case, therefore, p + «z*q = 0, or, in one equation, 
preg —0O 


is a special integral of the given equation. 

It is, of course, tc be understood that all the results above given might 
have been obtained by the more general method of Ampere, and that they 
are to be taken merely as illustrative of the method to be applied in the 
subsequent portions of this paper. It will, however, be found that, in any 
case to which it apples, the method is considerably shorter than that of 
Ampere. 


3. In extending the above method so as to obtain intermediate 
integrals of the second and higher orders it becomes general; that is 
to say, it applies to the equation 


ani Uitte Dae tb cs, Aue Wp (7) 


and to both systems of characteristics. 
Let m, and m, be the roots of the characteristic equation, so that 


Mm+mM, = SL) 
a (8) 


l+m 


If Pm denote ae the characteristics of the 2-th order are 


Nt hs —— 


QM}. 
oS 


Te | Soe (Dyan rtm, Pn—-h, anh, dx (h — 0, hs 2, seey 1), 


where, for the second system, we must replace m, by mg. These 
may be combined to form the equations, 


O O 
Wak, rt My OD, shea! ii (Pr-nsasat Lan alae Daan n+) dx 
(he=t0; 1,42; 2.590 ee 


in which the left-hand side may, on account of (7), be freed from 
derivatives of order higher than 7. 

Let 2 (wy, 2, p, Gg, % 8, 't, 22., Dao; ---; Por)——10) be any, equation 
resulting from an integrable combination of the system (9) and all the 
preceding characteristics. Then, by means of (7) and its derivatives, 
r and all the derivatives paz, where h is greater than unity, may be 
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eliminated from F. We may therefore assume that /' involves no 
derivative of this form, so that the only derivatives of the n-th order 
contained in F will be 74, ,-1 and pon. 

These derivatives can only arise from the characteristic equation 


SOR Ui 
dp, n—-1 + My dpon ae iy ic ae Dinet a7 Lo n+1 dx, 


from which the terms of order n-+1 disappear on account of (7). We 
therefore, as in the simpler case of the search for first order integrals, 


integrate dpi, n-1+ my dpon = 0, (10) 


as 1f all derivatives of order lower than 2 were constants. If n = 2, 
equation (10), becomes 
d (10), dst+m,dt = 0, 


of which the integral is ¢=utv=0, (11) 
where ow = ou 97) 
Os — Mb, ot a ah, 


and v is a function of z, y, z, p and q. 
If, however, » > 2 the integral of (10) is 


b= Pi,n1tMPotv — 0, (12) 


where, for convenience, we have written m, instead of m., and where v is a 
SUNCUIOM OL, 1, 2..0Us SAU Digs Domes uo; D0; wal: 

To determine the form of the function v, if such exists, we use the 
conditions that (11) or (12) should be in involution with (7). With the 
notation of Goursat’s Lecons sur l Intégration des Equations aux, dérivées 
partielles du Second Ordre, Tome tu, p. 83, these conditions are 


Op 











OPon art Opi, n—1 a 
ae) (42) Op (— ik , 
oa eft) ee). 18 
a eae dy] = Opi, n—1 a 4 cai 


of which the first is an identity and the second leads to a first order 
equation for v, which, since v does not contain pi,,-1 OY Pon, must be 
equivalent to two or more equations which must simultaneously be satisfied. 
If these equations have any common solution, the result, when substituted 
in (12) or (11), will give an intermediate integral of order 7. 

It will usually be found that this modification of Darboux’s method 
will lead to intermediate integrals of a given order rather more readily 
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than the method as usually given; for example, in Forsyth’s Theory of 
Differential Equations, Vol. vr. And, further, the modification will lead 
to particular or special intermediate integrals of any order when such 
exist. As an example of the former statement we may refer to the equa- 
tion solved in the next section; as an example of the latter consider the 
equation 

rt—e+e¢(1+p?+¢’" = 0. (14) 


Here m, =[—s-+a(l+p?-+9)]/t, 
My = [—s—a(1+p?+q’)]/t. 
According to rule we integrate ds-++-m,dt = 0, obtaining 
[sta(+p?+q’)]/t =v =7/[s—a(1+p°+7)], 


where v is a function of a, y, 2, p, q. 
The second condition of involution leads, after reduction, to 


2a°v +p +7 )(q+pr)+[stalt+p'+q)] fe +p2 +a(l+p*+¢") ol 


+v[s—a(1+p’ +9)]| ate" +2 2 — ae = 0, 


whence the two equations 


1 0 
EEL ot py = 4 p49) 2 3p ; 


Gacy fer 


0 
8 0S t(p— qn) = +a(l+p" +0 (2 toe *) = 0. 


From the first we find 
v Rae fo 41+? +9’)? f(a, u, w, 9), 


where w=z—qgy and w= ay/(1+q’) —tan[p//d+¢’)] ; 


whence, substituting in the second, we find 


ee ap ae 


ee f ow 2 


Dalaba?) = 


f?+1/A+¢" = 0, 
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which are satisfied by f= +:/(1+q°), leading to Serret’s well known 
special integral Repth ae om 


It will also be found, in the course of the work, that the equations 
for v are satisfied if 1+-p?+q° = 0, an obvious special integral of the first 
order. In general all integrable combinations (other than special integrals) 
of characteristics of lower orders will appear in the search for an integral 
of order m. A simple example is given in the next section. 

When x» =2 the number of independent equations which have to 
be satisfied by v is indefinite, depending on the nature of the given 
equation ; when » = 8 the number is easily seen to be three, but, as will 
be shown immediately, one of these is an identity ; and when 7 is greater 
than 3 the number of independent conditions 1s two. 

In (18), if m > 2, 0¢/0pi,n-1 = 1, (d¢/dx) and (d¢/dy) contain pj, n-1 
and po, linearly only, while the terms of highest order in (d"~'f/dy"—") 
are linear in p;,n-1 and po, if n> 8, but quadratic in py. and po if 

S45 
The derivative »;,,-1; may be eliminated from (13) by means of (12) ; 


hence, if m = 8, equation (13) contains Doss Pog, and a term independent of 
Pog, leading to three simultaneous equations for v, while, if n > 3, equation 
(13) contains Yon and a term independent of pon, leading to two equations 
for v. 


4. The Equations which must be Satisfied by v when n = 38. 


We shall, at least for the present, omit the consideration of first and 
second order integrals, and shall pass on to the determination of the 
equations which must be satisfied by an integral of the third or higher 
order, on the one hand because of the difficulty of arriving at definite 
conclusions, and on the other hand because first and second order 
integrals have already been dealt with in many special cases by several 
investigators,* to the almost entire neglect, so far as I am aware, of 


* H.g., F. De Boer has considered the equation s =f (7,1), Archives Neéerlandaises, 
t. xxv, and Goursat has considered those cases (he has, however, somehow overlooked one 
such case) in which s=f (a, y, z, p,q) is integrable at the second order, Annales de la 
Faculté des Sciences de l’ Université de Toulouse, 2e Série, t. 1 (1899). In this paper Goursat 
has briefly indicated a method of attacking the problem of integrals of order higher than the 
second for this particular equation. For some more general results see Goursat, ‘‘Sur une 
classe d’équations aux dérivées partielles du second ordre, et sur la théorie des intégrales 
intermédiaires,’’ Acta Mathematica, t. x1x (1895), 
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integrals of higher order, where one must, of course, make an exception in 
favour of Laplace’s linear equation and the equations treated by Lie, 
namely, s = f(z) and equation (14). 


The equations which must be satisfied by v in the case of a third order 
integral will differ from those which must be satisfied in the case of 
an integral of higher order. We therefore take third order integrals first. 


is 0 
Let — =< Ed a oe c+ c+. rel: as = Po, n+1 Opon : 
so that if f is the function of equation (7), 
TE eter g ul of of Of 
dy = dy +q 7s Baten quis as py: +Pos Az ae 
; | a rans) 
Then we shall have Doni eh ge 





dy" = dy" as Pi, n+1 a7 Po n+2° 


Further, let 


te O del xen eee d 


Re o tp é —f ae og yee 8 ae ane Opi, ze Din Opon 


In the search for intermediate al Siegen ‘of the third order, equations 
(12) and (18) become 


b = PptM Poyutv = 0, (15) 
dm, MEN de \ ain 
Hs ( lea dy UR 7m adi te = (7 oo) 


On expanding this equation, and substituting for p,. from (15), it will 
be found that the coefficient of Dos is (remembering that v is a function of 
Oa Ase al) ss ere ODLyE 


Of Geral om Om 
Ct es ae of egy ye aobhtes Were. ok 
mM, ae 2m, ay a xp + (Mm, — Mo) ( ov. My oF ). 


But this, from equations (8), is readily seen to vanish, whatever the 
function /. Hence the equations for v reduce to two, namely, the 
coefficient of po; and the term independent of jo; separately equated 
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to zero. ‘The explicit forms of these equations are 


in (m, 2 — ae (a) » (5%) - omy, (41) i (m, omy oN 











da ds \dy as 
—B0 (mm 5h — sete) +2 (G5) B—2 (gy) Bet Bay =O OP 

endo (mie — ae) Be (ae) + Ce) + (Ge) La 
+2 (2) Lao vB =o as 


where in equation (18) we have introduced a notation which we shall again 
have occasion to use subsequently, namely, 


cea (aE alee 7 
Br Al Ge terms of order n-+1. 
It has already been remarked that if, at any stage, an integrable 
combination of characteristics has been missed, it will appear as an 
integral of the equations for v in the search for an intermediate integral of 
higher order. As an example let us search for third order integrals of 


, Se = 
taking m, = 0, m, = —p/s*. 
Here equation (17) is 
a mal 
at i 


showing that v is independent of ¢, while (18) leads to 





YD) Wee 
eee opie 
POP py ey eo 
s 8 Os acy Ox 
The subsidiary equations are 
CSR Oe eal ott, Ge ae dv 
eae pete) 6 ea 
s 2p Smeee 7 s ne, 
Ss 
of which ise—eA oe +s — By y= 0/s:—.C, 


are particular integrals. These are the three well known integrals of the 


Spr. 2. von. 14. wo, 1226. G 
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second order. The equations also lead to the third order integral 


$*Prg ( p P.\ 
—DDis med th gt? ple? he ig . 
There is, of course, a first order integral, obtained by putting p = v. 

As an example of the method here used, let us find third order 
integrals of the equation 
r—t—Apn/x = 0, 


for which m =1, m= —1, f= —t—4p/a. 
eX 
Ov ov 2, 
Equation (17) isnow ~-—-~-——=0O, 
Os Ut v 
whence yo = — VWle+rW(e, y, 2, D, 9, +2). 


Equation (18) is 


dv dw =) Ov (2 4 f= 
—)— v+—)~—— aU), 
& Ca 2 (r+ a / Os ot ME 

or, if wu = s+t, we find that W must ae the equations 


OW a + meme tal Oi Ser du Op 2 _ 4 
Ox Oz n (3 Og ONL BL AO, ee ee 
From the first of these two equations, we have 


WV = S (p+au)+F (a, b, 2, y, 2), 


where a =p-+q, b = 2p+<2u. 
Substituting in the second equation, we find 


OF OF _ 
me HR oa ah Opie ws 
ee OF _ 4 
Ox OY OZ x ob x 


‘here is an obvious solution for which 
OL, = OL ao ee 
Oz Oa ob 


OF ma riG 2 Leen 


Ox Cy At 
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and if is easy to see that this is the only solution. Hence 
F=x2'd(+y), 
and a third order integral of the given equation is 


SEE 4 OP pa! shidellay os ty 





Pit Post 
By changing the sign of y we see that, for the system in which m,= —1 
My = 1, an integral is 


3s— 


Pi2— Pos — -s y ter (x—y) = 0. 





Tt will be found that the work here given is considerably shorter than 
that required for the solution of the same equation by Darboux’s ordinary 
process as given on pp. 357-9 of Forsyth’s Theory of Differential 
Equations, Vol. v1, though it is not yet quite so simple as Laplace’s 
solution. 


5. The Equations which must be Satisfied by v when n> 8. 


Before proceeding to the explicit forms of the equations which must 

be satisfied by the » of equation (12) we must obtain the coefficients 
af 

dy" 
Of Po,n+1- We then have 


(i) 
dy” 


Differentiating this with regard to y we find 


of Pin and Yo, n+1 in Let A, denote the coefficient of pi,, B, that 





iz 
ao ake Eh Rg wd By Sie n+le 





a's) = ee od Eh) dA», ( of 
Ge dy dy” sf dy prec iat ba = ~ Do, Agia Mat dy <a) Pi, n+i 
" d qh) 
a on ot Po, n+2> 
d Ff 
whence Aye — A, tne 


3ut, by actual calculation, 


NG) 


Je et hg 
Pope dyes 
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. (19) 
and similarl fo) : a ; 


The general equations (12) and (138) may now be written in the form 
Pi, n-1FM Pon tv = O, (20) 


where v is a function of Z, y, z, p, q; S, t, ..+) D1, n—2 Po, n—1, and 


— (dm et (2) (2) — (4 ss Ov 
Pon | rm dy sig Ax ye dy dy" 4) 5 n—2 


< of ) Ov | mous 
(m, m—1 A + Pon at Opi, ae Sr yeu n—I Opa, Ss 








ov Ov 


+ m5 (p. n—1 Opi, n_2 Rao renee 


L,n—2 





Dt | ae OF: d of of d of 
dy"—} af (- =n sek W homer dy 0 “| Pi, a— + (x + (n U —1)— dy ( =) Pon. (21) 


Substituting for p,,-1 its value —72 Pon—v, the coefficient of po, In 
(21) leads to the equation 


‘Op 0g 





dv Ov a a Of. ty, 
(%— Mz) (m, Deen ae —\5 +m +m 


Rene pte th EN 
ae a cee | — 0) oo) 


while the term independent of jo, leads to 


Ov Ov OC Pie (=) (2) 
v (m= ani | Ge) Ce ee Tes + mo dy 


of d of hao. 
0 (S+a— on a) = iy |: (23) 





In the particular case when m, = 7, v disappears from (22), which 
therefore gives directly a condition which must be satisfied by fin order 
that there should be even a particular integral of order n, for (23) now 
reduces to a single equation, so that there will always be a value of v 
provided that the condition to which (22) reduces is satisfied. 
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seh ee rte SLs Bi OF. ef" fares 
Wen Ven iy — Iie BAY, — oe i , we have 
pa = m (2) ig =e of 
dy Os dy ot dy ot 


and equation (22) becomes 


dm dm mo — of _( gy om  ( of\ Om , om 
= aye (G)tm Op oq \d Be ee S) Os 1 BE | 
dm. Of dm\ __ 

+00 (m Se 38 2) = 


The coefficients of pj. and po3 are easily seen to be zero; hence the condi- 
tions which must be satisfied by f are 


gE ()" =i, 


bol 


oe 
(oe) 4, n (Be) (Z) Om rep Ive” = (24) 
dx dy Op og 

This last condition is independent of n, and it will be found that 
equation (17) reduces to exactly the same form when m,=m,. Whence 


it follows that if the roots of the characteristic equation 


m?— E+ $ 0 
Os 

are equal, equation (7) cannot be solved by Darboux’s method unless the 
condition (24) is satisfied, and if the condition 1s satisfied there is certainly 
ah intermediate integral of the third order. 

In particular, if m= 0, the condition (24) reduces to “ = 0s hepce 
no equation of the form 

ff, ¥, 2p, g) = 0 


can be solved by Darboux’s method if f contains g. If / does not contain 
q, there is, of course, a first order integral. 

The general form of equation for which m, =m, is obtained by 
eliminating m from 


r+2ms+m7t+ 2h (mM, x, Y, zp, Y = 9, (25) 
sue ce = 0. (26) 


ELere 76, —— Nigis= “710. 
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The condition that this equation should be soluble by Darboux’s method 























is 
dm om) — a) om ofa of 
& Vay G (ay Os ae "Op Og 
p\ Om _ 
And we have Ike ib ae a) alam 0, 
Od ) Op Op Od Od 
a ae J al a—-~- = 0, 
(t+ oo) & Fs Omeoy aril ee’ me Om Op a Om og 
op dn Op Od ; Op Oo re 0 
(i+ =) Ea Bry Tne dere ae tC Sn Een) Op sige omog ; 


of 86 Only aps 
Op ale Op go ac Cg 


Substituting these values in (24), and eliminating s by means of (26), 
we find that ¢ also disappears, so that there is but a single equation for ¢, 
namely, 


lat 


9 Ob ViOb A OPN Ca, (aU pint o"g Op 
> (m ae) — Omo Paid aae aes 


* Om? \"" Op Om ox Omoy Cmop 








Op (,, Of Op $4 op _ op Od 27 
— of (m ’ Omop Smniy) +2 (+4 1 Oz Op nf) mere 


Thus the equation resulting from the elimination of m between (25) 
and (26) can be solved by Darboux’s method if, and only if, equation (27) 
is satisfied. | 

It is here proved only that there is an intermediate integral of the 
n-th order, where 2 is not less than three. It is known that there is 
an intermediate integral of the second order when this condition is satisfied 
(Goursat, doc. cit. in Section 3, Vol. u, p. 167; see also Vol. 1, Section 93). 


6. The explicit form of the conditions that equations (22) and (23) * 
should bave at least one common integral may be written down by the 
theorem given in Forsyth’s Vheory of Differential Equations, Vol. 1 
Section 173 (which will here be referred to as “‘§ 1737’). For this purpose 





* Conditions entirely similar to those here given might, of course, have been written 
down in the case of the familiar equations (13). The rectangular array would then have con- 
tained one more row. 
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we re-write (22) and (23) in the forms * 








ees), ou 0 
A, u = a — mm, +4 — QO, 
Ope, n—1 OP, n-2 OU 
Ou Ou u 
Aou = — +m — +(m : 
2 a Te ram 29 TP) = 
n—2 | / =1 ~ 1 
Uu OU 
4 oe (mp5 a + (m 3° 
2h 1k ye} 0, b+1 sepa 
fae Ope k=] aD “4 v Opor ! 


Me (dey \ OU 
Gro ee Opi, n—2 (bv +0) - Sie? 


where + © 


* _ dm Rus Of tee OF d of d of 
(M4, — My) a = aaa +m ae hee <a 1)(n ieee ay ea di =), 


op og 


PVG 
ae ee heen of 


dy O ai 


and a new dependent variable wu, has been introduced by putting 
Cree -dulleu 


Ulan ss: df). cH 
where € is any one of the independent variables. 
Let ¢= ~=— — mM, ~—— 
; 1 ? 
OPo, n—1 Opi, n—2 
Ajo —= Ay Ast —A,A, u, 


Ajo ul — A, Ajgu— Ay, A, U, Sates 


then the constituents of the first column in the rectangular array of § 173 
are the coefticients of cw/0€ in Aju, the constituents of the second column 


are the coefficients in ,A;.%, and so on. 





* We assume that m, 74 m. in what follows. The case of mm, = m , has long been com- 


pletely solved. 
+ It may be observed that a cannot vanish if n + 2. 
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The first two columns of the array are readily seen to be* 


0 
0 
) O 
Md, (10; — 29) O 
— (11; — M9) 0 
dm, dn, Ps ae ( dim, dmy ( 0m, dm, 2 ( gdt= =8 
——t Mg —— —0 (a" -*f/dy 6 ( —— + m— ) + (m,—m,) | m, — — — ) —# | — 
dee dy a ) da ~ dy mm a) 0s ot dy" ~? 
v8b + 6c + ab— Aza 5 (ab) —5AQa— Aya + 8c + abd. 


If x is greater than 4, the second column consists entirely ‘of zeros, 
and when nx = 4 the next to last term is plainly 








A F 
Os ot 


fa fa D) NO BVP: 

Om, Om, of Of rer 
2.(m,— Ms) (mM = -— a —2 (a — In, —— +m, ~4) = 0; 
eo : Ge MENSA Oss ; 


while the last term, after a somewhat laborious reduction, is found also to 
vanish, so that in every case, provided only that n > 3, the second column 
of the array consists entirely of zeros. It is, perhaps, the chief result 
of the paper that we are able definitely to prove that all fourth order 
integrals of (7) are such that the equation ,A,,.«w = O is an identity. 

In the general case there are 22 rows in the array and a number 
of columns which depends upon n, but which it is difficult to specify 
except for particular values of nm. The required conditions for the 
existence of a general intermediate integral of the n-th order are that all 
the determinants of 22—1 rows and columns which can be formed from 
every selection of 22—1 columns from those of the array should vanish. 
For a particular integral it is sufficient that all the determinants of 2n 
rows and columns should vanish. There will, in general, be a very large 
number of such conditions, but many of the determinants will vanish 
identically owing to the large number of zeros which occur, so that, for 
this and other reasons, the number of independent conditions will not be 
very great. The conditions for the existence of a common integral to 
equations (22) and (23) are, as here given, impracticable. In any given 
case it would be simpler to form the equations themselves and to deal 
with them directly; but I cannot bring myself to believe that the diffi- 
culties in the way of a complete solution of the problem are such as to 
defy investigation, even in the present state of analysis. 








* The form of the array is somewhat different for n = 38. 
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DIFFRACTION OF TIDAL WAVES ON FLAT ROTATING SHEETS 
OF WATER 


By J. ProupMan. 


[Received April 24th, 1914.—Read May 14th, 1914.] 


1. The methods of the following paper are very similar to those 
already well known for two-dimensional problems in the diffraction of 
sound and electric waves. The results, however, are different owing 
to the different boundary conditions. Also, for the diffraction by objects 
whose linear dimensions are small compared with a wave length, the 
interest in the results lies mainly in their form near the objects 
themselves, which is not usually the case for sound and electric waves. 

We shall only consider free tidal motion of sheets of water of uniform 
depth. 

A complete solution is obtained for the case of the diffraction of a 
plane wave by a circular island, but the remaining solutions are all 
approximations. They are based on Lord Rayleigh’s approximate theory 
of diffraction,* and the method of conjugate functions is mtroduced so 
that Schwarz’s method for conformal transformations becomes available. 
The number of problems which can thus be approximately solved (at least 
symbolically) is quite large, but, as examples, we shall only consider those 
of the diffraction of a plane wave by an elliptic island, by a semi-elliptic 
cape, by a rectangular bay, and by a passage between one sea and another. 


General Hquations. 


2. Suppose the sheet of water to be rotating with constant angular 
velocity » about an axis perpendicular to its plane, and let the depth 





* ‘*On the Passage of Waves through Apertures in Plane Screens, and Allied Problems,”’ 
Phil. Mag. (5), Vol. xu111, p. 259 (1897), [Sc. Papers, Vol.iv, p. 283]. Also, ‘‘ On the Incidence 
of Aerial and Electric Waves upon Small Obstacles. ..,’’ Phil. Mag. (5), Vol. xuiv, p. 28 
(1897) [Sce. Papers, Vol. tv, p. 305]. 
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of the water (as rotating in free relative equilibrium) be uniform and 
equal to h. Let ¢ denote the elevation of the free surface at any time. 

Then, for a disturbance in which the time ¢ only enters through the 
factor e’”’, we have the equation * 


(Vi-t-K) C= 0, (1) 


there being no disturbing force. Here V7 = 0*/0x*+0?/cy’ in Cartesian 
coordinates, and 


9 o'—4e" 
Ch —rceeegres aot (2) 


gh 
g being the acceleration due to gravity. 
The boundary condition is given by 


Cn 


lo ee + 2 


>> 


= 0, (3) 


where 0/on denotes differentiation along the outward drawn normal to the 
boundary, and o/és along the positive direction of the are. We exclude 
the cases in which ¢ = 0 and o? = 40”. 

When we use polar coordinates 7, @, normal solutions of (1) are given 


b - 
y Jn (kr) ei Uph (xr) pe 


m being any constant. Here J,,(«7), Dn (kr) are Bessel’s functions of the 
first and second kind respectively, the latter beimg taken to be the form 
appropriate for the disturbances produced by a finite object in an infinite 
sea. 

For small values of «7, taking only principal parts, we have 


Toler) =1, Inlet) = ergs a) 
m pias ee 
Dy (xr) = — 2 i log dur+y+ir}, Data = aes ; (5) 


y being Euler’s constant. ‘These, with the associated functions of 9, all 
form two-dimensional harmonic functions. 


Diffraction of a Plane Wave by a Circular Island. 
3. Let the primary wave be given in Cartesians by 
f=6e= eilKe+ot) (6) 


which obviously satisfies the equation (1). 








* See Lamb, Hydrodynamics, 3rd ed., p. 303. 
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Transforming to polar coordinates, we have 


€, == eres? = J i(xr) +2 > t"Tn(xr) cos né. (7) 
os 


el | 
Let us assume that the disturbance produced by the island is given 
by ¢= Ge”, where 


€ =A Doler)+2 2 tD, (kr) {| An cos nO+ B, sin nO}, (8) 
n=1 


A,, B, being constants whose values are to be determined. 

If the shore of the island be given by r =a, the boundary condition 
will be Hig ap if nana 
(i 5 +20 5) Gor G) = 0, (9) 


for 7 =a, and all values of 6. Substituting in this from (7) and (8), we 
obtain 


: Qan ; | : 
iokd , (ka) cos nO— cya (ka) sin nO+tonD), (xa) | A, cosnO+B,, sin nO} 


Yon 


— Dkk) j {A, sin nO—B,, cos nO} = 0, (10) 


which holds for all the values of n, including zero, if we take By = 0. 
On equating to zero the coefficients of cosnv@ and sinn@ in (10) we 
obtain 


Qe 


toxD), (ka) An+ rs Dy (ka) Bn tiokZd, (ka) = 0, 


Pon 


— ain (xa) Ay—toxD,, (ka) jay aval Se fi eK es Us 


Solving these algebraically, we obtain 


(xa) J, (ka) D,, (ka) — 40°? J, (xa) D,, (Ka) 


A —_—_ — € ¢ ‘ € 5) 
a? (ka) D’”? (ka) —40"n? D2 (ka) ; 


; YwontKa | J n(Kd) D,,(xa)—J (ka) D,, (xa) L 


Bo : r Far ee 
" a” (ka)* D!? (xa) —4e°n? D? (ka) 


for all the values of ”, including zero. 


We therefore have 


Be er. J} (ka) 
St = Dea) 


xX Di (kr) | {o? (Ka? Si, (ka) Di (Ka) — 40°? J, (ka) Dy, (xa) } cos nO 


"ro 


L 


Dole) 2% aca)? Dea) — 4a D? ea) 


+2onoKka (J ,(Ka) Di (Ka) —J,(xa) Dy (ka ;? sin nO}. (13) 
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Now let us take the principal part of this for points near the island 
when xa is very small. We have, on substituting from (4) and (5), 


P Ka a : A 
Sis o—Au or { (o?+ 40") ¢ cos 0—4wo sin 0}. (14) 


To the same approximation the total elevation is given by 


o7 + 4w? Lae ae 


c= [1+ | Kr Ka Ba | <’ i cos O— pe 4 rin @ | e' 








the real part of which may be written 


2 (4 AwoKad a my 
— i) maT sin Q| ; cos (st—e), (16) 
where Ea: an +Ka ee = cos 0. (17) 


Similarly written, and to the same order of approximation, the 
primary wave is given by 


€ = cos (ct), » €) == = KT, C08 UO: (18) 


The change in the height of high tide can be obtained from (16), and 
the change in phase from (17). 


Approximate Theory. 


4. Lord Rayleigh’s approximate theory of diffraction depends on the 
fact that over a region the linear dimensions of which are small compared 
with a wave-length, a solution of (1) is sensibly a two-dimensional harmonic 
function. Over such a region, therefore, in the present application, we 
treat ¢ as such a function, and proceed to satisfy the boundary conditions. 
This is facilitated by the use of conjugate functions. 

Suppose that ¢=¢,+ 76, where ¢;, ¢, are real. “Take ¢’ = (+726, 
where ¢, ¢ are real and such that (+76, &+7¢5 are functions of ati, 
x, y being Cartesian coordinates in the plane of the sheet of water. €' is 
now determined except to an arbitrary additive constant. 

At the boundary we shall have 


US vs sas 0G Of. _ 6 


on os’ On’  .os’ 


0g O Cian 
oo SS = nes ae, ae == 4 1% 





and consequently wo 


VAR 
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If then we take 


yy = ial’ + 2w6, (19) 


vy will be a two-dimensional harmonic function which is constant along a 
coast-line. Let us also take 


d = icf— 206, (20) 


so that if @ = ¢,+7d,, and ~W = W,+ivy, when ¢,, dy Wr, We are real, we 
shall have 


gy = — T6,— 20, dy = a — 2065, 
hy = — ot 206, Yo = oF + 20Gy. 


We then see that ¢,+%Wy, d.+2, are functions of r+ ~2y, and that 
when either ¢ or yW is known the other is determinate except. to an 
arbitrary additive constant.  » 

From (19) and (20) we have the relation 


1 
¢ a Eye, (trb+ 2wvr) : (2.1) 


Let us use ¢, &, go, W% to denote the respective values of ¢ ¢', ¢, W 
for the primary wave only. 

We require further conditions for the functions ¢—4¢), W~—VYW%, and 
these are to be determined by the principal parts near the diffracting 
object of the possible forms for the complete expression of the disturbance. 

We shall assume that for the seas in question the possible forms for 
p— gp are such as vanish at infinity or else take the form 


log (der) +y+4i7. (2.2) 


The form (22) will only be required when the effect at a distance is that 
due to a source. 

Of course, the consideration of forms at infinity is only auxiliary, the 
results being applicable only over a very small region. 

On the above principles the expression (14) can be very easily 
reproduced. 


Diffraction by an Hlliptie Island. 


5. Let the equation of the shore of the island be given by € = a, where 


x =ccosh€cosy, y=csinh €siny, 
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and let the primary wave be given by 


¢ — ACR BIER CAE (23) 
where 2+ m? = 1. 
Then, in the neighbourhood of the island, we have 


Co = 1 tix(la+tmy), & = ix(ly—ma), 
on dropping the time factor, so that 
dy = to + (tal + 2om)ixx + (tom — Awl) ixy, (24) 
Wry = 2w+ Url 2wm) icy — (tom — Aol) Kx. (25) 
In terms of &, 7, wv becomes 
Wry) = 20+ (icl+ 2wm) ike sinh € sin y»—(irm— 2ol) icc cosh € cos 7. 
For the total disturbance we shall then have 
We = 2w+ixc (icl+ 2wm) (sinh €—e*~* sinh a) sin » 
—ixc(iam— wl) (cosh €—e*~* cosh a) cos ”, 


since this is constant over € = a, and differs from Wp by a function which 
tends to vanish as €> a, 


Simplifying, we have 
Vy = 2w+ixce* (icl-+ 2wm) sinh (€—a) sin » 
—ixce* (tam — 2wl) sinh (€—a) cosy, (26) 
and then @ must be given by 
gb = iotixce® (icl+2wm) cosh (€—«a) cos 7 
+ ixce* (icm— 2) cosh (€—a) sin y, (27) 
in accordance with § 4. 


Substituting from these into (21), we obtain, after a little reduction, 


a 


=1— 


a 


KCE ( ee 
4 | 2wce*—* (sin. 7—m Cos 7) 
a —Aa* | 


—ilo> cosh (€—a) —4o° sinh (€—a) | (l cos n+ sin ») ! S28) 


Restoring the time factor, and taking only the real part, we have, to 
our order of approximation, 
‘ | YwaKce**—§ 
Sa ees 


: ) 
| ae ae 3 (2 sin 7—72 GOS ) j cos (st —e), (29) 


1914.| Drrrracrion OF TIDAL WAVES ON FLAT ROTATING SHERTS OF WATER. 95 


rce” } : ! 
where e = — is aye {a cosh (€—a) — 40" sinh (€—a)! (Leosy— msiny). (80) 
BIR ie LO) 


Similarly written, the primary wave is 


€¢= cos (ct—e), € = —x«c(leosh € cos y+m sinh € siny). = (81) 


Diffraction by a Semi-Elliptic Cape. 


6. We consider a cape projecting from a straight coast. Let the equa- 
tion of the shore of the cape be given by € = a, where 


2=csinh€cosy, y=ccosh € sing, 


for 0 <9» < 7, the equation of the coast-line being y = 0 or » = O and 7. 
Let the primary wave be given by 


¢ —e* Ak has A ea Rl bear p (32)* 


which satisfies (1) and gives no velocity perpendicular to the straight 
coast-line. 

Near the cape we have, on dropping the time factor, 
K 


SEIT TAS eee (0 ar pe 


K 


/ (ao? — 40") 


oO 


el 


oiving by = ta +/ (oc? —40") Kx, Ur Qo+/ (7? — 40") Ky. (33) 


As the change in ¢ produced by the cape will be real, and the change in 
vy will vanish on the straight coast, we see from (21) that on the cape and 
the neighbouring coast the high tide will have its original coastal height. 


In terms of €, 7, Ww becomes 
Wy = 20+/(c?— 4”) xc cosh € sin y, 
and then for the total disturbance it is easily seen that we have 
VA 20+ 4/(o? — 40°) «ce* sinh (€—a) sin », (84) 


d = to +r/(c°— 4”) xce* cosh (E—a) cos 7. (35) 








* This is the solution first given by Lord Kelvin with reference to a rotating canal. See 
Lamb, l.c, 
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Substituting from these into (21) we obtain 


KCe” 


ee a ee 


‘ic cosh (€—a) cos n +2 sinh (€—a) siny|}. (86) 


Cro 


Restoring the time factor and taking only the real part, we have, to 
our order of approximation, 


Pies pen cas) fee : Aen pie) = 
i 1 eran sinh (€—a) sin ; cos (st—e), (37) 
TKCE 
] ke Se ERE ie DN , e— is . 
where € Viet ae cosh (€—a) cos 7 (88) 
Similarly written, the primary wave is 
ai 1— __ Powe sh € sin? | cos (st—e,) (39) 
. Bes. OKC ° é 
where ie eae sinh € cos ». (40) 


Coast-lines with Projecting Corners. 


7. If we take a = O in the preceding section, we have a formal solution 
for the case of a straight narrow promontory of length c projecting 
perpendicularly from a straight coast. 

The expressions found, however, lead to an infinite velocity for the 
water at the projecting end of the promontory, owing to the vanishing 
there of the Jacobian O(x, y)/O(€, 7). The question then arises whether 
the formal solution gives an approximate solution of the physical pro- 
blem except in the immediate neighbourhood of the end of the pvro- 
‘montory, or whether it fails altogether. The question applies to all cases 
in which an acute-angled portion of land projects into the sea.* 

Below are given arguments, tending to show, that with a more 
stringent condition on the size of the motion in the incident wave, the 
formal solutions will be approximate representations of the physical facts, 
except in the immediate neighbourhood of the projecting sharp corners. 





* This question was raised by the referee. It would appear to apply also to certain solu- 
tions of problems in the diffraction of sound waves given in the papers of Lord Rayleigh 


already quoted, and to be then answerable in a manner similar to that of the present 
section. 
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Except in these neighbourhoods, the formal solutions only undergo 
small changes in character owing to a small change in the shape of the 
disturbing object. This remains true even though a round corner changes 
into a sharp point, as in the case of the promontory. 

We assume that the same continuity holds for the actual physical 
state. 

If therefore we can show that it is possible to round off the sharp 
corners, without materially altering the general configuration of the object, 
but making the curvatures everywhere small enough for the formal solu- 
tion in the modified case to be a true representation of the physical facts 
in this case, we may perhaps assume that the formal solution in the 
original case (v.¢é., with the sharp corners), gives an approximate represen- 
tation of the physical facts in that case, except in the neighbourhood of 
the corners. 

Taking a primary wave of the general type 


¢ — Age 


it is necessary for the validity of the equations of § 2 that the velocity of 
the water, which is proportional to the gradient of ¢, shall be small com- 
pared with (gh)?. This requires that A/h shall be small.* 

Now let ¢ denote the linear order of magnitude of the disturbing object, 
and a the smallest radius of curvature of the coast-line. We must then 
have xc small, while at the points of greatest curvature on the coast-line, 
the order of magnitude of the velocity will bear to that of the primary 
wave the ratio c/a. 

We must then have Ac/ha small, while the purpose of the present 
section requires that a/c shall also be small. Together, these conditions 
require that (4/h)? shall be small. 

If then (A/h)? and not merely A/h may be considered as small, the 
modification mentioned above will be a possible one. If, however, (4/h)? 
cannot be considered as small, the partial justification of the present sec- 
tion breaks down. 

In the remaining sections we shall assume that the motion in he 
primary wave is small enough to satisfy the condition just obtained. 


* Cf., Lamb, l.c., p. 243, 


SER 2.0 VOlL. 14,0 NOw L227. H 
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Diffraction by a Rectangular Bay. 


8. Let the three sides of the bay be given in Cartesians by « = +a, 
y = 0; and the remaining coast-line by the portions of the line y = 6 
for which |x| >a (Fig. 1). 





Fie. 1.—z plane. 


Let us take the same primary wave as in § 6, so that again 

do = tata (ec? — 40) Kx, Wy = 2wtr/(c?— 40”) Ky. (33) 
noe LiteaD 
/ (oe? — 40") 
Then w will be a function of «+7y which is purely imaginary on az = 0, 
while the imaginary part will be equal to 7xb on the coast-line, and to ixy 
at infinity. The correspondence between w and z is shown in Figs. 1 
and 2, where corresponding points are similarly lettered. 


{p+iy—i(e+2o)}. (41) 


Let us also write w= 


f 
1 


‘LKb 





B @ D 
Fic. 2.—w plane. 


Taking an auxiliary ¢ plane, to the upper half of which both the regions 
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ABCDD'A of Figs. 1 and 2 correspond, we may use Schwarz’s transfor- 
mation. 
Supposing the points A, B, C, D to correspond respectively to 
t = 0, 1, 1/k*, ~, where & has to be found, we have 
M(1—k?0)? dt ie Ndt 
feat eee Bee 2 
M, N being constants whose values are to be determined. 
Since dw/dz =« at infinity, we have N = Mkk. 


mc 





(42) 


a) es kali 
D’ A B 6 D 


Fic. 3.—+t plane. 











Let us now write ¢? = snw, the ordinary Jacobian elliptic function. 
We shall have 


w= nxb+2Mkk sn u, (43) 
and dz = 2M dn? udu, 
giving z= 2M E(u). (44) 


Here H(w) is the elliptic integral usually so denoted, and the corresponding 
part of the w plane is shown in Fig. 4. 





Fic. 4.—w'plane. 
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Now from the correspondences for B and C, we have 
a=—2M EK) = 2M#, 
a+ib = IM H(K+iK') = 2M {#H+i(K'—E’)}, 
K, K', H, H' being the constants usually so sega in the theory of 
elliptic functions. 


Thus Ve at) Dee 


eae, ae (45) 


and E a ei 





the latter determining the modulus k. 
If we take w= €+7%, where €, 7 are real, we shall have 
k en€ dn€ sny cny 


Deer eta! & snus Bi 


sn €dny 


A SS ixb-+ea = Re 


from the ordinary addition formula, and the imaginary transformation, k 
being the modulus for the functions of €, and k’ that for the functions 
of 7. 

For the tidal problem we have therefore 


et cad 
kK on€ dn€ sny cnn) 
a 2%, 2 hed Paced Bt 
W = 2o+/(o"— 40") ae kd ae [dn een (48). 
and eonsequently 
en, if ik = snieadny 
Simi / (a? — 40”) | ana E 1—dn? é sn? erty 
k ne an a 
a, E 1—dn’€ sn? \e G2. 
€, n being given by atiy = = Ei (E+%), 


and the modulus & by (45). 


Restoring the time factor, and taking only the real part, we have, to 
our order of approximation, 


7 2 
é= ;1- Ina Zw (xb-+Ka = i a ee me are ae aT cos(ct—«), (50) 


TKa k sn € dny 


where € = V(o2— 40) E J —dn? € sn? 7’ (51) 
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It is interesting to notice such particular cases as are easily evaluated. 
The changes in phase at A and B are instances. 
At A, €=7=0, and therefore « = 0, so that there is no change in 
phase. 
At B we have, for e, 
oKA k 
J(t—40) Be’ 


oTKae 


as against 


for the primary wave. 


Passage between Two Seas. 


9. Let the two seas be given by the upper and lower portions of the 
zg plane, the passage lying between the two points z = +c, c being real. 
Let us take 


x =ccoshécosy7, y=csinh € sing, 


and suppose that € ranges from — © to ©, while » is restricted to lie be- 
tween 0 and z. Then the coast-lines are given by each side of 7 = 0 and 
of 7 = 7, and the passage by € = 0. 
Let us take the primary wave to be given by (82) for the upper sea 
only. Then we have 
a to +r/(o?— 40") xc cosh € cosy, = Wy = 20+4/(6*— 40”) xc sinh € sin 7, 
(52) 
for the upper sea, while over the lower sea we may conveniently take 
6 = 2w/tc, so that hee? 
fo=— =, Yo = 2a. (53) 


to 
When | €| is large, we have 
log éxr = | €| +log Go), 


so that at infinity the only effect of the passage on the value of ¢ must be 
a constant multiple of 


| €| +log xc) +y+hiz. 


It is then easily seen that the solution is given by 


os AE Ty eer ay ed 
oe Qe COPEL yA kex aes) log (4xc) + y +407 
+4/(c?— 40") eceE cos y, (54) 
rs ae ye ee TS ed ye 
Wr = 2w+ Dio (o* — 4°) Ge ie erode +4$/(0°— 4w*) xce® gin 7. (55) 
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These give 
2 
A g +9 sin 1 (56) 
— % log (ice) seein Ve ta COS 4 Ww y . 


In the middle of the passage we have €=0, y»=47, a consequently 


up eee er ak QwKe 
Se: Ee lo log (gnc) + y+ 307 /(o” Torah | 


the height of high tide being changed i in the ratio 


4 | 1+ @ © 2wKxc tee 
z 20 Nog (ake) fy )2+i7? / (a? — 40") 
and the phase being changed by 


To log ({xc)+y 
= {log @xe) by}? de” 


providing this be small. 


1914. ] DIFFRACLION AT A STRAIGHT EDGE. 108 


DIFFRACTION AT A STRAIGHT EDGE 


By H. M. Macponatp. 


[Received June 2nd, 1914.—Read May 14th, 1914.] 


Tue object of the following note is to shew how the solution of the 
problem of diffraction at a straight edge may be obtained in a simple 
manner that does not involve the use of special analytical functions. It 
has been proved* that, at a point in the neighbourhood of the boundary of 
the geometrical shadow, the components of the electric and magnetic 
forces are in a ratio L to the components of the electric and magnetic 
forces in the incident waves, where 


i — a-teit | ae saa 

provided the point is at a distance from the surface of the obstacle of 
higher order than p (xp)~*, where p~' is the curvature of the surface of the 
obstacle in the direction of the ray at the curve of contact of the geo- 
metrical shadow, and 27/« is the wave length. When the obstacle is a 
plane screen, p vanishes at an edge, and the above result suggests that 
the relation between the actual components of the electric and magnetic 
forces, and the corresponding components in the incident waves is of the 
same form near to the screen. Taking the case of plane waves incident 
on a perfectly absorbing screen, bounded by a straight edge, when the 
electric force Z, in the incident waves is parallel to the edge of the screen, 
the value of the electric force Z at any point will be given by 


Uo 
capers i 7 ae — dria? 
Z—2 2 pix (@ cos 0, +y Sin 0;+Vt)+4nt | ea amu du, 


—oO 


where «xr is not necessarily large, and 


ZZ. = ix (« cos 6,+y sin 6, + Vt) 
te ? 


the origin of the axes of reference is on the edge, the axis of z is the edge, 





* Phil. Trans., Ser. A, Vol. 212, p. 334, 1912. 
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the axis of y is perpendicular to the screen, the axis of x is in the plane 
of the screen perpendicular to the edge, and 0, is the angle the direction 
of the incident waves makes with the plane of the screen. Now Z satis- 
fies the differential equation 

AeA ee te th Ce 

Or) acy em) eeot 





therefore 
. (Othe Cue Og eo ee Cu, oe Sian 
Bix (S208 0+ sin 63) + 54 alge ar Ty (a) +( P=: 
and writing i -—7.COS Uae —7 sine, 
this becomes 
EW) ee lien tect rh TAY Ota \ rae vel ROUEN 
pat et x et tie (GS) + a) | 
Sah Oty us OU jose 
+ 2k 1 Gr cos(0— 6,) — — rl sin (@— 1) | = 
Taking w, to be a real quantity, it follows that 
Os a Whi OU Bie Lae. Up 
i r or ny POF ee 
1. Ou 1 dug 
22 ae) 2 Mpnnioo) = Zn (Gas (2B) 


from the second of these equations it appears that uw, is of the form 
(x7)? Vp, hence from the first of the equations 


Uy = B (xr)? cos 4 (0—e), 


and substituting in the second equation 


+(£)" [eos 4 (9—e) cos(0@—8O,) +sin 4 (O@—e) sin(@—9,) | 


kK 3 6 
= 47 (<) +B? cos 4 (0—e), 
that is, cos $(0-+e—20,) = 17B? cos 4(0—6), 
therefore € — 0 wei eae 
and Uy = 2(kr)? 7? cos 4(O—8,), 
U 
whence Z= 9-2 ek (~ cos 0;+y sin | ewan du, 


gives the value of Z at any point when the screen is perfectly absorbing. 
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To obtain the solution for a perfectly reflecting screen, the value of 
the electric force in the reflected waves on the upper side of the screen at 
a great distance from the screen tends to the value 


ek (~ cos 6;—y.sin 0,+ Vt) 
? 


and therefore the corresponding term in the solution is obtained by 
changing the sign of 0, in the previous result; hence the value of the 
electric force at any point for the reflected waves is 


my (eer. , 
9-3 elk (v cos 0;—y Sin 0,+Vt)+4ni | fe du, 


where U, = Ar)? x? cos 4(0-+8,), 


and, since Z vanishes at the surface of a perfectly reflecting screen, the 
complete solution is given by 


Uv 
—2L in(z i Ari —sriu 
Z= 9,—3 eik (« cos 61 +y sin 0, + Vt) ort | ew ari day 


—@ 


Uy 


- 
Les ie Eas abe Sera 
—9 2 pik (% Cos 41 y sin High en ari du, 


where w,, u, have the values given above. 

In the same way, when the magnetic force y, in the incident wave is 
parallel to the edge of the screen, and the screen is perfectly absorbing, 
the magnetic force y at any point is given by 


Uo 
ene 9-2 elk @ cos 6,+y sin 6,+Vt)+4ni | ew ame du, 


—2 


where va elk (a Cos 0,+y sin 6,+ Vt) 


When the screen is perfectly reflecting, the magnetic force at any point is 
given by 


Uo 
— ea, i Lyi — 17942 
y — 9, 2 pix (wCos 0, +y sin avait e7 Bmiu du 


—_-D 


Uo 
+ 9-2 pik (a cos 0;—Yy sin 6, + Vt)+4i | en amie du. 


—D 
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ON A CONFIGURATION OF 21 POINTS AND 21 LINES WHICH 
ARISES FROM THE COMPLETE QUADRILATERAL AND 
DETERMINES THE GROUP OF 168 PLANE COLLINEA- 

~ TIONS 


By W. BurwnsiDeE. 


[Read November 12th, 1914.] 


A pRosuctive transformation, or collineation, in the plane is com- 
pletely determined when the new positions A’, B’, C’, D’ of four points 
A, B, CG, D are given, it being understood that no three of either set 
lie on a straight line. Such a collineation may be specified by the 


symbol 
et Dieu 4 
UR ACs 158) 


In particular to each permutation of a set of 4 points there corresponds 
a distinct collineation; and the 24 collineations that so arise constitute a 
eroup. This group will permute the points of the plane, in general, in 
sets of 24. The accompanying figure makes it clear that the 3 points 
dy, b,, ¢, are permuted by the group, as also are the 6 points ag, a3, be, dg, 
Cy, Cz. Moreover, if ag, a3 1s the pair of points which divide both dg, a3 and 
b,, ¢; harmonically ; and 6, 6; and yo, y3 the corresponding pairs for 
ip Ee ey and Cy, Cs, a, b,; then the 6 points ag, az, Bo, 83, yo Ye 
(which are all imaginary when A, B, C, D are real) are permuted by the 
seroup. The 8 imaginary fixed points of the collineations of order three 
are permuted by the group. Any point, other than those enumerated, 
which les on one of the 9 lines of the figure, belongs to a set of 12 
which are permuted by the group. All other points belong to sets of 24. 

Disregarding the points A, B, C, D, the figure consists of 9 lines and 
9 points, the latter lying 4 by 4 on 3 of the lines, and 2 by 2 on the 
other 6. If we combine with the 9 points a set of 12 which arises, under 
the collineations of the group, from an arbitrarily chosen point d, on a3a,, 
we arrive at a set of 21 points which he 4 by 4 on the 9 lines of the 
figure. 

The individual points of the set of 12 may be most conveniently 
specified by the collineations which change d, into each of them, the 
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collineations themselves being denoted by the corresponding permutations 


a3 





p 


of A, B, C, D. The following Table I indicates both how the points arise 
from d,, and the lines of the figure on which they lie. It also has the 
advantage of indicating immediately certain collinearities between the 
original 9 points and the new set of 12. Thus d, arises from d, by the col- 
lineation (AC). This is a perspective of which a, is the fixed point; and 
therefore dgd,d3 is a line. The complete set of such collinearities derived 
from the original figure and Table I is given in Tables II (a) and II (6). 


Tasue I. 
d, e} fi I 
identity, (AC); (AC)(BD), (BD); | (AD)(BC), (ABCD); (AB)(CD), (ADCB); 
AS Sand Gis on ON Ady 





dy fe 2 92 
(AB), (ACB); (ACBD), (ABD) ; (ADBC), (BCD); (CD), (ADC) ; 
on 0,6, © : on b,b; 





d:; Y3 ‘ ts é3 
(BC), (ABC); (ABDC), (BDC); © (AD), (ACD); (ACDB), (ADR) 





on C)C On C)Co 
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TaBueE II (a). 


Ay Dg C3 A, dye a; foo bah b1e191 O19) ahi 
Gy bg Cp ay ds e3 A, 39s bi ds fs b1 6393 C1 Ag Jo C1 €2 fo 
Ag be Co Az dy 3 Ae foIs by dy fs b3€1 93 C31 Jo Co€1 Jo 
a3 b3 Cg CPXCEN Ass 9s bods fy b3€391 C391 Cla fi 


Tasue ITI (6). 
Ay dos be 631 Oyergk 
Ag €g €3 bo 9391 C291 92 
ds fo fs b3 dz dy Cz €y €g 
139293 bs fst es fifo 


The sets of 21 points made up of the original 9 points and the 12 derived 
from d, lie 8 by 8 on the 28 lines of Table II (a), while these lines pass 
4 by 4 through the 21 points. So long as d, is taken arbitrarily the 12 
lines of Table IT (8) will each contain only 3 of the points. 

Now as d, moves on 43d, €; and dy describe projective ranges on 3d, 
and 06,b,, and therefore the rays a,d,d; and a ,e, describe projective 
vencils. Two projective pencils, with a common vertex, have two self- 
corresponding rays. Choose for d, one of the two positions for which 
A d,d,; and d,e, coincide. Then dy, dy, d3, e, are collinear. Moreover, 
since dy 1s the fixed point of the perspective (AC) of order two, while e, lies 
on a3@, which is the fixed line of the perspective, the points d,, d; divide 
the points a», e, harmonically. The collineation (AC)(BD) is seen from 
Table I to permute d, with e,, d, with ¢é , dz; with es, and to leave ay 
unchanged. Hence when ag, dy, ds, €, are collinear, so are dg, , €3, dy. 

It follows that when the position of d, is chosen as above, each of the 
12 lines of Table II (6) passes through 4 of the 21 points. 

Combining these with the original 9 lines, a set of 21 lines arises on 
which the 21 points lie 4 by 4. The actual collinearities are given in 


Tape ITI. 


Az Q3 by Cy by bs cy My Co C3 M10, dy dg Ay ey 
3. dy ey 6301 €9o C30, 39g ds dy bs fo 
UH MS 91 by bade fr C103 €3 fg - dy da lg gg-— 
C9 €3 Uy Ay Safeds9r Ja9sAshi 
€3€1b2 9a Is frog de 93.91 09 es 
€1 C2 Cg fs Si Sacses 91920 ds 
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Moreover in each collinearity the two points with the same letter divide the 
other two points harmonically. It is found on an examination of Table III 
that the 21 lines pass 4 by 4 through the 21 points; and that the straight 
line joining any two of the 21 points belongs either to Table II (a) or 
to Table III. 

This configuration is invariant for the group of 24 collineations that 
arises from the permutations of A, B, C, D. In this there are 9 per- 
spectives of order two, viz., those whose fixed points and lines are a, doz ; 
Ag, AgA, 3 ---3 Cy, CG. Table III suggests that the configuration is also 
invariant for the 12 perspectives of order two whose tixed points and lines 
EGU Uae? las Aa ly Sedat Gasi9 1 Uae 

The first of these leaves d,, dy, ds, 2, e, unchanged and in virtue of 
the collinearities d,dgcxg3, 3d, b3 fo, A301, 1,1, €2 3d, d, it permutes cy with 
gz, 03 with fy, a, with a3, and é with e3. Since it permutes cy with g, and 
leaves d; unchanged, it permutes the lines 9,92c.d3 and c3c,d3g3. Now, 
from Table II ‘a), ¢,d,g, and c3d,g, are lines. Hence the collineation 
permutes c, with g, and cz with g,. Again the perspective permutes 
F3fib3dz and 6, b,d, f., while, from Table II (a), 6,d, f, and b.d, fs are lines. 
Hence it permutes 0, with f, and bl, with fs. The perspective of order two 
of which d, is the fixed point and d,d; the fixed line gives therefore the 
following permutation of the 21 points 


(yds) Ay (0, fi) (Oa f3) (03 fa) (C1. 91) (C29s) (C3 Ja) dy da dye (C2 &s). 
The 21 perspectives of order two which arise from Table III generate a 
eroup of collineations for which the configuration is invariant. The 
order and nature of this group of collineations is perhaps most readily 
determined by a consideration of the 7 triangles 


Ay AgMg, b,byb3, C1023, Aydgdg, e123, fifoss, 919293 
into which the 21 points fall. These triangles are permuted by each of 
the 21 perspectives. The a-triangle is changed into itself by the 9 per- 
spectives of which the fixed points and lines are 
Ay, yA; Ag, Agdy,3 Ag, AyAq; 04, Dg dg3 Cy, CgCg3 My, dads; 1, Cge33 


hy fafss Gr 929s; 
and is changed by 


Coy C3C13 Cg, C1C; Into the b-triangle, 
by, bb, ; 9, by bg ; 4 c-triangle, 
Caz Cnet te Cay Ci Cas . d-triangle, 
dy, dgd,; ds, dd; F e-triangle, 
9x 93913 Js 9192; » — f-triangle, 
Sto dshis Fa Ato; ” g-triangle. 
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Moreover, the 9 perspectives which leave the a-triangle unchanged per- — 
mute the other six as follows, viz., 


be (de) (fg), (be) de (fg), (be) (de) fg, be (df) (eg), be (dg) (ef), (bf) (cg) de, 
(bg) (cf) de, (bd) (ce) fg, (be) (cd) fg. 


These statements all follow from the 21 collinearities. It is easy to verify 
that the preceding permutations generate a group of order 24; and that a 
collineation which changes each of the 7 triangles into itself leaves every 
point unchanged. Hence the order of the above group of collineations for 
which the configuration is invariant is 168; and it is simply isomorphic 
with the permutation-group of degree 7 of this order. 

Returning to the figure, the triangle a,b,c,, formed by 3 of the 21 
points, is invariant for the group of 24 collineations arising from the per- 
mutations of A, B, C, D. Hence it must be one of 7 triangles permuted 
by the group. The complete set is found to be 


A401 Cy, Andy, As igi, O2€29o, O3da fo, C2d3Ja, Cses fs: 
Each pair of these, and each pair of the other set of 7 triangles, is in 
perspective. 

Just as the 21 points lie 3 by 8 on the 28 lines of Table II (a), so the 
21 lines pass 3 by 3 through a set of 28 points. These are the points 
that arise from A, B, C, D under the collineations of the group; and 
they lie 4 by 4 on the 21 lines of the configuration. 

The question of the reality of the lines and points considered in no 
way affects the reasoning by which the existence of the configuration 
and the group of 168 collineations has been established. When the 
points A, B, C, D are real, the 12 points d,, dy, ..., gz; are necessarily 
imaginary. | 
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ON THE REDUCTION OF SETS OF INTERVALS 


By W. H. Youne and Grack CuisHoum Youna. 


[Received May 7th, 1914.—Rcead May 14th, 1914.] 


1. It has been already pointed out that, before sets of intervals were 
studied for their own sake, various writers had had occasion to make use 
of them, and had in this way virtually obtained the Heine-Borel theorem 
without, however, enunciating it. In particular this is true of Cantor, 
Heine, Dini, and Darboux, in their proofs of the theorem that the pro- 
perty of uniform continuity, first considered by Heine, is possessed by 
every continuous function. 

We do not intend to enter further into these matters here.* It is, 
however, not only interesting but of some importance to notice that a 
slight modification of Heine’s proof enables us to obtain a theorem, in- 
cluding the Heine-Borel theorem as a special case. We have indeed only 
to retain that which is essential in Heine’s argument and reject that which 
is accessory. | 

The new theorem+ so obtained is not only more general than the 
Heine-Borel theorem ; it leads to results unobtainable by application of the 
Heine-Borel theorem alone, and in particular to a number of theorems 
relating to intervals which have been at the base of much of the work in 
the modern theory of derivates and their integrals. The new theorem 
accordingly may well be destined to introduce order into the somewhat 
heterogeneous collection of theorems of the type of the Heine-Borel 
theorem which have been formulated and employed from time to time by 
writers on the Theory of Functions of a Real Variable. 

We propose in the present paper to state the theorem in question, and 
to modify Heine’s reasoning in such a way as to render it applicable for 
the purposes of proof. For the convenience of readers, we give Heine’s 
own brief demonstration verbatum. We then pass to the deduction as 
corollaries of the theorems relating to sets of intervals above referred to. 
It will be noticed that nowhere are transfinite numbers employed. 











* The reader may refer to a footnote in a paper entitled ‘‘ Note on Overlapping Regions,” 
by W. H. Young (1912), Messenger of Mathematics, pp. 126, 127, 
T See below, § 3. 
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2. As is well known, a continuous function f(x) has the property of 
uniform continuity; that is to say, given any positive quantity e, we can 
find a positive quantity d, so that, in any interval of length <d in the 
fundamental segment, the oscillation of the function < 2e; in symbols it 
comes to the same thing if we say 


|\f(a+th)—f(a)|<e, 
provided only —d<h<d. 
We proceed to reproduce Heine’s proof of this property in the original.* 


‘“‘ Bezeichnet 3e eine beliebige Grosse, so existiert eine solche Zahl, 
dass von « = a bis zu ihr hin /(x)—/f(a) absolut < 3e ist. Hin Wert der 
dies leistet, ist der grosste und macht zugleich /f(*)—/f(a)—3e = 0. 
Dieser Wert sei 2,. In ahnlicher Art findet man eine Zahl z, als die 
erosste, welche bewirkt, dass von # = 7 Dis — ty Mm Mer | f (a) —f (x1) |< 8e 
bleibt. So fahrt man fort; kommt man nach einer endlichen Anzahl 2 
von Operationen zu x, = b, oder findet, dass | f(~)—f(a,_1)| von # = an_1 
bis x = 6b noch nicht 8e uberschreitet, so ist der Satz bewiesen. 

‘His bleibt noch der Fall ubrig, dass kein 7 existiert, dass also die 
Grossen 21, %, ... eine unendliche Reihe von wachsenden Grossen bilden, 
die unter 5 hegen. Diese Reihe ware dann eine Zahlenreihe, deren Zahl- 
zeichen X sei: hervorzuheben ist ihre Higenschaft, nach der fur jedes n 
die Gleichung besteht, /(#.41)—f@,») = 8e. Nun sei my von der Be- 
schaffenheit, dass /(X) sich von f(X—y) um weniger als e unterscheidet, 
so lange 7»<( 7. Zwischen die Gahlen X—y7 und X mogen von der 
Zahlenreihe 2p, 241, ..., etc., fallen, so dass | f(@241)—f(#n) | kleiner als 
3e ware, wahrend andereseits es 8e sein musste. Die zu Grunde liegende 
Annahme ist daher unmoglich, und die Funktion ist eine gieichmassig 
continuirliche.”’ 


The beginning of this proof contains the germ of a very powerful mode 
of treating sets of intervals. Heine has, corresponding to each point x of 
the closed interval (a, 6), a set of intervals on the right and on the left 
of x, with x as common end-point; these are the intervals for which 

—8e<f(et+h)—f (2) <<8e (0<h) 
on the right, and —8e <f(x)—f(a—h) << 8e O</h) 
on the left. : 


These intervals, which, for fixed x, form a set of potency c, since they 
include all the intervals with x as end-point inside any one of them, 


* H. Heine, Oct., 1871, Jour. fiir reine und angewandte Mathematik, Vol. Lxxtv, p. 188. 
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Heine replaces by an unique interval on each side of the point x, namely 
the smallest interval with x as end-point containing all the given intervals 
on the appropriate side. We may call these intervals 7, andl, These 
intervals have the property that some interval with x as end-point, whose 
other end-point is outside 7, but as near to it as we please, is not an in- 
terval of the given set associated with the point x; and similarly on the 
left there is such an interval, not associated with x and containing J,. 

Having so reduced our intervals to an unique. pair at each point, Heine 
starts with the left-hand point of the interval, the point a, and takes the 
corresponding interval 7. Let -z, be its right-hand end-point; he then 
takes 7,,, which abuts at x, with 7, and so on. He points out that, if this 
process comes to an end after a finite number of stages, that is, if we 
arrive at a point x, which is either 0 or lies to the right of b, the theorem 
is proved. We have therefore only to discuss the possibility of the 
alternative hypothesis, that no such number 7 exists. 

Suppose this is the case, then the abutting intervals 74, 7z,, 7x, ... form 
an infinite set of abutting intervals, and their end-points a, 21, %, ... form 
-a monotone sequence, proceeding towards the right. They therefore 
define uniquely a limiting point X, to the right of them all. 

So far Heine’s reasoning has been perfectly general and of a masterly 
character. At this point, however, he descends to the artifice of a proof ad 
hoc. The real point is hidden. This point consists in the fact that in- 
side any interval whatever with X as right-hand end-point there is an 
infinite number of the points x;, say 


Lny Xn+15 Tn +25 vee 


and therefore there 1s certainly an interval (x,, y,), where y, lies between 
n+ and £,+2, whichis not an interval of the given set for either of its end- 
points x, and y,. Indeed it has been already pointed out that this is a 
consequence of the characteristic of the unique interval 7, . 

On the other hand, there is an interval with X as right-hand end-point 
which is such that every interval inside it is an interval of the given set. 
This is not in general a property of sets of intervals associated with the 
points of an interval in the way we have been considering. It is a special 
property of the set of intervals which Heine was contemplating. It 
belongs, in iact, to the greatest interval throughout which 


Serf te XN hee, 
in virtue of the fact that 


F(X hn) —f Pe his) = f (X)—f (X— ans —f(X) +f (X— ty) 


SER. 2. vou. 14. No. 1228. E 
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In fact there was no occasion to take 8e, Heine might have taken 2e; he 
took 8e because he was using the special property that the increment over 
any one of his unique intervals 7, and J, was exactly 8e, a property due to 
the continuity of f(z). The introduction of this special property instead 
of the general one that as near as we please to the point 2,41 there is a 
point y, such that the increment of f(%) over (an, y,) 1s greater than 86, 
must, from our present point of view, be regarded as an artistic fault in 
Heine’s proof. 

The property which we have assumed in this latter part of Heine’s 
proof is then that there is one of the given intervals on the left of X such 
that every interval inside it belongs to the given set. A particular conse- 
quence of this property is that the interval 7, corresponding to any point 
x’ in this neighbourhood of the point X, reaches at least to X; and this 
consequence is alone needed in the proof. 


3. We are thus led to enunciate the following theorem.* The proof 
of the theorem is taken almost verbatim from Heine, as will be seen by 
comparison with the above extract. For convenience of reference and 
classification the theorem, though more general than any contemplated or 
required by Heine, is therefore called the Heine-Young theorem, and a 
similar nomenclature is adopted for the simpler corollaries from it. 

It should be noticed that the proof of the theorem and of its first 
corollary is independent of the principle of arbitrary choice, and that it is 
shown how in an unique manner the set of intervals required is to be con- 
structed. 


THeoreM (The Heine-Young Theorem).—If with each point of a closed 
segment (a, b) we have associated a pairt of intervals r, and 1, such that 


(i) w as the left-hand end-point of 1, and the right-hand end-point 
of li ; 
(ii) af 2 vs an internal point of l,, then x is an internal or end-point 


Of Ty 3 


* This theorem was first enunciated by W. H. Young in his course of lectures on ‘ In- 
tegration and the Theory of Sets of Points,’’ 1913, at the University of Liverpool. It is here 
published for the first time. The second corollary, which is here called the Heine-Lusin 
theorem, has recently been used explicitly by Lusin—indicating that it may be proved by 
Lebesgue’s device (see below, § 11)—for the purpose of proving the important result that a 
continuous function cannot have at every point of a set of positive content an infinite differential 
coefficient. Lusin remarks that his theorem is not a special case of the Heine-Borel theorem, 
even in its generalised form. He does not, however, observe that it is virtually this theorem, 
rather than the Heine-Borel theorem, which is proved, but not enunciated, by Heine. 


+ In the case of the end-points a and b, the intervals r, and J, are not used, and need not 
exist. 
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then we can find a finite number of the intervals rz, abutting end-to-end, 
and covering over the whole segment (a, b).* 


By hypothesis there is an interval 7,, with @ as left-hand end-point ; 
let its right-hand end-point be x,. Similarly there is an interval 7,,, with 
x, as left-hand end-point. Thus we proceed; if after a finite number n 
of these operations, we arrive at x, = b, or if we find that on arriving at 
x, —-, the corresponding interval 7, , contains b, the theorem is proved. 

There remains only the case in which no such integer 7 exists, so that 
the points 21, @, ... form an infinite monotone sequence each lying to the 
right of the preceding, and all to the left of 5. Let X be the limiting 
point. There is then an interval Jy with X as right-hand end-point. In- 
side dy there will fall all but a finite number of the points of the sequence, 
since X is the limiting point and the sequence is monotone and on the 
left of X. Let 2n, 2n41, ... lie inside Zy. Then, since x, is an internal or 
end-point of Jy, 7,, must reach at least as far as X, by the hypothesis (2). 
But this is not the case, since it reaches only to z,,;. Thus the original 
supposition is untenable, and the succession of points x), 2, ... cannot be 
infinite. This proves the theorem. 


Cor. 1 (The Heine-Young Theorem for a half-open interval).—If the 
interval (a, b) is a half open interval, open on the right, that is, uf the 
conditions of the theorem hold for every point except the point b, so that 
the interval l, does not exist, the theorem is still true uf we substitute a 
countably infinite wumber of the intervals 1, for a finite number of them. 


In fact the reasoning of the above proof shows that the point X can in 
this case only be the point 0b. 


4, We can now prove the following theorem, due to Lusin, as an 
immediate corollary. 


Cor. 2 (The Heine-Lusint Theorem).— If associated with every point 
of a closed interval (a, b) we have all the intervals with x as end-point im 
a certain neighbourhood of the point « on both sides,} then a finite 








* Tt should be noticed that, though the conditions of the theorem refer to both /, and rz, 
the filling up of the segment is effected by the intervals 7, alone. The existence of the in- 
tervals J, constitutes a restriction on the generality of the set of intervals r,. 

+ See footnote * on preceding page. N. Lusin, ‘‘ Sur un théoréme fondamentale du calcul 
intégral,’’ 1911, Recueil de la Société mathématique de Moscou, Vol. xxvitt, 2, in Russian. 

+ As before, the neighbourhoods of a and b may be taken to be only on that side of the 
point in question which is towards the interval (a, b). 
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number of these intervals can be found, abutting end-to-end, and covering 
in the segment (a, 6). 


In fact we only have to take for 7, (as Heine does), the smallest in- 
terval with « as left-hand end-point containing all those of the given 
intervals which have « for end-point, whether originally associated with x 
or not, and for J, the given neighbourhood on the left of « The condi- 
tions of the theorem are then satisfied. 

Therefore there is a finite number of the intervals 7, covering up (a, 9), 
and abutting end-to-end. Let the points of division be 


USL; wen Te 


We may evidently assume that x, coincides with 6, for we may suppose 
that none of the given neighbourhoods reach further than 0; the intervals 
on the right associated with b do not enter into the reasoning, and may 
be non-existent. 

We may therefore choose an interval of the given set with @,_; as 
left-hand end-point reaching either to 6 or to within the given neighbour- 
hood of 6 on the left. Thus, if this interval does not reach b, we may 
choose in addition the interval abutting with it and reaching to b, since 
this is one of the given intervals associated with the point b. Similarly 
we proceed in each of the m divisions, and so obtain the required finite set 
of the given intervals. 

It is to be observed that it is only in the latter part of this proof that 
the principle of arbitrary choice is assumed, and this only a finite number 
of times. 


5. Cor. 3 (The Heine-Borel* Theorem).—If corresponding to each point 
« of a closed segment (a, b) we are given one or more intervals containing 
the point x as internal point, then we can find a finite number of these 
intervals, so that each point of the closed segment (a, 6) ts an internal 
point (not an end-point) of one of these intervals. 


In fact if we replace the given intervals corresponding to the point 2 
by all the intervals with x as end-point contained each in one of the given 
intervals, we shall have the conditions of Cor. 1. -Having chosen a finite 
number of these new intervals in accordance with that corollary, we only 











—~— 


* HE. Borel enunciated and proved this theorem in a note at the end of his ‘‘ Thése,’’ re- 
published in the Ann. de l’Hcole Norm. (3), Vol. x1 (1895), pp. 50 seg. It has been variously 
proved since both by the author and others. 
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need to replace each by one of the original intervals containing it, to ob- 
tain that which was required. 

This again only requires a finite number of arbitrary choices. 

The next corollary shows the power of the original theorem, as more 
general than any required or tacitly proved by Heine. 

It is by means of this Lemma, or Lemmas of the same form, that we 
are enabled to deal with the question of the integration of derivates, as 
well as that of the points at which the derivates are infinite, whereas the 
Heine-Lusin and Heine-Borel theorem are inadequate for this purpose, 
except in the case when a differential coefficient exists everywhere. 


Cor. 4 (Young’s First Lemma for a Closed Segment).—If with each 
point® of a closed interval (a, b) as left-hand end-point we are given an 
interval, or several intervals forming a finite or infinite set, we can find a 
fimte number of these, nowhere overlapping, and such that the content of 
the complementary intervals is less than any pre-assigned positive 
quantity eé. 


Let G denote the content of the whole set of intervals, and let the 
integer » be so chosen that 


2G/n < e. (1) 


Let us elongate each of the given intervals (x, +h) on the left by one 
n-th of its length. Now let us define as 7, the smallest interval with a as 
left-hand end-point containing all the original intervals which in their 
elongated form+t contain x as internal point. Let us define J, as the in- 
terval with « as right-hand end-point of length k,/n, where k, denotes the 
upper bound of the lengths of the original intervals with x as left-hand 
end-point. | 
Then, if x is any internal point of l,, 


n (x—ax') < ky. 


Therefore there is one of the original intervals with 2 as left-hand end- 
point which in its elongated form reaches beyond the point 2’. Thus r, 
contains x as internal point. 

We may therefore apply the Heine-Young theorem, and obtain a finite 





* An exceptional closed set of content zero clearly makes no difference. 

t It is hardly necessary to point out that intervals, if any, which originally contained 
x as internal point are not here included; such an interval could, of course, not lie in r;, 
whose left-hand end-point is x. 
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number of the intervals 7,, abutting end-to-end and covering up the whole 
of (a, b). 
Let the points of division be 


a, X41; Xo, cosy Un—2y Un-1s Ly. 


Then, since z, is 0 or lies to the right of it, we can by the definition of 
1, »» Which is (t,-1, 2x), find one of the original intervals, which, in its 
ploneatad form enclosed x,_1, and whose right-hand end-point lies to the 
right of 6 or at most at a distance (t,—2n-1)/n to the left of b. This 
interval therefore covers up the whole interval (x,_1, 6), excepting per- 
haps two complementary intervals, whose length is less than 
2: (Ln — Xn—1)/N. 

Similarly we choose an interval in each of the 2 segments between 
the points a, xv, ..., %,. Thus we get m chosen intervals, nowhere over- 
lapping, and whose complementary intervals have a content less than 


2 {(t,—@)+ (@g—2y)+...} = = (fn—a), 


which is less than G/n, that is, less than e. This proves the corollary. 


7. It will be noted that in the Heine-Borel theorem we are able to re- 
place the given sets of intervals corresponding to the points x by the set 
of all the completely open intervals containing the point z and lying in a 
certain neighbourhood of the point 2, namely the interval made up of 7, 
and d, Such sets of intervals were considered by W. H. Young.* He 
introduced the terms “‘tile’’ and “ point of attachment” for such an in- 
terval and its corresponding point, and, in the case in which to the point 
of attachment we have corresponding all the intervals in a certain neigh- 
bourhood of it, he speaks of a “‘ tile which may be chipped as much as we 
please.”’ Chipping a tile is, of course, removing a sub-interval containing 
an end-point and not containing the point of attachment. 

The first theorem given by W. H. Young for sets of tiles was 
originally called an extension of the Heine-Borel theorem ;+ in virtue of 
the second theorem given by the same author it may be called “‘ The Tile 





* “On an Extension of the Heine-Borel Theorem,’ 1904, Messenger of Mathematics, 
‘* The Tile Theorem,’’ 1904, Proc. London Math. Soc., Ser. 2, Vol. 2, pp. 67-69. 


- t See next footnote. 
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Theorem for a closed Segment,’ and is again a corollary from our 
theorem :— 


Cor. 5 (The Tile Theorem for a Closed Seqgment).—Given a set of tiles, 
which may be chipped as much as we please, and whose points of attach- 
ment fill up a closed segment (a, b), then we can determine a finite number 
of the tiles having the following properties :— 

(i) The length of each tile dp, vs less than e. 


(ii) Hach point of (a, b) ts covered by one or more of the chosen 
tiles dp.. 


(il) The point of attachment P; of the title dp, is not covered by any 
other of the chosen tiles, but only by its own tile dp.. 


(iv) The sum of the tiles differs from the content of (a, b) by less 
than e’. 


Here e and e’ are any assigned positive quantities. 

In order to satisfy the condition (i) we omit at once all tiles of length 
Se 
Let us take for r, the smallest interval with x as left-hand end-point, 
containing all those parts of tiles to the right of the point z, such that the 
tile contains x, and its point of attachment is x or lies to the right of a. 

Let J, be defined as the smallest interval with « as right-hand end- 
point containing all those parts of tiles to the left of the point x whose 
point of attachment is x. Then, if 2’ is internal to J,, there is a tile with 
x as point of attachment containing «’: hence, since z lies to the right of 
x', ry contains this tile, and therefore contains 2. 

The conditions of the Heine-Young theorem are thus satisfied. 

There is therefore a finite number of the intervals 7, covering up (a, 0) 
and abutting end-to-end. Let the points of division be 


CG, Hy, +++) Hn-1, Un- 


Now, since 7 | 18 (@n-1, @), and contains 0 as internal point, or as 


n-1l 
the end-point x,, we can find in (z,,_1, z,) a tile containing 7,_; and whose 
point of attachment is either z,_, or lies in the completely open interval 
(%n—1, Xn) (but cannot coincide with x,), and which reaches as near as we 
please to z,. Thus, if b does not coincide with z,, this tile covers both 
Yn-, and b. But if b coincides with z,, we can make this tile reach so 
near to } that the abutting interval required to reach } is part of one of 
the tiles associated with b. Thus we get one or two abutting tiles 


covering £,_; and b. 
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Again, since 72, _, 18 (€n—-2, @n—1), there is in it a tile whose point of 
attachment is either 2,2, or lies in the completely open interval 
(%n—2, n—1), but does not coincide with z,_,;, and which reaches so near 
to a; that the abutting interval required to reach x, is part of the 
tile first chosen. We may then, by suitably chipping off from the first 
tile a part to the left of z,_;, and therefore to the left of its point of 
attachment, ensure that the first tile does not contain the point of attach- 
ment of the second tile, and that the common part is less than e’/n. 

Similarly we treat the remaining segments in order, and so get a finite 
number of the given tiles, the sum of whose lengths differs from that of 
(a, 6) by less than e’, covering over the whole of (a, 6), and satisfying the 
condition (iii). This proves the theorem.* 


8. The theorems which we have been discussing for a closed interval 
might equally well have been stated for a closed set; the reasoning re- 
quires no sensible alteration, only we have on occasion to prove that 
certain points belong to the set, e.g., the point X in the proof of the first 
theorem, and we have to remember that instead of abutting intervals, we 
have intervals which do not overlap, and whose complementary intervals 
are free of points of the closed set, that is, are the whole or parts of black 
intervals of the closed set. 











* The proof originally given of the Tile Theorem is imperfect, owing to the fact that, 
though a tile may be chipped as much as we please, we must not chip off the point of attach- 
ment; in consequence the chipping demanded on p. 68, loc. cit., lines 20, 21, for instance, is 
not always allowable. This remark refers to both the papers quoted. In fact the proof de- 
pended in the first instance on the Heine-Borel theorem, which, without previous preparation 
of the tiles, is certainly insufficient for the purpose in hand. It is only by the use of the more 
powerful theorem here given that the result has actually been obtained. In fact, if the closed 
segment be (0, 1) and the given tiles are such that they can be reduced by means of the 
Heine-Borel theorem to the two tiles (—3, 2) with 3 as point of attachment, and (3, 3) with 4 
as point of attachment, no chipping will cause these tiles to have the property (111). 

The theorem here given (‘Tile Theorem for a closed Segment) was originally used by 
W. H. Young to prove that the upper integral of the sum of two upper semi-continuous 
functions was the sum of their upper integrals. This was thus proved before it was shown 
that these upper integrals are, in fact, the generalised integrals in this case. The general 
Tile Theorem, a proof of which is given in the present communication, was applied by the 
same author (‘‘ General Theory of Integration,’’ 1905, Phil. Trans. (A), Vol. 204, p. 235) to 
prove that the upper integral of a function with respect to a measurable set S was the lower 
bound of the corresponding upper summations. The proof there given seems not to utilise 
the property (ili), given by the Tile Theorem ; this is, however, only due to a small error of 
calculation at the bottom of p. 235, ‘‘less than’’ being used for ‘‘ greater than ’’; the correc- 
tion will afford no difficulty to the careful reader. 

(N.B.—D. Mirimanoff has just shown me a very elegant proof of the Tile Theorem 
founded on the reasoning in the original paper, and involving an ingenious preparation of the 
tiles. He is going to publish this.—G. EK. C. Y. (Written after completion of paper.)] 
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It is, however, still more clear if we deduce these theorems from those 
stated for the closed intervals, using the artifice of associating with each 
point not belonging to the closed set a set of intervals of the same form 
as that associated in the enunciation with each point of the closed set, but 
lying in the black interval containing the point in question. 

We thus have the following theorems :— 


THEoREM.—If with each point « of a closed set S we have associated 
a pair* of intervals r, and l,, such that 


(i) w as the left-hand end-point of r, and the right-hand end-point 
Gas: 

(ii) af a ts a point of S internal to l,, then x ts an internal or end- 
point of x3 


then we can find a finte number of the intervals r,, non-overlapping and 
contaimng every point of S as internal or end-point. 


Cor. 1 (Generalised Heine-Lusin Theorem*).—If associated with each 
point of a closed set S we have all the intervals with x as end-point in a 
certain neighbourhood of the point z on both sides, then a finite number 
of these intervals can be found, non-overlapping, and containing all the 
points of the closed set S as wnternal or end-pownts. 


Cor. 2 (The Generalised Heine-Borel Theorem).—If corresponding to 
each point « of a closed set S we are given one or more intervals contain- 
ing the point x as internal point, then we can find a finite number of these 
intervals, so that each point of the closed set S ts an internal point (not 
an end-point) of one of these intervals. 


Cor. 8 (Young’s First Lemmat).—If with each point of a closed set 
S as left-hand end-point we are given an interval, or several intervals, 
forming a finite or infinite set, we can find a finite number of these no- 
where overlapping, and such that the sub-set of Sin the complementary 
intervals can be enclosed in a finite number of intervals whose content is 
less than any pre-assigned positive quantity e. 








* In the case of the end-points of the black intervals only one of these intervals need 
exist, viz., that on the contrary side to the black interval, if it is uniquely determined by the 
point (as will be the case if S is perfect), and when w is an end-point of two black intervals 
(i.e, w is an isolated point of S), it is immaterial whether it is /, or 7, which exists. 

+ N. Lusin, loc. cit. 

t W. H. Young and Grace Chisholm Young, ‘‘On the Existence of a Differential Co- 
efficient,’’ 1910, Proc. London Math. Soc., Ser. 2, Vol. 9, pp. 825-335. 
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Cor. 4 (The Tile Theorem for a Closed Set).—Given a set of tiles, 
which may be chipped as much as we please, and whose points of attach- 
ment fill up a closed set S, then we can determine a finite number of the 
tiles having the following properties :— 


(i) The length of each tile dp, rs less than e ; 
(ii) each point of S is covered by one or more of the chosen tiles dp, ; 


(iil) the point of attachment of any chosen tile ts only covered by that 
tule, and not by any other of the chosen tiles ; 


(iv) the sum of the tiles differs from the content of S by less than eé' ; 


here e and e' are any assigned positive quantities. 


9. The theorems hitherto obtained involve, as has been pointed out, 
the principle of arbitrary choice at most a finite number of times. The 
following theorems involve it a countably infinite number of times. 


THrorem (Of the Equivalent Countable Set of Overlapping Intervals).* 
—Given a set of overlapping intervals, we can determine a countable set 
from among them having the same internal points, the same external 
points and the same tsolated end-points as the given set. 


The points not internal to the given intervals form a closed set, whose 
black intervals, considered as completely open intervals, consist precisely 
of the internal points of the given set of overlapping intervals. Since 
these black intervals are countable, it is only necessary to prove the 
theorem in each of them separately, and it will follow that the theorem, 
as stated, is true. 

Let then (a, b) be any one of these black intervals and WM its middle 
point. Corresponding to each point xz of the completely open interval 
(a, 6), we define the pair of intervals J, and 7, as follows :— 


L, is the smallest interval with « as right-hand end-point containing 
the left-hand end-points of all those of the given intervals which 
contain x as internal point ; 


r, Us defined in like manner, interchanging left and right. 


Now, if x’ is a point of /,, there is one of the given intervals containing 
both z and 2’ as internal points ; therefore x is internal to 7,. 











* W. H. Young, ‘‘ Overlapping Intervals,’’ 1902 (not 1903), Proc. London Math. Soc., 
Ser. 1, Vol. xxxv, pp. 384-386. Subsequent proofs have been supplied by the author and 
others. The present proof is a fresh one. 
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Thus we may apply the Heine-Young theorem for a half-open interval 
(Cor. 1, § 3 supra) to the interval (M, 0). 

Interchanging left and right, we may apply the same theorem to the 
half-open interval (a, M), using the intervals /, instead of 7, to cover it up. 

We have therefore the whole interval (a, 6) covered up by a countably 
infinite set of the abutting intervals J, and 7, But each of these can be 
covered by two of the given intervals ; for instance, if (c, d) is an interval 
r,, there is an interval of the given set covering c and reaching so near to 
d that it overlaps with Jz, and therefore with one of the given intervals 
containing d. This therefore proves the theorem in so far as the internal 
points are concerned. 

That such a set has also the same isolated end-points, external points 
and semi-external points as the given set is easily seen. Indeed an end- 
point of a set of intervals is a point which, without being an internal 
point of the intervals, is the extremity at least on one side of an interval 
consisting entirely of such points; thus the identity of internal points 
enforces also the identity of end-points. If the end-point is an isolated 
one, it is the common extremity of two completely open intervals, one on 
each side of it, one at least of which consists entirely of internal points of 
the intervals, while the other either does the same, or contains none of 
these internal points ; a semi-external point, however, has no such interval 
on one side of the point, while on the other there is the interval required 
to define the point to be an end-point. In both these cases, therefore, the 
identity of internal points renders the defining property invariant. 

This proves the theorem. 

It should be noticed that the construction here given is such that, im 
any closed interval containing only internal points of the set there is only 
a finite number of the given rntervals. 


10. The proof of the Tile Theorem in its general form, which also in- 
volves the principle of arbitrary choice a countably infinite number of 
times, will now be given by means of the Heine-Young theorem. 


Tueorem (The Tile Theorem).—Given a set of tiles, each of which may 
be chipped as much as is convenient, whose points of attachment fill up a 
measurable set S; we can determine a fimte or countably infimte number 
of the tiles, having the following properties :— 


(i) the linear dimensions of each of the chosen tiles dp, are less 
than e; 


(ii) each point of S is covered by one or more of the chosen tiles ; 
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(iii) the point of attachment P; of the chosen tile dp, is not covered by 
any other of the chosen tiles, but only by its own tile dp, ; 


(iv) the sum of the tiles differs from the content of S by less than e' ; 


here e and e' are any assigned small positive quantities. 


By the definition of the content of a measurable set, we can find a set 
of non-overlapping intervals of content lying between S and S+d4e’, and 
having all the points of S as internal points. Since the tiles may be 
chipped, and their points of attachment are all inside these intervals, we 
may so chip them that they themselves all he inside these intervals. 
Whatever set of the tiles we then choose will certainly have content less 
than S+de’. We shall suppose all the tiles chipped so as to satisfy the 
condition (i). If we now show how to choose the tiles, so chipped, so as 
to satisfy the condition (ii), it is evident that we can further chip the tiles 
so that the sum of their overlapping parts, which contain no point of 
attachment, is less than de’; the sum of the chosen tiles will then differ 
from their content by less than $e’. If the chosen tiles then contain the 
whole set S, their content will lie between S and S+4e’; and there- 
fore their sum will differ from S by less than e’, so that the condition (iv) 
will be satisfied. : 

It remains therefore only to show how to choose the tiles so as to 
satisfy the conditions (11) and (iii). 

We may evidently suppose that the tiles are so chipped that their 
points of attachment are their middle points. Let qg, denote the right- 
hand half of d,. The poimt of attachment of such a half-tile qg, is then 
its left-hand end-point, and the half-tiles may be chipped on the right 
as much as we please, but not on the left at all. 

These half-tiles for values of x in the set S fill up a set of non- 
overlapping intervals, whose internal points are the same as those of the 
half-tiles, and whose left-hand end-points are either points of S or limit- 
ing points of S, while the right-hand end-points are certainly not points 
of S. Let these intervals be arranged in the usual way* in order 
(Aj; Boat gn Baye ae 

Let (a, 6,) be a closed interval inside (4,, B,), which, if A, is a point 
of S, is such that a, coincides with A,; for the moment we shall neglect 
this latter case, but return to it subsequently. With each point 2 of the 
closed interval (a,, 0,) we can associate a pair of intervals J, and 7r,, where 


* So that greater intervals precede smaller, and of two equal intervals that comes first 
which lies more to the left, 
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i, is the least interval with x as right-hand end-point containing all the 
points of attachment of half-tiles containing x as internal point, and r, 
is the least interval with x as left-hand end-point such that /,+-7, contains 
all those half-tiles. Then, if 2’ is a point internal to J,, there is a half- 
tile containing both 2 and 2’, so that x is internal to 7,. We may there- 
fore apply the Heine-Young theorem. 

We have thus a finite number of the intervals 7, covering every point 
of the closed interval (a,, b,). Let these be 7, 7, ..., 7%m, and the points 
PIRIIMISLON DO ey Olly; las Pgs se) den BUG eee 1 beyond: b,. 

Then, by the definition of 7,, every point internal to it may be the 
right-hand end-point of a halt-tile containing its left-hand end-point «. 

There is therefore a half-tile qg, containing P,, and 0,. If @, be the 
point of attachment of g,, Q, falls between two of the points of division, 
say P; and P;,1, or coincides with one of them, say P;41, where 7 is less 
than m. 

We then complete this half-tile by adding on a piece on the left so 
small as not to reach to P;. We can then, since P; P+; is rp, and con- 
tains @,, find a half-tile containing P; and overlapping with the first 
chosen tile, but so little as not to contain Q,. We then treat this tile 
as we did the first chosen tile, and go on a stage further. After at most 
m stages therefore we shall have obtained at most m tiles, covering over 
the closed interval (a,, 6,), and such that none of their points of attachment 
lie in the parts where they overlap. Let (ai, 01) be the interval thus 
tiled over, containing (q@,, 0,) and contained in (A,, B,). 

Bisecting the intervals (4,, aj) and (bj, B,) at a, and by respectively, 
we can in like manner cover over (dg, a@,) and (b,, by), previously chipping 
all the tiles whose points of attachment are not internal to the tiles 
already chosen so as not to contain any of the points of attachment of 
those chosen tiles. 

We thus add on to the tiles first chosen a finite number of tiles so as 
to cover the larger interval (a, b,), and still to have the required property 
that the point of attachment of any chosen tile should not be covered by 
any other of the chosen tiles. 

Thus we proceed stage by stage to cover intervals (dg, bg), (a3, b3), ..., 
each lying inside the next following, and approaching (4,, B,) as limiting 
interval. We have thus defined such a countable set of the given tiles as 
was required, covering every point of the completely open interval (4,, B,), 
and having the required property. 

Here we have assumed that A, is not a point of S. In the contrary 
case the argument still holds, the intervals (A, a), (a, a), ... disappear- 
ing altogether. We only have to remark that, in this case the chosen tile 
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containing A, must have A, for point of attachment, since there was no 
half-tile containing points internal to (4,B,) whose point of attachment 
lay outside (A,, B). We may then choose the left-hand end-point of this 
tile so as not to be internal to any of the intervals (4; B,), for A,, being a 
point of S cannot be a right-hand end-point of one of the intervals (A; Bj), 
so that there is certainly a sequence of points external to the intervals 
(A;B;), and having A, for limiting point. We may then omit from 
consideration all those of the intervals (4;, B;) which lie in this tile. 
Thus, whereas in the former case, when A, is not a point of S, we go on 
to (dg, B,), in this latter case we should go on to that (4;, B;) which 
has the lowest index 7 among those not already omitted. 

Proceeding thus in order through the intervals (4,, B;) we obtain a 
countably infinite set of the given tiles covering every point of S, and 
having the required property (111). This proves the theorem since the 
remaining conditions were already satisfied. 


11. Lebesgue* in his proof of the Heine-Borel theorem has introduced 
a very valuable principle, which is itself in embryo in Heine’s proof. 
Heine, as we have seen, replaces ali the given intervals with a as left- 
hand end-point by the smallest interval containing them, which is in his 
case at the same time the largest of these given intervals. Lebesgue re- 
places all the intervals with a as left-hand end-point in which the theorem 
is true by the smallest interval containing them. In replacing the actual 
point 6 by a hypothetical point X, Heine has passed from the considera- 
tion of a closed interval (a, b) about which we cannot yet affirm that the 
theorem is even approximately true, to a hypothetical interval (a, X), open 
on the right, which is such that in every sufficiently small interval contained 
jn it the oscillation of the function is less than 6e, that is to say a certain 
approximation to the theorem is true. Lebesgue’s device consists in 
taking a hypothetical interval (a, X), the smallest interval containing all 
the intervals with @ as left-hand end-point in which the theorem to be 
proved is itself true. That such an interval, if it does not reach to 0, 
must be open on the right is evident, since otherwise we could extend it 
on the right, by adding on one of the given intervals associated with the 
point X. It remains therefore only to show that such an interval (a, X) 
cannot be open on the right. 

This principle of Lebesgue’s enables us to prove theorems which would 
seem to le beyond the scope of the methods so far used. 





* H. Lebesgue, Legons sur l’Intégration, 1904, p. 105. 
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We shall apply this principle first to prove Young’s Second Lemma, 
which includes Young’s First Lemma as a special case. 


Youne’s Seconp Lemma.*—If with each point of a closed wmterval 
(a, 6) as left-hand end-point, we are given an interval, or several inter- 
vals, forming a finite or infinite set, we can find a finite number of the 
given intervals, nowhere overlapping, and such that the complementary 
intervals, or gaps, have lengths which are respectively less than different 
terms of any chosen monotone descending sequence. 


Let 7. denote the smallest interval with a as left-hand end-point con- 
taining all the intervals with @ as left-hand end-point in which the theorem 
is true, 7, taking the place of (a, 6) in the enunciation. There must be 
such an interval 7, because the least interval containing all the given 
intervals associated with the point @ is such an interval in which the 
theorem is true. Then, if 7 contains b as internal or end-point, the 

theorem is true in (a, 0). HH not, let, if possible, a point X, internal to 
| (a, 6), be the right-hand end-point of 7,. Then X determines at least one 
interval Dx of the given set.t If therefore the theorem is true in (a, X), 
it is true in the larger interval got by appending Dy to 7. Since 7, 
however, contains all such intervals with @ as left-hand end-point, this is 
impossible. Therefore the interval (a, X), if it exists, must be open on 
the right, that is to say, the theorem is not true in (a, X). 

But we see at once that this is impossible. For if y be a point of 
(a, X) at a distance from X less than e,, the theorem is true in (@, y). 
Therefore taking the monotone descending sequence 


Coe Ca ne, 


each of whose terms is supposed less than e,, we can find a finite number 
of intervals from the given set, non-overlapping and such that the re- 
maining parts of (a, y) are respectively less than different terms of this 
sequence. Since (y, X) is less than e,, it follows that these chosen inter- 
vals cover over the whole of (a, X) except a finite number of gaps which 
are respectively less than different terms of the monotone descending 
“ab cae Cee Cem Ces «a « 


Since this is any monotone descending sequence, this proves that we were 








* **On Derivates and their Primitive Functions,’’ 1912, Proc. London Math. Soc., Ser. 2, 
Vol. 12, pp. 210-212. 

+ If we wish to be more definite, we can take the smallest interval containing all the 
intervals Dx. We can in what follows then append, not Dx, but say, half of D*. 
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mistaken in supposing that the theorem was not true in (a, X). Thus, by 
a reductio ad absurdum it is proved that the theorem is true. 


12. As before, using the artifice of associating with each point not 
belonging to a certain closed set an interval, or set of intervals, contained 
in the corresponding black interval of the closed set, we have the usual 
generalisation of the preceding Lemma. 


Youna’s Seconp LemMa IN rvs GENERALISED Form.—If with each point 
of a closed set S as left-hand end-point, we are given an wmterval, or 
several intervals forming a finite or infinite set, we can find a finite 
number of the given intervals, nowhere overlapping, and such that, in the 
complementary intervals the points of S can be enclosed in a finite num- 
ber of extra intervals, not overlapping with one another, or with the 
chosen intervals, and whose lengths are respectively less than different 
terms of any chosen monotone descending sequence. 


18. It does not seem that this principle of Lebesgue’s will aid us in 
obtaining a proof of Lebesgue’s own Lemma, the enunciation of which is 





as follows : 

Lapesaur’s Lemma.—If with each point of a closed interval (a, b) as 
left-hand end-point we are given an interval, or several intervals, forming 
a finite or infinite set, we can find a countable set of the intervals, non- 
overlapping, and containing every point of the closed interval (a, b) as 
internal or left-hand end-point. 


Such a set of intervals is said to form a Lebesgue chain, stretching 
from a to b. 

In fact, if (a, X) 1s, as before, the smallest interval containing all the 
intervals (a, y) in which the theorem is true, it is perfectly true that if y, 
is a point of (a, X), and y, another point of (a, X), between y, and X, 
there is a Lebesgue chain stretching from a to y,, and another from @ to 
Yo, but 1t does not follow that these two chains have a common end-point, 
so that we can replace the first chain by a part of it which is also a part 
of the second chain. If we could make this assertion, we could find a 
series of chains, each contained in the next, and having X for the limit- 
ing point of their right-hand end-points, from which we could conclude 
that there was a Lebesgue chain stretching from a to X. As this asser- 
tion cannot be made, we cannot draw any such conclusion, and the 
method seems to fail. 

If, however, with Pal,* we consider only the special case of the Lemma 


* J. Pal, ‘‘ Beweis des Lebesgue-Young’schen Satzes,’’ 1912, Rend. di Pal., Vol. xxxii1, 
pp. 352, 353, 
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where there is a definite interval connected with each point, and not a 
set of intervals, we can prove the missing point, and so apply the argu- 
ment to obtain the required proof without Cantor’s numbers. | 

In fact, from the definition of a Lebesgue chain it follows that, what- 
ever property we may take as a test, there is always a nearest interval 
of such a chain to a, having the required property; it is in consequence 
of this that the intervals of the chain form a well-ordered set. For, if 
not, we could choose out an infinite succession of intervals of the chain 
having the property, each lying to the left of the preceding. These 
would accordingly determine a limiting point Y to the left of all of 
them and not to the left of a. The interval of the chain to which Y is 
an internal or left-hand end-point must therefore overlap with some of 
the intervals of the succession, contrary to the property of the chain 
that its intervals are non-overlapping, Thus the assumption cannot 
be true, which proves the statement made at the beginning of this 
paragraph. 

Now let ZL, denote the part (or whole) of the Lebesgue chain from @ 
to y, got by omitting any of its intervals to the right of that which 
contains y,;, and let LZ, denote the second chain, that from a to Ye, 
where y, lies between y, and X, as in the argument given above. Then, 
by what has just been proved, there is a nearest interval of L, to a 
which is not an interval of Lo, or else every interval of L, is an in- 
terval of Z,, in which latter case L, is a part of LD, which, as we 
have seen, will suffice for the purposes of proof. Suppose then that 
this latter is not the case, and let Y be the left-hand end-point 
of the interval of Z, nearest to a, not belonging to Ly. ‘Then all 
the intervals of L, to the left of Y are intervals of JL,, and there- 
fore are identical with the part of ZL, to the left of Y, since the 
intervals so characterised cover over every point of (a, Y), and the in- 
tervals of ZL, do not overlap. Hence Y cannot be an internal point of 
any intervals of L, to the left of Y, and must therefore be a left-hand 
end-point of an interval of LZ, not belonging to LZ, But, by the hypo- 
thesis that there is only one of the given intervals associated with the 
point Y, and this interval is an interval of L,, which is a contradiction. 
Therefore this assumption is untenable, and ZL, is a part of Lp. 

Thus in the special case when there is only one interval associated 
with each point, and not a set of intervals, it appears that the principle 
of Lebesgue will afford us a proof of the Lemma without the use of 
Cantor’s numbers. In the applications this simplified form of the 
Lemma will often suffice, in fact, it suffices to prove the theorems of 
Lebesgue on the derivates of continuous functions, owing to the’ fact 

SER. 2. vou. 14. no. 1229. K 
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that the intervals (7, +h) associated with a point x, being characterised 
by an equality of such a form as the following 


[Lfa@t+th)—f(a)|/h<e, 


include, by reason of the continuity of f(z), a largest such interval, which 
may accordingly be taken to be the unique interval associated with the 
point z. In the more general theorems in the Theory of Functions of a 
Real Variable of the type of Lebesgue’s theorems, however, we have no 
such unique interval, and we are bound to have recourse to the general 
form of Lebesgue’s Lemma, or to employ other means. 

The only proof* extant of Lebesgue’s Lemma is that sketched by him 
on p. 62 of his Lecons sur U Intégration (1902), and written out at length 
in ‘Functions of Bounded Variation,’ by W. H. Young and Grace 
Chisholm Young, Quarterly Journal of Mathematics, Vol. xuu, p. 73 
(1910). It depends on Cantor’s numbers of the second class, and involves 
for the purposes of proof those of still higher classes. 

On the other hand, Young’s Second Lemma, which has shown itself 
capable of achieving all that has been effected by Lebesgue’s Lemma, and 
has served to prove fresh results, has here been provedt without the 
introduction of Cantor’s numbers, or even of that of transfinite ordinal 
types. 








* Tn our paper ‘‘On the Existence of a Differential Coefficient ’’ (1910), Proc, London 
Math. Soc., Ser. 2, Vol. 10, pp. 332 seq., an attempt was made to show the virtual identity of 
Lebesgue’s Lemma with Young’s First Lemma, and, in point of fact, the reasoning there 
given deducing the latter from the former was correct ; the proof of the remaining half of the 
statement seems to contain a flaw, so that a rigid proof of Lebesgue’s Lemma without Cantor’s 
numbers is still a desideratum. Lebesgue’s Lemma, as stated above, though it involves the 
distinction of right and left, does not contain the idea of order, nor do transfinite numbers 
enter into its enunciation. On the other hand, we have shown that all the results which have 
been obtained by means of it including all Lebesgue’s results, can be obtained without the 
use of transfinite numbers. Indeed although the flaw in question is unfortunately repeated 
in the proof of Young’s second Lemma without transfinite numbers in the paper ‘‘ Derivates 
and their Primitive Functions ’’ (1912), Proc. London Math. Soc., Ser. 2, Vol. 12, p. 212, the 
proof given in the present paper may be substituted for it, so that the main argument of the 
paper applies equally whether the use of transfinite numbers be allowed or not. It may be 
well to point out that the original flaw, which occurs in the second paragraph of p. 333 of 
Vol. 10, is due to the fact that at each stage intervals will have in general to be omitted, as . 
being too large for the gaps in which we are operating. This requires the intervals at each 
point to have zero as the lower bound of their lengths, a condition which is not demanded in 
the enunciation on p. 332. Moreover, even if we add this demand to the enunciation the 
interval (c, c+h,), referred to on p. 333, would be certain to drop out at some stage. It is 
moreover evident that, when there is an unique interval associated with each point, the 
Lebesgue chain from a to b is unique, whereas the intervals obtained as in Young’s Lemma 
may, in general, be chosen in a variety of ways, with end-points not coinciding with those 


of the chain. This shows the impossibility of deducing Lebesgue’s Lemma from Young’s. 
Tt See preceding footnote. 
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ON THE MODIFICATION OF A TRAIN OF WAVES AS IT 
ADVANCES INTO SHALLOW WATER 


By W. Burnsipe. 


[Received June 23rd, 1914.—Read November 12th, 1914.] 


1. In his memoir ‘On the Motion of Waves in a Variable Canal of 
small Breadth and Depth” (Camb. Phil. Trans., 1888), Green shewed 
that if h is the depth of the canal, the height of a wave travelling along 
it varies as 2~* and the length as h?. Incidentally Green’s analysis shews 
that if the depth varies slowly enough, there is practically no reflection 
due to varying depth. 

If it be assumed that, as a train of waves advances from deep into 
shallow water, the depth varies so slowly that the effect of reflection at 
the bottom may be neglected, it is evident that the constancy of the time- 
period and of the rate of transmission of energy are sufficient data from 
which to determine the change in the height and the length of the waves. 
The results thus obtained are markedly different from those in the case 
of “ long ’ waves. 


2. If 6 is the amplitude (v.e., half the height from trough to crest) of 
a train of waves of length 27/m, and time-period 27/n, in water of depth 
h, the velocity function is 


Bn 


i a cosech mh cosh m (y—h) cos (ma—nt), 


where n? = gmtanh mh. (1) 


The mean rate of transmission of energy, 2.e., the mean value of 
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In the absence of reflection, the length and amplitude of the waves in 
water of depth h is given by the two equations 


G?B%p 2mh-+-sinh mh 


= constant 
8n eosh? mh , 





n’—gm tanh mh = 0, 


where 27/7 is the constant time-period. 
If ais the amplitude in deep water (h = «), and L the wave-length 
in deep water, 


ie 
nN 
22mh+sinh 2h _ 2 x 
oe p J Cosht ani ae (11) 
Now the pee aren 


is zero when 0 =0, and unity when 0=o. It has a single maximum 


ween emote Waly chim’ i 


The corresponding value of 0, to two significant figures, is 


Ocala: 
206+-sinh 20 
€ —___—__—- = 1.4. 
and then 2 cosh? 1 
When mh = 1.2, tanh mh = .88, 
Qa 
and, from (1), —— = ,83Liu. 


mM 


Hence as the wave-length diminishes with diminishing depth, the ampli- 
tude begins by diminishing, and reaches a minimum given by 


a 


/ (1.2) 


when the depth has so far diminished that the wave-length is .83L. 

After this, with diminishing depth the wave-length steadily diminishes, 
while the amplitude increases. 

The solution of the equation 


20+ sinh 20 _ L. 
 Deoshitie — 


B= = her 
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other than 0 = 0, is Ge O4) 
giving tanh 0 = .56. 


Hence, when the wave-length has diminished to .56Z, the amplitude 
has increased up to the original amplitude. At this stage, the ratio of the 
depth to the actual wave-length, viz., mh/27, is about .1, and the waves 
are still far from being “long”’ waves in the ordinary sense of the term. 

When 6 = 2a, 7.e., when the original amplitude is doubled, 0 = .125, 
and the ratio of the depth to the actual. wave-length is .02 so that the 
motion is practically one of “‘long”’ waves. Beyond this point Green’s 
formula is certainly applicable. 


3. The interest these results have depends on how far the 
assumption of no reflection is justified. To test this directly in the 
hydrodynamical problem would probably be difficult. In the somewhat 
analogous problem of the transverse vibrations of a tense cord, Lord 
Rayleigh (‘ On the Reflection of Vibrations at the Confines of Two Media 
between which the Transition is Gradual,’ Proc. London Math. Soc., 
Ser. 1, Vol. x1, pp. 51-56) has shewn there is sensibly no reflection if 
the change of density of the cord is sufficiently slow. It can hardly be 
doubted that a similar result is true in the hydrodynamical problem if 
the depth changes with sufficient slowness. 
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ON THE DIFFERENTIATION OF A SURFACE INTEGRAL AT A 
POINT OF INFINITY 


By J. G. Leatuem. 


[Received June 8th, 1914,—Read June 11th, 1914.] 


1. The present paper is a study of a particular case of differentiation 
of a surface integral taken over a curved surface. The subject of integra- 
tion is assumed to depend upon the coordinates of a particular point O in 
the surface and to have an infinity at O, and the differentiation contem- 
plated corresponds to displacement of O in the surface. The resulting 
formula is applied to some surface integrals which are important in 
potential theory. 


A Theorem on Surface and Contour Integrals. 


2. We begin by proving a lemma with regard to surface integrals 
which may perhaps be described as a theorem in calculus of variations. 

Consider a curved surface S and an area of integration upon it bounded 
by a curve 7’; it is assumed that the surface has no singular points in the 
area of integration. Let f/ be a function of position on the surface. 

Consider an infinitesimal correspondence between points on the sur- 
face, namely P’ corresponding to P. Denote PP’ by ds, and let the 
correspondence depend upon an infinitesimal parameter dA in such a way 
that for each point P the ratio ds/dA tends, for dA—>0, to a definite value, 
say ds/dA, a function of position of P. 

For a selected correspondence of this character let the range of P be 
the area enclosed by 7’, and let the corresponding range of P’ be the area 
enclosed by a curve Z” on the surface, so that 7” is the curve correspond- 
ing to T. In general the curve 7” lies near to T, and the greater part of 
the area within 7’ is also within 7”. 

Let dS be an element of area at P, and dS’ the corresponding element 
of area at P’. If fp be the value of f at P, 


fedS = fp (dS/dS8") dS", 
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T T’ 
and so | sas = | haa 


where the first integral is over the area bounded by 7’, the second is over 
the area bounded by 7”, and 


fb = (faS/d8"p 


ce 
It is clear, however, that if we express | fdS in terms of P’ instead 


of P we get the same value provided the boundary is properly chosen. 


In fact T - 
| TedS =) Feds’, 
where the notation implies that P’ ranges over the area bounded by 7; 
hence T r r 
| foas = | jwas'—| fod’, 
iE 


the second integral on the right being through the strip between 7” and 7, 
dS' being reckoned positive or negative according as it is outside or in- 
side the curve 7’. 

Thus, putting fp+(d//ds)p ds for fp, and assuming the properties of f 
to be such that the closeness of this approximation can be ensured to any 
arbitrary degree of accuracy by taking 0A sufficiently small, we have, by 
equating the two different modified expressions for the original integral, 


| (fe as) is fe Lit (Z) és} a is -{" fet +(2) 6 5} dS" 


If in this we neglect small quantities of higher order than ds, and note 
that in the strip between 7’ and 7” the element dS’ may be put equal to 
ds 6s cos (6s, v), where v is the outward normal to the contour in the tan- 
gent plane to the surface and ds is an element of are of the contour, we 
get, to an approximation which can be rendered arbitrarily close, 


\ | - fe (1- =) ae (4) 5s | ds’ =I Fros cos (6s, v) ds. 
ds/p  ) r 
Dividing by 6A and noticing that the degree of approximation is un- 


altered on the left-hand side by taking the element of area¥as dS and the 
boundary as 7’, we get 


Fe Sea) + @) } as pon na 
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as an equality which is approximate to an arbitrary degree of closeness 
depending on the value of dA. 


Proceeding to the limit for 6’ 0, and denoting Lim [| by 0, 
sa—>0 dSoxr 
we get the result 
4) df ds aE ds 
| (f0-+ aE: | dS = | Fes (Os, y) ds. (1) 


3. The theorem of the preceding article is a somewhat general relation 
between a surface integral and a line integral taken round the boundary 
edge of the surface. Its significance may be illustrated by two special 
cases. 

First, let the surface be a plane surface and let the infinitesimal 
correspondence be a translation of the whole area of integration, as if 
rigid, in its own plane. Such a correspondence is given by 6A = oz, ds 
equal and parallel to dz, and @2=0. ‘The theorem then yields the equality 


Chee aa 
\2 i \7 cos (x, v) ds, 
a familiar result. 


Second, let the surface be a curved surface on which there is a set of 
orthogonal coordinates p, g such that the element of are is given by 


ds’? = P*dp’+ Q?dq’. 
Let the correspondence consist in an increase of the p coordinate of every 


0 (PY), and the theorem 


: : 1 
point by the same amount dp. Then @ is PO a 


takes the form 


A taacye: 
| PO ei (BO wie \fP cos (p, v)ds, (2) 


another well known result. 


Differentiation of a Surface Integral. 


4. Passing now to the differentiation problem, we consider a surface 
integral taken over the portion of a curved surface S which is bounded by 
a curve 7’, and suppose the subject of integration f to be a function not 
only of the position of the point P at which the element of area dS is 
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situated but also of the position of a certain point O in the surface. 
When necessary this may be emphasised by writing the subject of in- 
tegration fop. | 
We suppose O to be in the region enclosed by T, and if the function / 
has an infinity at O the area of integration must be separated from O by 
a surrounding cavity e whose dimensions are made to tend to vanishing. 
We want to differentiate, with respect to any vanishing displacement 


T 
of O in the surface, the integral | fords, that is 


T 
Lim | for ds. 


e—>0 


€ 


Let us consider a displacement of O to a neighbouring point O’, and 
denote OO’ by on. 

Let us associate with the passage from O to O’ an infinitesimal corre- 
spondence of the kind discussed in Art. 2, which makes O’ correspond to 
O, P' to P, T’ to T, and gives a cavity e’ round O’ corresponding to e 
round O. 

The incremental ratio of the integral is 


T sh 
a | Lim | foradS — Lim | fords |, 
ON easy oie e—>0 Je 


fa he if dk 
; —s i | Lim \ for dS’ —Lim \ fords —| ford’ |, 
0A Leo Je’ e—>0 Je ik 


which, if we denote dS'’/dS by xy and bear in mind the infinitesimal 
correspondence, may be written 


1 melee Te 
On | Lim \ (forrx—Sor) as—| fords’ | 


In the former of the integrals in this expression it is to be noted that 
for 1s regarded as a function of the position of P; it has an infinity for 
PO because then P’—> O’, but it has no infinity at O’. If x is a func- 
tion free from peculiarities at O (and we shall assume it continuous at all 
points in the area bounded by 7), then the function for y has an infinity 
at O of exactly the same character as the infinity of fop at O. Thus the 


E i qh 
integrals | forxdS and | foras are subject to the same conditions as 


to convergence ; if the latter is convergent either absolutely or for some 
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particular mode of vanishing of the cavity e, the former also is convergent 


either absolutely or for the same mode of vanishing of the cavity as the, - 


case may be. 
Assuming convergence of the integral to be differentiated, we may 


accordingly close the cavity in the above formula, and we get that the 
incremental ratio equals 


7 Wk A Ma? 
* | Cee as—| Geass i (3) 
} T 


When the nature of the (P, P’) correspondence has been settled as well 

as the particular are through O upon which O’ is to le, both fo» and x 

are functions of the position of P which depend on the parameter OO’, 

e., OA. Moreover when O' coincides with O, since the correspondence 

becomes an identity, fop y has the value fop. Hence by the theorem of 
mean value, assuming it to be applicable, 


forxor—for = | Fs Fd | 


the right-hand side having the value corresponding to some point O” 
lying between O and O’. The differentiation here denoted by the symbol 
D is one in which, for a given P, the points O’ and P’ (or O” and P”) 
move simultaneously, varying as the correspondence varies quantitatively 
but not qualitatively with the variation of the parameter dA. 

Thus the first term of the incremental ratio 1s 


(gin xt ZA), 28 - 

Making now a supposition which must be regarded as provisional 
pending further study, we assume that the function, say ¢o, which con- 
stitutes the subject of integration in this formula is such () that | goas 
is convergent, and (11) that we can, by choosing 0A sufficiently small, make 


| or $0) dS less than any arbitrarily assigned small quantity, so that 
| hor as | gdodS as O">O. 


Since (y—1)/6A > @ for dA>0, (Dyx/ddr)o = 0; also xo = 1. Sub- 
stituting these in ¢o, we see that our provisional conclusion is 


ian a (for x—for) dS = | (+0), as (5) 


5A-—>0 ON 
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5. Let us now look more closely into the assumptions provisionally 
made at the conclusion of the previous article. In this connexion two 
things are of importance, namely the properties of the (P, P’) corre- 
spondence, and the nature of the function /. 

As regards the correspondence we may postulate that it shall be con- 
tinuous throughout the whole of the area enclosed by 7’, so that not only 
is the ratio of ds to 6A a continuous function, but also the direction of ds 
varies continuously. It has already been postulated that when P is at O 
ds is the same as 6A. Hence the continuity of the correspondence in- 
volves that, as P approaches O, ds tends to equality and parallelism with 
oA as toa limit. Further we assume that the correspondence is regular, 
so that the difference between ds and dA, whether in magnitude or in 
direction, tends to smallness of the order of OP as P—O. Obviously 
this might not be possible if O were a conical point or point of other 
singularity on the surface, but we have already excluded such points from 
consideration. 

As regards the nature of /, it seems desirable to restrict the manner of 
its dependence on the position of O. Denoting the coordinates of O by 
(Xo, Yo. 2) and those of P by (wz, y, z), we shall suppose that f is the pro- 
duct of two factors of which the first is a function of (7w—2), y—Yo, Z—%p); 
while the second is a function of (x, y, z). In fact 


f= IG@—X, Y—-Yor Z—%) NC, Y, 2). 


We shall further suppose that h(z, y, z) is continuous at O. 
With these postulates before us, let us consider the integral on the 
right-hand side of equation (5). The function @ has no infinity or other 


discontinuity at O, and so | fO)odS is convergent in the same manner as 
| fdS. The other part of the subject of integration involves the operator 


(D/d6éX)o, which for the sake of brevity we may denote by Yo. In the 
limit for P— O, 3o represents a rate of pure translation in the tangent 
plane at O corresponding to increase of 0A, 6d itself being zero since O’ is 
at O, as is implied by the suffix (0); let this limit operator of pure trans- 
lation be denoted by to. Since (x—2a2, y—Yp, 2—%) are unaffected by 
translation, if & be any function of (*x—2, y—Yp, 2—%)) Which is con- 
tinuous and so free from infinity at O, tok = 0; in fact the continuity 
and regularity of the correspondence make D(x—za,)/dodX, etc., small of the 
order of OP or r, so that $39k =rthk, where to is an operator which does 
not introduce any infinity at O. 

As the function g has an infinity at O it is not safe to take for granted 
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that the operation of 9 upon it necessarily obeys the same law as its 
operation upon k. Suppose g to be of the form kr“, k being as described 
above and m being positive. Then | 


Si Oe peat —pkr-*—} Sor 


ry *tlik —ukr-“tor. 


Hence in this case S39g has just the same kind of infinity at O as has g 
itself ; a sumilar argument would generally apply to infinities depending 
on negative powers of x—a,, etc. The occurrence in f of a negative 
power of the distance of P from the tangent plane at O, though not 
formally covered by the above argument, could be included by a slight 
extension, account being taken of the definite curvature of the surface 


at O. 
Now 90. f = h3S0g+ gh, 


and as we have supposed / to be continuous at O this shews that Sof has 
the same kind of infinity at O as has f. Consequently the integral 


c 


\ dodS or | ee +/0) as 


has the same convergence as | fas. 


Passing now to | or dS, we consider first the effect upon f of the 


operator (D/ddA)o. or Sov, bearing in mind that the value of /f, though 
associated for purpose of integration with dS at P,is determined by the 
positions of.O” and P”. As regards the effect of the operator on P” we 
see that for P” —> O” (which involves P — OQ) the operator tends to a limit 
operator to, which represents a rate of pure translation in the tangent 
plane to the surface at O". And since xpr—2%on, etc., are unaffected by 
translation, if k be any function of these arguments which is continuous 
and so free from infinity for P’ > O", (which involves, when the function 
is associated with dS at P, continuity for P—O), tork = 0; in fact the 
continuity and regularity of the correspondence make Sg (xpr—zon), ete., 
small of the order of O”P” or r”, z.e., of the order of 7, so that 


Son VE a rton k 


where tov is an operator which does not introduce any infinity for 
f Ege Cy! 
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The function gov has an infinity for P”— O" and this may be treated 
by precisely the same reasoning as has been applied to go, 7” taking the 
place of x in the formule, and it being borne in mind that + and 7” are of 
the same order of smallness and tend simultaneously to zero. The con- 
clusion is that Sorngor and gov have, when regarded as functions of the 
position of P” the same kind of infinity at O”, and when regarded as 
functions localised at P the same kind of infinity at O. Consequently 
Jor for when localised at P has the same kind of infinity at O as fo» 
or fo. 

The function x, being continuous, does not introduce any complication 
into dor as compared with ¢o, and so we conclude that 


| ford oF aa XT ee, Ge 


has the same convergence as | fas. This conclusion has been arrived at 


without reference to the particular values of OO” or OO’, and is not in- 
validated by any changes in these values. 

Now the assumptions with regard to ¢o- made at the end of the last 
article were important for the following reason. If at all points in the 
area of integration ¢ is a continuous function of dA it is generally possible, 
by taking dA sufficiently small, to make | ¢o-—¢o | less than an arbitrarily 


assigned small quantity x, and therefore also | | (pov — $0) dS | less than 


an arbitrarily assigned small quantity «’. If, however, after a value of 
6A has been fixed, P in the course of integration has to approach a point 
of infinity, there is a danger that the function ¢o—¢o may become so 
ereat as to invalidate an inequality of the type 


| | (bor — fo) dS | <x’. 


But the assumptions and reasoning of the present article have provided 


against this contingency, for we have shewn that if | fdS is convergent 
then both | PordS and | odS are convergent, so that necessarily 


| (¢or— $0) dS is convergent. This convergence is independent of 6A and 


cannot be modified or nullified by any arbitrary diminution of Od. 
Hence the inequality stands, and the formula (5) is justified, provided the 
transformation and the function f comply with the restrictions set out at 
the beginning of the present article. 
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6. The second term of the incremental ratio as set out in formula (8) 
is a surface integral over the strip between T and T’, which strip tends to 
vanishing as 6\—>0O. Taking the element of area as extending across 
the strip, so that it is ultimately a parallelogram having for base the 
element of are ds of T and for altitude 6s cos (6s, vy) where vy is the out- 
ward normal to 7’, we see that 


7 
| fords’ ao |. for 6s cos (ds, v) ds 


ds 
—> 6A | for Dr cos (ds, v) ds. 


Putting together the two terms of the incremental ratio, Ne by 
oA, and proceeding to the limit for 6A > 0, we get 


1 Ip fh 
| fords = \ (So fotfo%) as—| fF eos (6s, v) ds. (6) 


Now let us apply the theorem of Art. 2 to the function f in the area 
bounded externally by 7 and internally by a cavity » surrounding the 
point O. We get 


ie tS ds) f & cos (68, »)ds = |, (a 3 +6) dS, @) 


where, for the curve y, v is outward. 
Eliminating the line-integral round T from these two equations (6) 
and (7), and passing to the limit for » — 0, we find 








df ds ds 
al fdS = Lim is (3 aes | dS—Lim oa A 08 (6s, v) ds. (8) 


n—>0 n—>0 
It is to be noted that $fis a differentiation of f corresponding to a 
simultaneous transfer of O to O’ and P to P’, while a bie is a differ- 


ds dX 
entiation corresponding to transfer of P to P’ only. Hence $f— a “ 
is the differentiation which corresponds to displacement of O to O’ leaving 
P undisturbed. Call this 0f/OA. Also we note that, by the continuity of 
the transformation, ds/d\ > 1 for points on 7 as yO. So our final 


formula for the differentiation is 


Tes 
<\ fdS = Lim {f L as 8—| feos(r v) ds - (9) 


n—>0 
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This is the general result, but we must not fail to note that in passing 
from equations (6) and (7) to equation (8) it has been tacitly assumed that 


| @f+/0) dS may be replaced by Lim | (f+/0)dS. This is clearly 
Naar) mace 
legitimate without restriction upon the form of the cavity if | Fas, 


and therefore also | (Sf-+f0)dS are absolutely convergent. But if | fas 


is semi-convergent, so that it can only be rendered definite by specifying 
a particular kind of vanishing cavity e, the argument of Art. 5 implies 


that the same cavity must be associated with | @f+ 0) dS; consequently 


in this case it is necessary in formula (9) to make y the same as e. 


Illustrations in Potential Theory. 


7. A simple illustration of the use of the differentiation formula which 
has been obtained above is afforded by the potential and force integrals of 
a surface concentration of gravitating matter of surface-density ¢. We 
put f= o7", noting that c is a function of the position of P only while 
r—' is a function of the coordinates of P relative to O. The potential V 
is | ord, an absolutely convergent integral, and we differentiate for a 


displacement of O typified by dA. The result is 


NEE eo acu o ; ] 
RCE ee I 7 > ie as—| ~~ C08 (OA, v)ds r 


Denoting the force-component at O, when surrounded by the cavity , by 
F'(y), we see that our result is 


ONS Be 8 ok lal RL 
x= eae F (n) | ~ COS (3, v)ds | : (10) 


The force-integral is semi-convergent, and the difference between the 
potential gradient dV/d\ and the force-component Lim F'(y) is 


— Lim | or! cos (6A, v) ds, 


n—>0 


which is generally the same as 


—3, him | cos (0A, v) ds. 


n—>0 
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The value of this difference clearly depends upon the form of the 
vanishing cavity 7. It is zero if the cavity vanishes as a circle with O as 
centre, or aS any curve having symmetry about the line through O per- 
pendicular to dX in the tangent plane. 


8. A second illustration is afforded by the potential integral of {a 
double sheet of strength 7. The main facts as to the convergence and 
discontinuity of this integral are well known, but before proceeding to the 
differentiation formula it seems worth while to give a fresh discussion of 
these, in the hope that the method employed may be found an interesting 
alternative to the methods in use elsewhere. Be. 

The cosines of the normal on the positive side of the double sheet at a 
point P, (x, y, 2), being denoted by (/, m, n), the potential at a point O, 
not necessarily in the sheet, is 


“e ) 1 ds. 


Aaa! 6c at 
ies > atma, Tn a F 


(eiag eran iste) 
r being OP. Now (<, oy’ a 


P, is a solenoidal vector and therefore is the curl of some other vector or 
family of vectors. Such a vector is easily specified when we think of 
orad (1/7) as corresponding hydrodynamically to symmetrical flow from 
the point O. We take O as the origin of a set of spherical polar coordi- 
nates (7, 0, ¢), and we try a vector of magnitude 22 perpendicular to the 
plane of the angle 6, in the direction of ¢ increasing. The flow through 
the circle (*” = const., 6= const.) is —27 (1—cos @), and this must equal 
the line-integral of Q, that is 277 sin 0Q ; so 


1 ; ‘ 
ai considered as a vector localised at 


= i: . 


eee Al. 
i me F tan3@. (11) 


Having guessed this vector Q it is easy to verify that it really has the 
property | 
curl Q = erad (1/7). he 


We note that Q has an infinity for 0 = 7, independent of 7, as well as the 
infinity 7 = 0. 

Considering a region of the surface S bounded by a curve 7 and not 
containing any infinity of Q, assuming the existence of orthogonal curvi- 
linear coordinates p, g as in Art. 8, and indicating the components of Q 
tangential to the curve 7’ and the curves of increase of p and q by suflixes 
t, p, g respectively, we apply the second theorem of Art. 3, and so get 
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[7 Qeds = | 7 {| —Q, cos (q, vy) +Q, cos (p, v)} ds 


1 ) 
=|5 a £ (QQ) is (re POs) j dS 


as 1 or 
= ea ee (0, i Q a 
where the suffix N refers to the normal to the surface. The first integral 
of the last formula equals | x (grad 1/r)y dS, and so is the potential at O 
of the part of the double sheet bounded by J. The second has for 
subject of integration the normal component of the vector Beene 
[grad 7, Q]. 

It will be convenient to regard the boundary 7 as made up of two 
curves, an outer edge which we shall henceforth call T and an inner 
boundary e« surrounding any point at which Q has an infinity. Our 
formula now takes the form 


st: 
V= | rQ,ds—| rOds—| Lerad 7, Q]y aS, (13) 
fie € € 


1 of 
5 9 )as, 


the two line-integrations being taken in the same sense, namely that 
corresponding to increase of ¢. 

If O is not in the surface the only infinities of © occur at points 
where the negative direction of the axis of spherical polar coordinates 
chosen for the origin O cuts the surface, for at these points 0 = 7. Let 
Q be such a point, e the cavity round it, and Pa point in the region of 
integration near to @. At Pit is clear that Q is great of the order of 
1/QP, so that the surface integral converges absolutely as e—0. Also, 


_— 


from the original definition of Q, | as equals all of the symmetrical 
flux from O except that part which passes through e, and so tends to —47 
whatever be the manner of vanishing of e; consequently 


| TQ, ds > UP, | Q,ds > — ATT9, 


T, being reckoned positive when in the sense from @ to O. Thus, LC 


is not in the surface 


qs 
a LrEro+| rOas—| [grad 7, QlydS. (14) 
. 


If O is in the surface (at an ordinary point of the surface), 6 = 37, 
and Q tends to infinity of the order 1/r. The surface integral is therefore 
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absolutely convergent. The integral | Q,ds tends to equal half the total 


flux from O, that is —27, whatever the shape of e, and so 
{ TO ds > — 27 To. 


Thus V has a definite value, wherever O may be, but has a discon- 
tinuity at the surface. For, as O approaches the surface in a direction 
making an acute angle with the negative sense of the axis of spherical 
polar coordinates for O, it gets nearer to a point Q which supplies a term 
4rrgin V. When O is at Q this term disappears, being replaced by 
2779: and when O crosses the surface the term 27rT@ disappears also; 
and during these changes all the other parts of V vary continuously. 


9. Passing now to the differentiation of V, we notice that f or 
7 (lo/dx-+m0/dy+no/dz)(1/r), though not as it stands the product of two 
factors of the g and h types, is however the sum of three terms each of 
which separately is such a product. Hence the theorem of Art. 6 is 
applicable and we have, using the notation of Art. 7, 


LV ee ed —| (12 Epic <\ (2) 

ax = Lim {Fo—\ + (tama, tag, ) 008 (5A, ) ds |. (15) 
The force-integral is semi-convergent, and the potential gradient 

dV/dxX differs from the force by 


—Lim | Ss (7 £) (=) cos (SA, ») ds, 


n—>0 


which is the same as 


—7o| > (1 ) (=) cos (A, v) ds, 


or, if we put ¢ for the distance of a point P from the tangent plane at O, 
ro| ¢7—* cos (6A, v) ds. (16) 
n 


Projecting on the tangent plane at O, taking as axes the principal direc- 
tions of curvature corresponding to principal radii p, and ps, putting 
(cos 0, sin@) for the cosines of OP, (LZ, M) for the cosines of dA, and 
(i', m') for the cosines of the normal to the projection y' of y, the differ- 
ence between potential gradient and force takes the form 

iro | (cy Sp st (LU + Mm’) ds. (17) 

” Pi P2 

This is different for different vanishing forms of 7. If ’ be circular, with 
O as centre, /' = cos 0, m' = sin 0, and the line integral has zero limit. 
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THEOREMS RELATING TO FUNCTIONS DEFINED IMPLICITLY, 
WITH APPLICATIONS TO THE CALCULUS OF VARIATIONS 


By i. W. Hosson, 
[Read June 11th, 1914.—Received June 14th, 1914.] 


Ir is well known that, if F'(w,v) be a function of two real variables, 
which, together with its partial differential coefficients, is continuous in a 
neighbourhood of the point w=a, v=, and if OF/dw is not zero at 
this point, then for any sufficiently small positive number 6, another 
positive number e can be so determined, that there exists one and only 
one value of wu, such that |w—a|< 6, corresponding to each value of v 
such that |v—@8|<e, so that these corresponding values of w and v 
satisfy the equation F(u, v) = 0. Moreover this value of w is expressible 
in the form ¢(v), where ¢(v) has a continuous differential coefficient in 
the neighbourhood |v—@|<e, of 8. This theorem* was established by 
Cauchy for the case of a function that is analytic in the neighbourhood of 
the point (a, 6), and was freed from this restriction by Dini. 

The theorem has been extended to the case in which w is replaced by 
n variables u,, wg, ..., Un, and v by m variables v,, v9, ..., Um; the function 
F'(u, v) being replaced by » functions 


Lee hosed Sate tn Dye Uae, Bc gee (hose Lv outset th). 
In this case the condition 


CUP elt ys; sal) 
O(u,, Ud, e009 Un) 


+ 0, 
at the point eee ee ne Fe, aa tee Chan 
Me Pr; OD = Ba, veey Un = (3 Bae 
* For proofs of the theorem see W. H. Young’s tract ‘‘The Fundamental Theorems of 
the Differential Calculus,’’ or Osgood’s ‘‘ Lehrbuch der Funktionentheorie,’’ Vol. 1, 


pp. 47-65. 
L 2 
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corresponds to the condition 0F/du=—0, ‘for the case n= 1, m= 1. 
Two numbers 6, e can then be so determined that for each set of values 
Obaviy vo; «as URBUCL Bie 

la 93| <ole 8 (S Leen 


there exists one and only one set of values of 21, tg, ..., Un, such that 
lee — a, | <n ve 7 ene 


so that these corresponding sets of values satisfy all the equations f’, = 0. 
These values of w,, ws, ..., Un are expressible as functions of v1, Vg, -.-, Um 
which have continuous partial differential coefficients with respect to all 
the variables. This theorem was also established by Dini. 

There are two directions in which this general theorem can be ex- 
tended, and in which such extensions are requisite with a view to applica- 
tions in the Calculus of Variations, connected with proofs of the existence 
ot Weierstrassian fields of extremals. 

In the first place, it may be supposed that the functions F, involve, 
besides the two sets of variables wu, v, a set of parameters &, &, ..., &p, 
where the values of these parameters are such that the point (&, &, ..., &») 
belongs to some closed domain in the p-dimensional (€) space. It is then 
possible to shew that, subject to certain conditions, one and the same set 
of values of 6 and e will be applicable whatever the values of &, &, ..., & 
may be, so long as the corresponding point is in the given closed domain. 

Secondly, it may be supposed that the point (aj, ag, ...; dn} 4, Bay «++» Br 
is no longer fixed, but may be any point of a certain closed domain in the 
n-+m dimensional space of these variables. In this case also, it can be 
shewn that, subject to certain conditions, the numbers 0, e can be so fixed 
that the theorem remains valid for all the different positions of the points 
(a, £). 

Lastly, both these modes of extension may be combined, and a very 
general theorem, investigated in the present communication, is obtained, 
which applies to the case when the functions fF’, contain p parameters, 
and when the point (a, 8) is variable in the manner prescribed. 

Extensions of the kind indicated have been developed by Bolza,* and 
by Hadamard,t and have been applied by them in the Calculus of Varia- 
tions. 

In the present paper, these extensions have been treated in a manner 
which leads to greater generality in the results, and in some respects to 
simplification in the proofs. 








* See his Vorleswngen tiber Variationsrechnung, pp. 154-168. 
+ See his Lecons sur le Calcul des Variations, Vol. 1, pp. 497-502. 
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Properties of Sets of Points in a Manifold. 


1. Let (a, dg, ..., dn) be a point in an »-dimensional manifold, and 
let h be a fixed positive number; a point (1, x, ..., Xn) of the manifold is 
said to be in the incomplete neighbourhood (h) of (ay, dg, ...5 Gn), if 


| t1—a,|, | %3— Ag |, coe | &n— An | 


are all less than 2; and it is said to be in the complete neighbourhood (h) 
if 
|a,—a,|, |t—ag|, ..., | tn—@n | 

are all <h. The set of all points in an incomplete, or in a complete, 
neighbourhood () is said to form the incomplete or the complete, neigh- 
bourhood () of the point. Such a set may also be spoken of as forming 
an open or closed cell (2) with centre at (a, dg, ..., Mn). 

If G be a given set of points in the n-dimensional manifold, the set 
consisting of all those points each of which is in the incomplete neighbour- 
hood (h) of at least one point of G is said to form the incomplete neigh- 
bourhood (h) of the set G. 

Similarly, the set of all those points each of which is in the complete 
neighbourhood (2) of at least one point of Gis said to form the complete 
neighbourhood (h) of the set G. 

Every point of the incomplete neighbourhood (h), denoted by H, of a 
given set G, is an interior point of H. For any point P of the set H is 
in the interior of a cell, all the interior points of which belong to H; 
hence a neighbourbood (h', << h) of P can be determined so that all its 
points belong to H, and thus P is an interior point of H. 


(a) The complete neighbourhood (h), denoted by H, of a limited set G, 
is a Closed set, of the set G rs a closed set. 


For, if Q1, Qa Qs, --. be a sequence of points of H which converges to 
the limiting point Q, and if (a, af”, ane a”) be the point Qn, and 
(%1, Lo, .--, Ln) the point Q, there exists a point P, ee s Ses ger So) of G, 
such that | x!”—&"|<h for all the values 1, 2, 8,...,n of7. The set 
of points {P,,} has at least one limiting point P(&, &, ..., &:), which is 
necessarily a point of G, since Gis closed. A set mj, 7M, ..., Ms, -.. Of 
increasing integers can be so chosen that the sequence Py, Pm, ---,Pm,, ++ 


converges to P as its sole limiting point. 


Sinee oh 8 al 4h, 
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and since this holds for every value of s, we have in the limit 
ty —h < be Kieth; 


and since this holds for all the values of 7, it follows that Q (@,, 2, ..., 2n) 
is in the complete neighbourhood (h) of the point P (&, ..., &,) which 
belongs to G. It follows that the set H is closed. 

It is well known that if G,, G, be two closed sets of points which have 
no point in common, the distance of a pair of points 


(1) (1) (a, as, 


(1) (2) 
Ly HQ 4 «eey Un), 4b 


defined by > (2 — 2)? A 
s=1 


has a minimum d(> 0), for all possible pairs of points of the two sets, 
and that this minimum d is attained by at least one pair of points. The 
following theorem follows immediately :— 


(b) If Gy, Gy be two limited closed sets of points which have no point 
m common, a neighbourhood of G, can be determined which contains no 
points of Go. 


Let d be the minimum distance of pairs of points of G, and G,. The 
complete, or the incomplete, neighbourhood (h), where h <d/s/n, of Gy 
contains no points of G,; for the distance of a point of G, from any point 
of G, being > d, such a point of G, cannot be in the neighbourhood (h) of 
any point of G. 


The following theorem can be immediately deduced :— 


(c) Lf* the limited closed set G is in the interior of a set H, a neigh- 
bourhood (h) of G, complete or incomplete, can be so determined that it ts 
enterior to H. 


The points of G have a maximum distance p from the point (0, 0, ..., 0). 
Choose a number p’ > p, and let H, be the part of AH that consists of 
points at a distance not exceeding p’ from the point (0, 0, ..., 0). It is 
clear that G is interior to H,. 

Let L be the set of points on the boundary of H,; it is necessarily a 
closed set. A neighbourhood (h) of G can be determined which, whether 
complete or incomplete, contains no points of LZ. Every point of this 
neighbourhood (f) is an interior point of H,, and therefore of H. ' For let 


* This theorem and Theorem (d) have been established by Bolza in a different manner. 
Loc. cit., pp. 1455-158. 
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Q be such a point; then it is in the neighbourhood (h) of some point P 
belonging to G. If the neighbourhood (h) of P does not consist entirely 
of interior points of H,, it must contain one or more points of the 
boundary of H;, z.e., of the set Z; and this is not the case; therefore Q 
is an interior point of H,. 


(A) If f(xy, Lg, ..., Un) ts a function that is continuous in a given set 
H, and is either (1) positive, or (2) different from zero, at every point of a 
limited closed set G that consists of wnterior points of H, then a neigh- 
bourhood, either complete or incomplete, of G can be so determined that 


the function has the same property (1) or (2), in this neighbourhood as 
an G. 


Let a closed neighbourhood K of G be determined, that consists of 
interior points of H. This set A is closed. Those points of K (if any), 
for which, in case (1), f< 0, or, in case (2), f = 0, form a closed set k, 
as follows from the continuity of the function in kK. The two closed sets 
G, k have no point in common, and therefore a neighbourhood of G can 
be so determined as to contain no points of &; it can also be determined 
so as to be interior to AK, and therefore to H. In this neighbourhood the 
condition (1) or (2) is satisfied. 


(e) If f(xy, Lg, ..., Zn) ts a function that rs continuous in a given set K, 
and uf vt have the value zero at all points of a limited closed set G in- 
terior to K, a neighbourhood of G can be determined, interior to K such 
that at every point of that neighbourhood | f (x1, xo, .., tn)| as less than 
an assigned positive number e. 


Let a complete neighbourhood H of G be determined, which is interior 
to K. The points of A (if any). at which | f(a, x, ..., an) |>>e form a 
closed set ZL, which has no points in common with G. Determine a 
neighbourhood of G which contains no points of LZ and is interior to H; 
at every point of this neighbourhood the condition | f(a, x, ..., @n)|<e 
is satisfied, and it is interior to H and therefore to K. 


General Theorem relating to [Implicit Functions. 


2. Let the p variables &, &, ..., & have the systems of values corre- 
sponding to points in a p-dimensional closed domain Xp, and let the n-+-m 
variables Uy, Ug, ++) Un} Vy Vay «++, Um have the systems of values corre- 
sponding to points mm an n+m-dimensional closed domain Drm; the 
n+m+p variables having accordingly the systems of values corresponding 
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to points in an (n+-m-+p)-dimenstonal domain Dnzn+p. Let vt be further 
assumed that all the points of Dnim+yp are interior points of a domam 
Dhsm+p for which n functions 


FAUg, Uy. abn Oy Daves sin SCs cas ee ee 


are defined, and which satisfy the following conditions :— 


(1) The functions Ff, are all continuous in Dismsp and have all the 
n(nt+m+p) partial differential coefficients OF/du, 0F/dv, O0F/0€ con- 
_ tenuous in that domain. 


(2) At a fimed point (a,, dg, :+-;°Gn 3 01; Pa: .--, om) INLeriore 10 
the conditions F,=0, F,=—0, ..., f, = 0 are all satisfied, forwall 
POINTS Nespcgte sy Spleens: 


Os, yore. ie 
OU ia ee ea 


(i5 Gayisers Und (op) Daitess om Ole pte U0 Te Cle OURS Cerca een, eee 


It then follows that a neighbourhood (6) of the point (ay, dg, ...5 Gn); 
and a neighbourhood (e) of the point (By, Bg, ...5 Bm) can be so determined 
that, for each point (&,, &, ..., &) im Xp, there exists a uniquely deter- 
mined point (Uy, Ug, .--, Un) interior to the neighbourhood (6) of (ay, ag, ..+, An) 
corresponding to each point (v4, Vg, ..-, Um) tnterior to the neighbourhood 
(ce) of (1, Ba, «++; Bm), such that the equations 


(3) The Jacobian is different from zero at the point 


Ep; Ug sF. 4 Ua 3D jp Voy ste VA e Cp Gases oe) = an eee 


are all satisfied. The values of the variables wu corresponding to given 
values of the variables v depend in general on the values of &, 9, «+5 Ep 
Moreover, vf these values of wy, Ug, ..., Un be denoted by 


Uy = Pr (v1, Vg, «+09 Vin 5 &, Eo, oe) ey (7: een 


the functions >, are all continuous and have continuous partial differ- 
ential coefficients with respect to the m+p variables v, € For 6 any 
sufficiently small number can be chosen, and then e can be chosen. 


First, the theorem will be proved in the case » = 1. 

In this case we have a single function B'(w; v,, Vg, ...5 Um 3 1) Ea) «++ Ep) 
that has the value zero when u=a, v,.= /,, U1, = 8, -.2, Va = Bn, What- 
ever point (£, €, .-., €&)) may be of X,. Moreover, for the same system 
of values a, 8, ..-5 By &1, Sa) -+-> &, the Jacobian 0F'/du, is always different 
from zero, and since it is continuous in X, it is everywhere of the same 
sign; let it be assumed that it is positive. In accordance with the 
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Theorem (d@) of § 1, a neighbourhood (f) of the set of points in Di4n+p 


RON ee —— 4/410 Vak—t San iecy) Un — (ns (C1, Gamat op py Can 
be determined such that, for all points in that neighbourhood, OF /dw is 
positive. Thus for 


a—-h<u<ath, B,—-h<v,.<B+th (s =1, 2,..., m), 


(S, £9.'---, &p) in Xp, OF {eu is positive. If v,, vo, ..., Um have’ the- values 
8,, Ba, .--, Bm, since 0F/du > 0, as wu is increased from a—h to ath, F 
is increased, and therefore, since it is zero when w=—a, it is negative 
when a—h <u<a, and it is positive when ax<tu<a+h. This holds 
for every point of X,. | 

A neighbourhood of the m-+p-dimensional set of points (6,, 63, ..., Bin; 
£1, £4, ..., &) at which, for wv = a—h, F is negative, can be so determined 
that F is negative in that neighbourhood. Thus, for a properly chosen 
positive number /, (which can be taken not to exceed h), 


IM GrSIle Wee ie Soe OY ear en ania oe Ue 
for Bs—k, <u. << B.+k, (s = 1, 2, ..., m). 
Similarly, a positive number /, (not exceeding h) can be so chosen that 
at JOSu. Ue Va rites Unitt S19 Cay te 92 Gp) oe Os 
for phy a — Pkg (St, 2,10..> Mm). 
If & be the smaller of the two numbers k,, k,, we see that, for 
B.—k<u.<B.+k (s=1, 2, ..., m), 


PGi OT o,08 2.) Um |. Si, (Cay ---, &p) 18 Negative when w= a—h, and is 
positive when w=a+h; whatever point (&, &, ..., &) may be of X,. 
Since OF /Ou > 0, for all points such that 
a—h<u<ath, B,—k<v,<8,+k (s =1, 2, ..., m), 
(€,, £9) -++> &)) in Xp, we see that, for each point of X,, there is one point w, 
and only one, such that | w—a|<h, at which F' vanishes, for each set 
of values of v}, Vo, <<.) Um- 
It has now been shewn that, for / fixed and sufficiently small, there is 
one value of w, and only one, such that | w—a|<h, corresponding to 
each set of values of v1, V9, ..., Um 3 £1) 9) --+» €& that satisfy the conditions 


Ory | << he. (Sia an); 
(€1, £9) ---» &) in X,, which is such that 
EBC gTee Va men Um? £1, Commence) <= O. 
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It should be remarked that when and k have been chosen, we can then 
choose any smaller value of h, provided k& be if necessary suitably 
diminished. 

In accordance with the Theorem (c) of §1, a complete and closed 
neighbourhood (7) of Diim4, can be so determined as to be interior to 
Dieter 

The difference AF of the values of the function F' at any two points 


(cgay) Vay hes ile SraCan eee 
(utAu; v1, +A, ..., Un tAUn; &+AG, ..., SH&+tASE,), 
of the domain Diy m4», and such that 
Add Agr gieetst Adel eae Green een ae 
are all <7, is given by 


OF s=m /OF r=p (OR ; 
AL (= +p) aU (— +o.) Oe Ss (= +7.) AGE 


where all the expressions p, o;, T- denote continuous functions that con- 
verge to zero as Aw, Av,, Avg, ..., Aum, A&,, A&g, .... A€&) do so, uniformly 


in D, +m+pe 


When uy = Db (Vy, Vg, -<55 Um» Sui curee es Es); 
upAu = o(v,+Ar,, vg Arg, sey SAE ese Ges 
we have iN feces UF 


Thus, if Ag,, Ag, ..., Ag, all vanish, and Ay,;-..,A0..1, Assay eee 
also vanish, we have OF if 
Nu “mone 
NOP er 
Bu 





? 


OF 





which converges uniformly to — oe 
ou 
since o;, p converge uniformly to zero. 
Of" > oF for - 
Thus pi Ta 2 AY He 
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and in a similar manner we see that 


66 _ OF /oF 


Gem OL ou 
The theorem has now been established in the case n = 1. 
It will next be proved that, if the theorem holds for n = y—1, it also 
holds for n = »v. 


OF, Fy «is F) 


As before, if Chia) Sees = 0, 
when pn nm ILRY AE Te ote 
V1 = By, V2 = By ---, Um = Bm, 
for all points (€, &, ..., €&) of X,, there exists a positive number h, such 
that the same inequality holds, provided 
york {r= 1,2,..4,0),  fou—B lah @= 1, 2,2..)m), 


op [ee ee ee 
At a point at which the Jacobian is not zero it is impossible that all 
, OF, OF, OF, ’ 
the differential coefficients —, ,—, ..., ,— can vanish. Choosing a 
Ou,’ OU Oy 
number h’ <h, at each point of the closed domain H given by 
Une Re A ae aol Lupa 2(s = WAY, 2.3, m), 


(€,, &, ..-, &) in Xp, one at least of the above partial differential co- 
efficients is different from zero. For any point of H a complete neigh- 
bourhood of the point can be determined in the whole of which one and 
the same differential coefficient is different from zero. Such a neighbour- 
hood exists for each point of the closed set # By employing the Heine- 
Borel theorem, we see that a finite number of the cells that constitute 
these neighbourhoods ¢an be so selected that each point of # is interior to 
at least one of the cells of-this finite set. We obtain in this manner a 
division of the domain # into a finite number of parts, such that in each 
: orf, of, ON atte 
part one of the differential coefficients Tae sea, 8 different 
U, Oy Uy 

from zero in the whole of that part. Let us assume that, in one of these 
parts, OF ,/Ou, > 0, and that this part contains the points 


(a, Cg, see, Ay 5 ioe, Ba; eeey Sass ae £9; a) S) 


in its interior, provided: that (€, ..., €)) belongs to a certain closed part 
of K, which we may denote by K,. 
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We now consider 


F, (204, Ug, veey Uys V1) Va) sees Ons &, £95 wy) a) 


as a function of 2, 01, Vo, ..., Um, and of the p+yv—1 parameters 
E1, Eo) -++> Epy Un, Ug, «--, Uy Applying now the result that has been 
established for the case » = 1, we see that positive numbers h,, k,;(< h’) 
can be so determined that one and only one value of w, such that 
| w;—a,| < h, exists, corresponding to each set of values of v,, va, ..-) Um3 
Ug, Sig, ve iily OMe, }Caye eee pC et he 


lap Oe |i by Ste eee emrye ys 


and that (us, Us, ..., U3 &, & »--» &) 18 in a certain closed domain of 
v—1-+p dimensions. This value of wu is given by 


thy = Wh (Ug; Ug as VE Don aU Seca aCe 


where vy, has continuous partial differential coefficients with respect to all 
the variables contained in it. Thus 


OW eR OF, OF, ay 283 c 
Oty = Otb, Ou, (7 = 2, 3, rer v), 


ayy _ OF, POF, 
Ov; . vs] Ou, 


OW tay / Ot ; 
DE: a a Obie ee 


On substitution of this value of w, in the equations 








(si 8 1 ae th) 


i (te ene 
we obtain a set of y—1 equations which may be denoted by 
P,. (Uo, Ug, veey Uys Vy, Ug, +0, Um 5 ee ae sees £,) = 0, 


where 7 = 2,3,...,v. These hold when |v,—,| < k,, and (ug, Ug, ..., Uy 3 
£1, &, ..-» €&) is in the specified closed domain. 

Assuming the theorem to hold for » = v—1, we see that there exist 
values of Us, U3, ..., U, given by equations 


Ub — Dy (Vy, Vay stg lm 6 Cis Cos oes ep) 


and that these values are unique for every set of values of 04, U», 
E1, £o) «+> &, such that : ibs 





veey Um 5 


yea ehy —iiy (AP eis 


and such that (£), £:, ..., &) is in X}; where fk, is some fixed positive 


‘oral 
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number. The values of Ug, Ug, .--, U, are Such that | ¢.— a, | < hs, some 
fixed positive number ; this must be so small that the points (2g, Wg, ..., Uy 5 
E,, €, ..., €&) are all in the specified closed domain. This holds subject 


to the condition that 
GC (Datasets) 


Olin, iigeeek ity) 


at the points (ag, Og, +++, Ay; (oop ish. sey fen: on Eo, sey ae for oa sey Ep) 
ex: 


+ 0, 








N of, Seok ack, (— OF, oa 
ra Ou = Ouse Ol, Ou; | Ot,/ 

On substituting the values of the partial differential coefficients in the 

Jacobian, we obtain, after a slight transformation of the determinant, 


OCHS Masten sy el) OF, , 
Ole Pus, Ri) | Otay 


and thus the condition is that 


OHH ere iE) 
O (21, Ugy +++ Uy) 


PmieRDOMIGA (Oy) ours 157 1q, 2x5 m3 Cis. Cas ss -5 Gp). WHELe (£;, £9, ---; Eo) 
is in X). 

It has now been shewn that there is a unique value of w, such that 
| wj—a,|<f, for each set of values of tg, Ug ..., Uy; Upp Vay +00) Um 


Coton op) SUCK: thaG (5, tay 1.5 Uy 3 15 £a.-++> Sp) 118 1M, a certain, closad 
domain which includes a set of points for which 


+ 0, 


Ug — 9, Ug ——~" Ags: sa sy Uy = Ay, 
and that | v-—8, |< ky. 


It has also been shewn that a unique set of values of ws, us, ..., % such 
that 
ie |eip—ar| <a fig.  G== 25 8,052.5:0) 

can then be determined for each set of values of 01, Va, .--) Um3 £1) Eo) «+ +9 Epr 
such that |v;—8;|< k,, (€, &, ..., &) in Kj. We can choose any value 
of h, or of h, smaller than the value fixed, then k, or k, will in general 
have to be diminished. By altering the value of one of the numbers h,, 
hz, we may make them have equal values, say h, and for k we then take 
the smaller of the corresponding values /,, k,. It now appears that there 
exists a unique set of values of w,, Ws, ..., %,, such that 


eae ead eet — Ne 
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corresponding to each point (v1, Vg, ..., Um; 1, €g) «++ &), Such that 
| vs— Bs | — k, 


and that (£), €, ..., €&) is in Xp. 

As the whole set X, can be divided into a finite number of such sets 
as xe corresponding to each of which one of the differential coefficients 
OF, /du, is different from zero for the whole of that part, the above reason- 
ing may be applied to each such part X). 

We have in each case a pair of positive numbers h, & determined as 
above ; moreover we may take instead of # any number less than h; k 
being correspondingly diminished. If we take for 6 the smallest of the 
numbers A, it is clear that a corresponding number e may be determined 
so that 6 and e can be used instead of h, & for all the parts of X,- It has 
thus been shewn that the theorem holds in the case » = » if it is assumed 
to hold in the case » =yv—1. It has been proved to hold in the case 
n = 1, and therefore it holds for all values of 7. 

Some remarks may be made as to the latitude of choice of the two 
numbers 6, e corresponding to the given point (ay, dg, ..., An 3 1, Bay ---; Bm)- 
If 6 have a fixed value, e« may have any value between O and a certain 
maximum number. If e,have a sufficiently small fixed value, there exist 
two fixed numbers M(6é.), m(6.) such that 6 may have any value such that 


M(6.) > 6 >m (6,): 


The number M(6,) is determined by the condition that there are either 
(1) one or more points (2, wy, ...3 V1, Vg, ...) on the boundary of the cell 


defined by ip — an] < Milodou el or 15, eee 


which belong to the boundary of Di4m, or (2) that in this cell, including 
the boundary, there is more than one set of values of w,, Ug, ..., Un corre- 
sponding to a single set of values of 01, U9, ..., Um; &41) Sa) «++» €&, such 
that |v;—B8;|<e, (&, &, ...) in X,. It is clear that, if 6 << M(6,), there 
are no two points (w,, Us, ...) corresponding to one set of values of 
(Oy, Vas se, Ons Eis” €a)--+5 2 Sp), BUCH hats M6, | ee. ne 10 Ae, poet neee 
terior of the Ai i te (OL-OLS(temadin samen palin be 

The number m(d.) is determined by the aaron that one or more 
points corresponding to points (v1, Vg, ...; &1, & «+, &), such that 
[v,x—B,|<e, €in X,, lie on the boundary of the neighbourhood m(6,) of 
the point (a1, dg, ..., Gn). 

It is clear that if 6 has a suitable value corresponding to e, it is also 
suitable when e has a value e’ <e; thus 


M(6.) > M(6), and mb) <m(6). 


1914.) THrOREMS RELATING TO FUNCTIONS: DEFINED IMPLICITLY. 159 


As the number e increases, M(6.) diminishes or remains constant, and 
m(6.) increases or remains constant, until e becomes so large that 


M(6.) = m(d.), 


or until a boundary is reached. 


3. It is easy to see that the general theorem may be modified so as to 
apply to the establishment of the existence of unique values of wy, wg, ..., Un; 
which satisfy the m equations 


Piet tLi « Ug, eeeg Un 35 U1; Va, seeg Um 5 ae oh e209 cat =f (1 ca CP ey, feat 


where the functions f/f, (€,, £5, ..., &)) satisfy the conditions that they are 
continuous in and have continuous partial differential coefficients in a 
domain which contains in its interior the closed domain X,; the functions 
F, are to satisfy the same conditions of continuity and: of possession of 
continuous partial differential coefficients as before. We have, in fact, 
only to consider the n functions F’,—f, instead of Ff. Lt is then, as 
before, assumed that F,—f,=0, when wu, = a,, v; = P;, for all values 
B14 TS eR A as We Ee 

A very important case of the general theorem is that in which m = n, 
and in which F', is of the form 


Danse care Uns S15. Gas ie) Sn) — Or 


We have then an extension of the theorem of inversion. 
The case of the general theorem which arises when &, &, ..., & are 
absent is the well known theorem of Dini relating to implicit functions.* 
If we have equations of the form 


Vr = Xr (Uys Was «+09 Uns Sry Say +29 Ep) —Xr (Ay, Gay --+4 Ans Fry Ea «+0 Ev)» 
where Yr = Xr (24, Ug, +++, Un 5 &, Es, ees En), 


we see that there is for each set of values of (&, &, ..., &) in X, a single 
set of values of ety) such that | ,—a,|<.6, corresponding to each set of 
values of Y;,, such that | Y,|<e, 7.e., corresponding to each set of values 
of y,, such that y, is between the two values 


Xr (ay, Cg, +++, An 5 ae on a) er) Se é. 
In particular there exists no set of values of {w,} such that 


| Ur — Ar | << 0, 


* See Jordan’s Cours d’Analyse, Vol. 1, §$91, 92; also Osgood’s Lehrbuch der Funk- 
tionentheorie, Vol. 1, pp. 47-57. 
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except the set (a,) which is such that 


Xr (MH, Ug, eves Un 5 ay Ea; sees E>) aX F (ay, Og, «ee, Any Eis Ex, sey En); 


for all the values of 7; and this holds for each set of values of &, £, ..., & 
in the set Xp. 


The Hxistence of a Field of Extremals. 


4. This last result is of importance in relation to the theorem of the 
existence of a field of extremals, in the functional problem of the Calculus 
of Variations. 


Let us consider the case »=1; and write x for €,. A set of 
extremals for a variational problem in which there are n dependent 
variables 1, Yo, ..+» Yn) 18 given by a set of equations 


Ye Ne ili; digs senting te — ake eT 


Where 21, Ug, ..., Un are 2 parameters. 


We assume that in an interval (X,, X,) of x including tbe interval 
(a1, XY) In its interior, the condition 


O(X1 Xa» +++» Xn) 
’ ’ ’ nN 0, 
O (Ut tighten Stl) sip 


is satisfied along the are of the particular extremal for which 
0 0 0 
Uy =, Ug ley en, Ue 


joining the points for which x has the values 2, 2p. 


We see then that, corresponding to each set of values of {yr}, such 
that y, les between 


Xr (uy, Us, Re Uns z)-+e and x, (ur, Us, ae Ung x)—e, 
there exists one set and only one of the parameters {w,}, such that 
| Up—ur| < od, 
and so as to satisfy the equations 
Yr = Xp (Uy; Ug, «-:) Un, ®) 


for all values of z in the interval (z,, 2,). 


Thus the are of the extremal (u!, Us, ioe u,) joining the points corre- 
sponding to = a, and x = 2, is surrounded by a neighbourhood given 
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by the sets of values 


_— 0 0 0 — 
Yr = Xr (uy, Ue, -...U,, De (r= 1, 2, 3, ..., 0), 


such that through each point in this neighbourhood there passes one and 
only one of the extremals of the given set such that 


Wig emer 1 2,3, 5, 1) 


Moreover the values of 2, wo, ..., %, So determined as functions of 
Yis Yoo +++) Yn. , have continuous partial differential coefficients with 
respect to these variables. ‘Thus the field exists, in accordance with the 
definition of a Weierstrassian field of extremals. 


The Existence of a Quasi-Field of Extremals passing through a 
Fixed Pont. 


5. In the case in which all the extremals pass through a fixed point 
for which « = x,, the above proof of the existence of a field fails, because 


= 
O (x1 X22) eoeg Xn) 
Gi tient’) 


99 
a 


the Jacobian is zero when « = 2,. We assume that the 


Jacobian does not vanish when 7, << % < 2%. 


0 7) 0 
Tat repeat (lds Uns in oy Uns ©) Xr Wis Us. .<5 Uns ©) 
7 L—2Xy 3 


when z= 2,. It will be shewn that V, has a definite limit when wx con- 
verges to x,, for each set of values of w,, wz, ..., Un. The value of V, at a 
point (2,, wg, ..., Un, Ly) will be defined to be equal to this limit. 

When «+~7,, we have 


Neon lacey ny Le) aX bys Unsieee lens 21) 


V.= 

U— Hy 
0 0 0 0 0 0 

Xr (UT, Ua, ...) Uns L)— Xr Ur, Ua, --+, Uns Ly) 

b) 
L— Ly 

5 0 0 0 
since Mr (Uy, Un, 0+) Un, Ly) = Xr (Ui, Uy «++, Un, Ly). 


It follows that 
ry 
O 0 0 0 0 
ya aI Nee g tte ase) — a Nees nheo)> 


where a’ and x” both lie between x, and x. 
SER. 2. vou. 14. No. 1231. M 
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It is now clear that V, tends to the limit 


O O 0 0 


Or Xr (Uy, Ug, v20y Uny Noa ae Xr (21, WL, «v0, Uns ahs 


which is taken as the value of V, at (t,, dg, ...) Un, 2)- 
To shew that OV,/0x exists and is continuous at « = x,, we have 


2 


Cpe ) 
V,(2) = A Xe (lay las +245 Uns “)+4(a—2,) oe Ny A on, ee 


\2 
0 


0 0 0 O 0 On be 
eh Nr (ti; Blas 22 ils Cy) a oe) a8 Xr (tg 52 UB ergy OA aca 
where € and €' lie between 2, and z. The existence and continuity of the 
second differential coefficients is here assumed. 
We have now 


: Le (x) oh: V (24) om O° 0 
gt er amare eae 4 2 aa Xr (2245 laser ny thn 600) act oe a8 Xr (Ui ral: einen 


Thus OV,/dz, when « = 2, exists. 
When x = 2), 








CVee= Wetec 0 C20 0 
5 eee ie Xp ed tly ea peg eee ae Nr Wig gee i ee) ' 
alta 1x (U1, U Uy, 0) YX. (ut Us uw x) | 

. / Do eee ny , / eee e 
(e—2,) 1 19 “2s ’ ’ 7 ’ ’ 9 “n> j 
2 2, 
5 O O oD O curt 
= 4 eB Xr (261, Ug) «++ Un, €)—F ai Xe (thi; Use sky ace) 


2 . 


a Ay, 
O O 0 0 0 
— ao Xr (ty; tay os ay nee ae Xr (U1; Alo; aA tiny SY 


where €, €', £'", €'” are between 2, and x. This value of OV,/ox clearly 
converges, as # font to x,, to the value of 0V,/0x at x, The value of 











OV, is [ay when «= 2,; we thus have 
Ou, OUs 
Ol Veg 0x, - 
eye Ona = De OUs ay 


it being assumed that this partial differential coefficient exists and is con- 
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tinuous. Since at 7 = x, 


A AY 


O 


© ) Oh oma 0 
Ve = Ox Xr (ty, Ua, eeey Wns 21) — On Xr (ti, Ula, «205 Un, 1) 





the val f OVe OX i OV, ti t ( ) 
ue O 18 ; hence 18 CONtINUOUS Ab (2), Ug, «25 Uny X,)- 
Cll Or OUs . OUs S lo “23 9 bns 1 


The Jacobian of -V;, Ve, ...; Vi’ with respect to 1, tt, ..., Un 18 





times the Jacobian of yy, xa, .--, X» When x 2,, and is therefore 


HL — XL 
different from zero, for «= wy, (fb sae Us a ee Wes 


Wino. — 92, etnies vaconiarm Of 7,,°V5, .. Va is 
a a aN 
5 (2, Be, Bx) 
Cig Ore on = On 
Cig, Ue Ua) 


it will be shewn that this does not vanish at the points (2, w),..., U2, @). 


It has now been shewn that, subject to the assumptions made, the 
conditions of application of the theorem of §38 to the functions 
Vey V5, --., Va ore all’ satisfied. 

In order to shew that the Jacobian of Oy,/0x, Ox2/0x, ..., OxXn/Ox, with 
respect to 2, Ug, ..., WU, does not vanish when z= 2, uy = uw, (yin ee Wes 
we select a family of the extremals obtained by letting wy, ws, ..., wu, be 
functions p,(a), Me(a), ..., u,.(a) of one parameter and which has the value 


a°, when wu, =u}, Ug = uj, ..., these functions having continuous differ- 


ential coefficients. The extremals of this family are thus given by 7 equa- 
tions ate 

It is known that when the problem is a regular one, the mn functions 
OF ,/da for a = ay satisfy a system of » linear ordinary differential equa- 
tions of the second order with respect to #; the analogue of Jacobi’s 
equation in this case n= 1. It is impossible that all the » functions 


() and all the » functions (< ) should vanish at the one 





Ox Oa 
point «= 2, as follows from a known property of such a system of linear 
ordinary equations. 





Now 
0 ox 





ok 
oe 
Q 
= 
op) 
a 


*) bh , (ao), 


Sea Ny Ret IR ea ee 
mM 2 
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Since the functions « (a)) cannot be so determined that, at x = 2, all 


the functions & ae) vanish, it follows that the Jacobian 





0 
9) 


a 


when =a, and m=}, u= wu .. Thus the condition assumed 
above is actually satisfied in the case of the extremals corresponding to an 


integral f 


4 


PG 15, ar one ey ee 
wy 
when the extremals are regular. 

Now, by applying the theorem of § 3 to the functions V,, which have 
been shewn to satisfy all the conditions for the validity of the theorem, we 
see that, corresponding to each set of values of V,, Vy, ..., V,, such that 
| V~|<e, there is for each value of « such that 7, <2 <4, a set of 
values of 2, Ug, ..., Urn, and only one such set, which is such that 
peti tO. FON ee ee 

Since the functions V, are continuous, and since they all vanish for 
all values'of 2 in (a, @), when wu, = 4%,, Uy =U), .,atn — Us 8 number 
A can be so determined that | V,|<e, for all values of 2, tg, ..., Uns 
such that | v,—w? |< A, and for all values of x in the interval (x, 2). 
This follows from Theorem (e) of § 1. 


Let 6 be the smaller of the two numbers 6 and XA, and consider the 
space filled by the curves 


Y = fii (tty, Uay «+ Un, L), Yo = Jog (Urs Us, «++ Uny B), -00) Yn = fn (Uy, Uns «+2, Uny X) 


determined by the conditions | er — ee} | 20st hu? i ee ees LES Xo. 
In the interior of this space, we have at any point (y1, Ys, ..., Yn, &), the 
conditions |V; <e all fulfilled, and there is accordingly one, and only 
one, set of values of {w,', such that |2,—w°?| < 6. 

It has thus been shewn that the are of the extremal (Ww), Us, Sty es 
joining the two points for which «=a, and « = 2, can be surrounded 
by the family of extremals for which |w,—wu?| <6, in such wise that in 
the space filled by these extremals, there goes through each point (with 
the exception of the point z,) one and only one of the extremals of the 
family. The set of values of w,, wy, ..., uw, corresponding to each point 
(©, Y4)-Yo) ---5 Yn)» WHOLe: 7, <2e)< Gas isesuch that, woes eal Caen 
tions of @, Y, Ya ---» Yn that have continuous partial differential co- 
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efficients. The existence of a quasi-field (wneigentliches Feld) of extremals 
surrounding the given are of an extremal has therefore been established. 
The theorem proved may be stated as follows :— 


Let a family of curves in space of n+1 dimensions of which the co- 
ordinates are XL, Yrs Yo: -++> Yn, be denoted by 


te On ise llad oe: Uns 0), 0 Yn —— Xo (Uy Uos «2s5. Ung Bis. sds 
Yu = Xn (21, Ug, veey Un; x) ; 


the functions x1, Xx, ... satisfying the following conditions :— 


(1) The functions x, are defined in a domain Djs, of (uy, Wo, ..., 2), 
where (U1, Wo, -.., Un) ts a point of a domain D;, and x is in the interval 
CX, Xa) Of 2- 


° . , . . . ° ° j 

This domain Dy; contains in rts interior a closed domain D,+.1 con- 
sisting of a closed domain D, of (Uy, tg, ..., Un), and of the interval (a, 2) 
Die Were Ny — Ly Lo — X,. 


lan 


Be ss ey MOM aa Gel OV ee cy ene Oy; 
(2) The partial differential coefficrents A) Du? Dar? Bac OB for all 


the values of r and s, exist and are continuous in D), +1. 











(3) All the curves passes through a fixed point (a, Tee Wes) Pap the 
same for all values of Uy, Ug, -..) Une 


. O Ota Xan ++> Xe) 
(4) The Jacobian ei SRR = 0, 


0 des (5) 
ae oeg Un = U 


2 F n? 


when Uy =U, Us = U 


where (uy U3, ae w’) is a fixed point wm the interior of Dy, provided 


a<r<a. Thus the Jacobian is different from zero along a fixed arc 
except at the end for which x = x. 
~ 


EN ‘ma a 

5 (2, Oe, ,, 2) 
El UL Cyogeary SO Ore ty a 
OX OX (O46 


(5) The Jacobian = 
o (2, lb2; sreey Un) 


a= 10 


a=) 


when DE) oe) at TAY mm 


b 


2 = 2, 1.€., at the end of the arc of the fixed curve for which x = x. 


It then follows that in the space filled by those curves 
Linear Peatby 4 awl ses hUyy ee re Ly Dn S,+ 2. ogo), 
for which | up—w| <6 ro Lay Dit teanre 20)" 
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where 6 is a properly chosen positive number, through any point 
(5 Yrs Yor -++> Yn) Where 2, <2 <a, there passes one curve and only 
one of this set ; and tf ty, Uy, ..., Ur correspond to that curve, and be re- 
garded as functions of (@, Yrs Yor «++ Yn)» the functions have continuous 
differential coefficients with respect to (&, Yy, Yor +++ Yn) All the condi- 
tions are actually satisfied in the case of the extremals through P, corre- 
sponding to the integral 


3 Loi q 
| ENG) dg Yaron: Vanity ee tee ace 
vy 


for an are joining two fixed points P,, Ps, in case the are is a regular are 
of an extremal for which Jacobi's condition is satisfied. 


Correspondence between Two Spaces. 


6. If a point P be given by the values of n-++m coordinates 2, ta, ..., Uns 
V1, Vo, »++) Um, 16 is said to be a point in the (n-++m)-dimensional (w, v) 
space. If @ be the point (2, és, ..., Un) in the n-dimensional (w) space, 
and F the point (v1, vg, ..., Um) in the m-dimensional (v) space, the points 
Q, & are said to be the projections of P in the (w) and (v) spaces respec- 
tively. 

A set of points G(w, v) in the (w, v) space has for projections G(w), 
G (v), sets of points in the (w) and (v) spaces respectively. 

The projections of any point P of G (w, v) in the (w) and (v) spaces are 
points Y, A, such that @ belongs to G (wu), and FR to G (v). 

It is easily seen that, if the set G(w, v) is closed and limited, so also 
are G(w) and G(v). Moreover, if P is an interior point of G(w, v), Y and 
R are interior points of G(w) and G(v) respectively. 

It is not, in general, the case that any point Y of G(w), and any point 
R of G(v) are such that Y, R are the projections of a point P of G(w, v). 

If Gi(u, v) is a neighbourhood (hk) of G(u, v), 1ts projections G,(w), 
G),(v) are neighbourhoods (h) of G(w), G(v) respectively. 

For a point p of G,,(w, v) is in the neighbourhood (h) of some point P of 
G(w, v), of which the projections are Y, Rk. It is clear that the projections 
qg, r of p are in the neighbourhoods (h) of @ and & respectively. Also, if 
q be any point in the neighbourhood (h) of any point Q of G(w), and @ is 
the projection of P, then g is the projection of points in the neighbour- 
hood (h) of P which belong to G,(u, v). 

Consider a system of functions F'.(u,, wW, ..., Un 3 Vy, Vay -++) Um), Where 
rsa n. ‘To any point of the (v) space there corresponds a finite 
or an hee set of points (which may be a null set) of the (wz) space, de- 
fined by the relations /, = 0, F,=0, ..., Ff, =0. 
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This set may be called the image (/) of the point of the (v) space in 
the (uw) space. ‘To a given set of points in the (v) space there corresponds 
an image (/) in the (wu) space, which consists of the images of all the 
points of the given set. That part of the image which is in a given 
domain of the (2) space may be spoken of as the image (F’) in the domain 
of the (w) space. 


7. Let the variables &, &,..., & have the systems of values corre- 
sponding to points in a closed limited domain X, of the (€) space, and let 
the n-+-m variables 1, Ug, ..+5 Uns Vy Vay ++) Um have the system of values 
corresponding to points of a closed limited domain D (u, v) in the (n-+-m)- 
dimensional (u, v) space; the n+-m+p variables having accordingly the 
systems of values corresponding to points ir a limited closed domain 
Du, v, €) in the (u, v, €) space. Let tt be further assumed that D(u, v, €) 
is interior to a domain D' (u,v, €) for which n functions 


ROLL Ret nari Oar ce oO es Cis Came. <4 Cp) 


are defined, and for which the functions are continuous and such that ali 
their partial differential coefficients with respect to the n+m+p variables 
exist and are continuous. Let S(u, v) be a limited and closed set in the 
imterior of D(u, v), with reference to which the functions Ff, satisfy the 
following conditions :— 


(1) At every point of S(u, v) all the functions F,, Py, ..., Bn have the 


value zero, whatever point (&, &, ..., &) may be of X,. 


(2) The Jacobian OCH, By ++) Fa) ml YE 


OR eped) ee eer e a von 
at every point of S(w, v), and for every pont (&, ..., €&)) of Xp. 


(3) In S(u, v) no two points have the same projection in the (v) space ; 
and thus a point of S(v), the projection of S(u, v) im the (wv) space, has as 
its image (Ff), in S(u), the projection of S(u, v) in the (uw) space, only one 
pownt. 

Subject to these conditions, two positive numbers 6, e can be so deter- 
mined that any pont interior to S.(v), the neighbourhood (e) of S(v), has, 
for each set of values of (&, €, «+5 E>) in Xp, one and only one point of 
its image (f) in the (wu) space interior to Ss(u), the neighbourhood (6) 
of S(u). 


Moreover, these values of (Uy, Ua, ..., Un) are gwen by a set of equations 


Up — pr (V4, Vay vey Uns 1, £3; enone.) ey (7 ro il 2, CW) n), 
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where dr and all its partial differential coefficients with respect to the 
m+p variables are continuous im the domain which consists of 
(D5, Vo) «+5 Van) 1 ChE INLETtOY, Of ad, OU dei, bo, et ee) ae 


When S(u, v) consists of a single point, the theorem reduces to that 
established in § 2. The present theorem asserts that one pair of values 
of 6, e can be determined which apply to all the points of S(u,v). The 
number o can first be taken to have any value sufficiently small, and then 
e can be chosen. 

It will first be proved that a number # can be so determined that any 
interior point of S; (v), the neighbourhood (h) of S(v), has not more than 
one point of its image (/’) in the (uw) space in the interior of S),(w), the 
neighbourhood (h) of S (wz), for each point (€, &g, ..., €&)) of Xp. 

In the first place, , may be so fixed that, in the complete neighbour- 
hood (h,) of that set of points (w, v, €) such that (w, v) belongs to S (z, v), 
OUR SECS rela) 
LO PEER ye Teel 
Sr, (u, v) denote the complete neighbourhood (f,) of S(w, v), the Jacobian 
does not vanish in that neighbourhood, whatever value (&,, &5, ..., &)) may 
have in X,. We can also suppose Sy, (w#, v) to be interior to D(w, v). 


and (€) to Xp, the Jacobian is nowhere zero. Thus, if 


Let (by, Spa Mine) Chan satay Rolavate ee Unrate ee Ree Cas 
/ fm eae 
(4, F Aus, aio Augy oy i lis eae ee 


be two points of the domain formed by S),(w, v) and X,, for both of which 
all the functions F’, have the value zero. We have then, in accordance 
with the hypotheses made in the statement of the theorem, a system of 
equations 


ry 


eo) 


ares 


OF, 


= 
OU 


OF, 


a 
OUd 








Oe (5* ft pn] Au+( +r) Aut... +( +pm) Ain 


(7p Le eee 





provided |Aw,|, | Aw], ..., | Aw: | are all less than some fixed positive 
number 74; where pr, pra, ..-, Prn converge to zero as Aw,, Avs, ..., Atty 
do so; and uniformly for all values -of 2, tm, ..., Uns Uj Uns eee 
£1, €y, ..., & of the domain made up of Sh,(w, v) and X,. 

If none of the expressions Aw,, Aus, ..., At, are zero, we can eliminate 
them from these relations, and we thereby obtain an eliminant which 
may be written in the form 


O(F;, F,, ab 3) By) 


st Nie N Uy oe eG 
0 (0; UE ey aah 1? 29 ’ ap 
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where the expression on the right-hand side converges to zero as 
Au, Ati, ..., Av, do so; and uniformly in the domain made up of 
Sn, (U, v) and X;,. 

Since the absolute value of the Jacobian must have a minimum in the 
closed domain, that cannot be zero, it follows that the numbers Aw must 
be such that @(Auw,, Aus, ..., Ar,) exceeds in absolute value some fixed 


r=) 


positive number; and therefore ¥ (Az,)? must exceed some fixed positive 
number. oi 

In case some of the numbers Aw vanish, say Azz,+1, Artsy, ..., Avy all 
vanish, we then see that all the determinants formed by s rows of 














ane : A ¢ oe A I1s 
Oly ide OU ee aa Gey 
a OF oF 
2 sae. 2 +. 
a ¢ a eS 913 eae = as 
Os T Pa OUs Tas + Oueeae 
OF, al OF, ae OF, ak 
1 Sa n?2 bn 5 Ta Ss 
Ou, Pris Oly Pn2» ’ Otls Pass 


must vanish. It then follows easily that the same determinant vanishes 
as before, and thus that we have an equation 


ACH eRe es. Fe) 


O (ly, de aa a 


emf ei tlinerta 7 SAN lag) 


ra 


1 Mil 


from which, as before, we infer that (Au,)? must exceed some fixed 
positive number. 


Considering every possible such case, we see that, if 


s 
1 


7 


(U4, elo, ooeg Un 5 V1) Vo; a) SPAY 
Crepe Ug cho Ng 3's <5 Unt Aen) Dy itige «cc, Un) 


are any two points of S), (2, v) at both of which the equations Ff’, = 0 are 
all satisfied for the same set of values of (&, &, ..., &)) in X>», then 


r=n 


Y (Au,)? must exceed some fixed positive number, for all such pairs of 


(mil | 
points of S),,(w, v) and for all points of X,. Thus, if one point of Sh, (v) 
have two points in its image contained in S;,(w), for any set of values of 
€ in X,, the distance between the two points of the image must exceed 
some fixed number independent of the particular point of S;,(v) and of the 
particular point of X;. 

Let L,, denote the set of all those points P of S;,, (uw, v) which are such 
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that there is another point @ (also belonging to the set), so that all the 
functions /’, vanish both at P and Q, the two points having the same pro- 
jection in the (v) space, and the values of &,, &, ..., & corresponding to 
some point F of the set X,. It will be shewn that the set Zy, is closed. 
For let P,, Ps, ..., Pr, ... be a convergent sequence of such points P, 
and let Qi, Qa, --+5 Qu... be the positions of @ that corresponds to 
Py P93 + .03 Png o0.§ and let By, Ag, ty fin, sa, DE nthe 6 pOsitLon ey eee 
point A of X, that correspond to the pairs (P,, Q,), (Pa, Qa), »--> (Pas Qn), «++ » 
A sequence of increasing integers 74, 2, 23, ... can be so chosen that 
Qiur Vos Yng --» Converge to a single limiting point q; then Pr,, Pn» Png --- 
converge to the same limiting point p as do P,, Py, Ps, .... Out of the 
SEQUENCE 721, Ny, 3, ... another increasing sequence 7}, 7, 24, ... of integers 
can be so chosen that the points Ry, Rw, Ry... converge to a single 


limiting point 7. The three sequences 
Px, Puy, Py, see 5 Qt, Qnis Quss ree 5 Ly, fy, Lins, ceey 


are all convergent, their limiting points being p, g, 7 respectively. 

The continuity of the functions /, has as consequence that these 
functions vanish both at p and gq, when &, &, ..., & have the values 
represented by the point 7 of X,, and that p, g have the same projections 
in the (v) space. It is impossible that p and q should be coincident; for 
if they were so, there would exist in the arbitrarily small neighbourhood 
of the poit pairs of points of the set Z,,, such that the distance be- 
tween the projections in the (w) plane have arbitrarily small values; and 
this 1s impossible, since that distance has been shewn to be greater than 
some fixed finite number. Therefore p and q are distinct points, and 
they therefore belong to the set 4, which is consequently closed. 

The two points p, g cannot both belong to S(w, v), since that set 
contains no two points that have the same projection in the (v) space. 


Let ike be the set of those points of L,, that belong to S(u, v); then since 
ee is the set of points common to two closed sets, it is itself a closed 


set. The set of points g such that p belongs to Be can be shewn, as 
before, by considering a convergent sequence of different positions of q, to 
be a closed set MW ;-and M can have no points in common with S(w,v). <A 
complete neighbourhood (i) of S(w, v) can now be so determined that it 
contains in its interior no points of MW. Let Ly, be the set of all those 
points P of the complete neighbourhood (h,) of S(u, v) which are such 
that another point g of the same neighbourhood exists so that the fune- 
tions #’, all vanish at p and g for the same set of values of €,, &, ..., and 
so that p and g have the same projections in the (v) space. As before, 
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L,, is a closed set, and it has no points in common with S(w, v); therefore 
a neighbourhood (h) of S(u, v) can be determined which contains in its 
interior no point of L;,. This neighbourhood (h) of S(u, v) is the neigh- 
bourhood the existence of which was to be established. 

The neighbourhood S;,(v) of S(v) is such that, to any point v of it, 
there corresponds not more than one point interior to S,(w) that is in 
correspondence (/) with it for any one set of values of &, &,...,€. Here 
Sr(w), S,(v) denote the projections of S;,(w, v) in the (2 and (v) spaces 
respectively. 

In accordance with the theorem of § 2, for each fixed point of S (w, v) 
two positive numbers 6, e can be fixed, so that to each interior point of 
S.(v) the neighbourhood (e) of S(v), and for each point of X,, there corre- 
sponds one and only one interior point of S3(w), the neighbourhood (0) 
of S (2). 

Tt will now be shewn that it is possible so to fix 6 and ¢ that these 
same values are applicable to every point of S(wu, v). Consider any point 
8 of S(v). 

If e be taken < h, and sufficiently small, there will be one point, and 
only one, interior to the neighbourhood (h) of a the point of S(w) that 
corresponds to 6, corresponding to each particular point interior to the 
neighbourhood (e) of 6, for any particular point of X,. For 2 has been so 
fixed that there cannot be more than one such point, and if e be small 
enough such a point must necessarily exist. Let e, denote the upper 
limit of all possible such values of ¢; eg being in no case taken to be > h. 
Then to each point interior to the neighbourhood (ég) of @ there corre-. 
sponds, for each point of X,, one and only one point interior to the 
neighbourhood (2) of a; the value of eg depending in general on the 
particular point 6 of S(v). Consider the cells which consist of the closed 
neighbourhoods (ég) of all the points 6 of S(v). This set of cells contains 
every point of S(v) in the interior of at least one of the cells. Conse- 
quently, employing the Heine-Borel theorem, a finite number of these 
cells can be selected which contain all the points of S(v) in the interior of 
at least one of the cells of the finite set. Let these cells be the neigh- 
bourhoods (€g,), (€g,), ---» (és) of the points 6, 6. ..., 8 of S(v). The 
totality of all the points of these cells forms a closed set that contains 
S(v) in its interior. Therefore a neighbourhood (e) of S(v) ean be so 
determined as to be interior to this composite closed set. Livery point 
interior to this neighbourhood (e) of S(v) is interior to at least one of the 
neighbourhoods (€,), (€g,), -..» (é,) of the points Gj, By, ..., 8. Consider a 
point interior to (eg); to such a puint there corresponds a point in the 
neighbourhood (h) of the point a, of S(w) that corresponds to 8,. This 
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point is interior to the neighbourhood (/) of S(w); and no other point in 
that neighbourhood can correspond to the same point of the (v)-space for 
the same set of values of &,, 3, ..., &. The value of e thus found is the 
one required; for the required value of 06 we may take h. 

The values of 2, 2, ..., %» for the interior point of S),(w) that is in 
correspondence (£) with a point interior to S.(v) for a set of values 
(€,, €, ..-, &) belonging to X,, must be given by a set of equations 


Ur = du (Wy, Vas. «08s Vin 3 (Gis Ga, Sp) a =e 


where ¢, and all its partial differential coefficients are continuous in the 
interior of each of the cells that constitute the neighbourhoods 


(€g,), (€,,) sey (€g,) 


of the points §,, Bs, ..., 6 It follows that ¢, and its partial differential 
coefficients are continuous in the neighbourhood (e) of S(v). 


8. The special case of the theorem of § 7 which arises when n =, 
and the functions fF, are all of the form f,(u,, Ug, .--) Uns §1) €9s ++» Sp) —Ur 
will now be considered. 

In this case there is a single point (v, vg, ..., Un), for each point of X,, 
corresponding to each set of values of (2), to, ..., Wn): 

It has been shewn that, if the two positive numbers 0, e are properly 
chosen, corresponding to each point interior to S.(v), and for each point of 
X, there is one and only one point interior to S5(w), such that 


Teli, te, fos, Unbin C1; Cone -hce)  e e 


Let us consider those points of the complete neighbourhood S; (wu) of 
S(w), of which the corresponding points in the (v) space are not interior 
to S.(v) for some or all of the values of (¢) in X,. These points form a 
set Hs(u) which will be shewn to be a closed set. Let P,, Po,..., Pa, ... 
be a sequence of points of H(z) which converges to a limiting point P; 
this point is certainly in the complete neighbourhood Ss(w). Let 
R,, Rg, ..., Rn, ... be a set of points in X,, such that the points corre- 
sponding to. P;, Po, ..., Pn, :.. Im the (v) space, are )|, Qo... 
none of which are interior to S.(v), when the sets of values of (€) in the 
correspondence are those represented by f,, Ry, ..., 2, ... respectively. 
A sequence of increasing integers 7, 2, ... can be defined so that 
Ru, Rn, fn, ... converge to a single limiting point A in X,. Then 
Pry, Pag erg eng + CONVETLS. LOE ante G7, Gigs ss Gn ee eee 
to some point @, as is seen by considering the fact that the functions /, 
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which determine Q,,, when P,,, &,, are given, are all continuous. It is 
clear that the point Q cannot be interior to S.(v), since none of the points 
Qn» Qn» --- are so. It then follows that P belongs to the set HA; (w), 
which is therefore closed. Since As(w) has no point in common with S(w), 
the number 0’(< 0d) ean be so chosen that no points of Hs (wu) are interior 
to Sy (w), the neighbourhood (6’) of S(u). The set Hy (wu) has the property 
that a point (v) which corresponds to (w) for any value of (€) is interior 
to S.(v). 

The points corresponding to the interior points of Hy (wu) form a set 
A;(v) dependent on the point (€) of X,, such that A¢(v) is interior to S.(w). 
For a given point (€) the two sets Ag(v), Sy(w) are in (1, 1) corre- 
spondence. 

Let P be a point of Ss (wz), and @ the corresponding point of A¢(v), for 
the point (€) of X,. Two positive numbers 6”, e’ can be so determined 
that to every point in the neighbourhood (e”) of @ there corresponds a 
point in the neighbourhood (6”) of P. The number 6” can be chosen so 
small that this latter neighbourhood is interior to Sy (w), since P is an 
interior point of Ss (uw). It follows that to every point of the neighbour- 
hood (e") of @ there corresponds a point interior to Sy (wv) ; therefore Q is 
an interior point of A¢z(v). 


The following theorem* has now been established :— 


Let the p variables &, &, .... & have the systems of values corre- 
sponding to points in a closed limited domain X, of the (€) space. Let 
Uy, Uo, --., Un be a set of variables having the values corresponding 
to points in a limited closed domain D(u); the n+p variables having 
therefore the values corresponding to points in a limited closed domain 
Diu. €). 

Let tt further be assumed that D(u, €) ts interior to a domain D'(u, €) 
for which n functions 


PRUE ils ee cL Oa alan rio bt Qio hr. 2) 


are defined, and in which the functions and all their partial differential 
coefficuents with respect to the n+p variables are continuous. 
Let the variables v4, Vg, ..., Un be defined by the n equations 


ae ee eg ae f 
Uv; —— ie (te, lo, eee, Ul, ’ ae G2) oeeg gk 





* The special case of this theorem which arises when &, &, ..., &) are absent has been 
established otherwise by Bolza, and applied by him to the existence theorem of a Weier- 
strassian field, 
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and let S(u) be a closed set of points interior to Dw), for which the 
following conditions are satisfied :— 


(1) for all the points of S(u), all the functions F', become independent 
of the point (E,, &, .-., En) of Xp. Moreover the equations F, = v, define 
a (1, 1) correspondence between S(u) and the set S(v) in the (v) space. 


(2) The Jacobian a » Ey, os 


(Very Uns es 


ea) at every point of S(u), for 
every pont of X,. 


Subject to these conditions, two positive numbers 6, « can be so deter- 
mined that, to any set of values of (v) tn S.(v) there corresponds one and 
only one set of values of (wu) in Ss (u) for each point of Xp. 

These values of u are gwen by equations 


Uy — (4, Vay AO] Uns any fo, Da >) (7" a ik 2, Dom nN), 


where od, and all its partial differential coefficients with respect to 
Vy) Das vss) Ung) £1, Eg) 22-5 ' Gp ATE <CONLINMOUS 47) Lhe domain sCOnSistyio aay 
Se tand. Xn. 

Moreover, an incomplete neighbourhood (6') of S(u) can be so deter- 
mined that, for each point of X,, there ts a (1, 1) correspondence between 
Sx (wu) and wts mage in the (v) plane ; and every point of that image is an 
interior point of the image. 


The Fields of Extremals in the Neighbourhoods of Points in a Plane. 


9. The general theorem of § 8 may be applied to prove an important 
property of the extremals in a regular parametric problem of the Calculus 
of Variations. 

It will be assumed that in a domain X, of the plane of (x,, y;) the 
Weierstrassian function F,(z,, y,, cos a, sin a) = 0 for all values of a. 

The extremal that passes through a point (x, y,) and is there inclined 
at an angle a to the z-axis, has for its equations 


“w= X(S,a; %, Y); 
Teme VS US com Rael opel Fed 


where s denotes the length of the are of the extremal measured from the 
point (x, y;). The functions X, Y have continuous differential coefficients 
with respect to s, a, x, y, for all values of a, when (a, y,) 1s in a 


. : : 6 . mo) 
closed and limited domain X, interior to X,. Also a number h can be so 
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determined that the extremals are all regular in the ares given by 
|s| <h, throughout the domain X,. 
Let 


274 
2p en [{X 6, RM eat ae Z| eo Veda Cea eae Je; 


-1 Y¥(s, 43 yy YI 


Cae aa : 
X(s, a; X,; Yy)— 2 


be equations connecting the variables v,, v, with the variables s, a; the 
variables z,, y, being regarded as parameters. 

These relations can be so interpreted that, corresponding to each pair 
of values of s and a, there is a unique pair of values of v, and v,. For 
this purpose we assume that the positive or the negative value of 2, Is 
taken, according as s has a positive or a negative value. 


Since PN Omer ee eee Ye Oe ere —— "8/7, 
< O 
we have BAS Oe! Li, Yi) — ay == S 7. DME ico Te) eS 


0 
VAG IOS CREE A iereel ) pee ae Y (0's, a3 2X, Yy), 


where 0< 0<1, 0< 0’ <1; thus 


oe Sia Batak ph Seam “eae 
m= 8] i (Os, a; Pie 1) 


and the positive value of the square root is to be taken, whichever sign s 
may have. 


The value to be assigned to vg may be taken as that of the unique 

function ar aX 
Osea Os ae OS 
ot eee ee roy ds. 

In order to apply the theorem of § 8, the coordinates there denoted by 
Uy, UW, must be taken to be s, a, and €,, € must be taken to denote «,, 7. 

The domain for which X(s, a; 2, y\), Y(s, a; 2, y,) has continuous 
partial differential coefficients is given by 0<|s| <h, —B® Ma<on, 
Paul Xo. 

We take the closed set S() to be given by s = 0, —r<a<7; and 
the closed set S(v) by v1} = 0, —7T<v,< 7. The closed set S(w, v) is 
given by t= 0, —7r<a<m, v;=0, v,=a; and this is interior to 
the domain 0O<s<h, —wn<ax<wn, —D<y,< DM, —D<U< Om, 
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It is necessary to verify that the differential coefticients 


Q) 


lan) ~ 
OV, Ov; 


v, Ov, 1 OV, Og OV, OVg 
Ae eat ae Tall a nese, 
Os’ oO 


5 anc A es 
Zy’ OYy Os’ Oa’ Cx OY, 











ep) 


are all continuous functions of (s, a; 2, y,); the only difficulty in doing 
this arises in connection with s = 0. 
If we employ the expressions 


X—2X,; =— 











where, in 0’X/cs” the argument has some value between 0 and s, with a 
similar expression for Y—y,; and if we use 


OX(s)_ OX(0) , PX 
Osi. ou a ogem le ose 








where the argument in 0?X/0s? is between 0 and s, we find that 0v,/ds is 
continuous for s = O, the differential coefficient converging to the value i 
as s ~ 0, whatever values a, z,, y, may have. Also Ov,/ds will be found to 
converge to the value 


= lee. Sere Os OS es 
which has a finite and limited value in the case of regular extremals. It 
will be found that dv,/da converges to the value 1 as s ~ 0, and this is 
the value for s = 0. 

















ax 0 OY 0 

i! ea) By a) =i, ett) ay oY (0) i. 

OL, CY 02, OY 
; OV, OV, OVe Ovz 
it can easily be seen that ~—, ~—, , A— converge to zero, as s ~ 0, 
Of, OY 41 Oty an, 

and are thus continuous for s = 0. 

The Jacobian pa has the value 1, in S(w, v), and thus the eon- 


ditions for the applicability of the theorem of § 8 are all satisfied. 

There can consequently be found two fixed numbers 6, e, such that 
there exists one and only one pair of values of s, a, such that | $ | —<aoe 
—7r—d <a<_7-+0, corresponding to each set of values of v, and w,, 
such that |v,|<e, —r—e<a<7+a: or such that |v,|<e, 
—7<a<7, for each set of values of x,, y, in the domain X,. Instead 
of a value of a, such that —7r—éd <a< 7+0, we can always employ one 
such that —7r<a<7z, as the functions X, Y are periodic in a, of 
period 27. 
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Now, let Vv, =MV (wx—2,)?+(y—y,)?, 
1 
De be: aa 
tL —X1 


where that value of the inverse trigonometrical function is taken that 
satisfies the condition —7<v, <7, and the sign of v, is taken to be 
positive ; thus for each set of values of x, y, x,, y, there is a unique pair 
of values of v1, v%. It follows that for any set of values of x, y, 2, 41, 
such that (x—x,)°+(y—y,)? < e, there exists a unique pair of values of 
mand s, such that —7r<a<7, 0<s<.d. 


The following theorem has been established :— 


In the regular Weterstrassian problem for | Fe, y, x’, y')dt, two num- 


bers 0, e can be so deternuned that any pair of points in a closed domain 
of regularity whose distance from one another is less than e can be joined 
by one and only one extremal of length less than o. 


The advantage of the use of the theorem of § 8, in proving this known 
theorem is that we are not confined to the consideration of the neighbour- 
hood of a single point (x, y;), but that the theorem is established at once 
for all such points in the closed domain of regularity. 

There is no difficulty in principle in extending this theorem to the case 
in which there is a larger number of variables. 
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MATHEMATICAL RESEARCH 
(Presidential Address.) 


By A. i. H. Love. 


[Read November 12th, 1914. | 


Mr. Presipent, Lapies AND GENTLEMEN :— 


We are met together at a serious time. We are all so much 
moved by the terrible suffering and misery which the War causes, so dis- 
tressed by the woeful destruction of ancient cities and historic monuments 
by which it has been marked, so shocked by the failure of civilised opinion 
to restrain the predatory ambitions of the leaders of a nation supposed to 
be friendly, that we find it difficult to concentrate our attention on 
ordinary affairs, and may even have entertained doubts as to the appro- 
priateness of holding our Annual General Meeting. But I think that we 
may be reassured on this point. While, at the present crisis, it is the 
simple duty of every man of suitable age and sound physique to place his 
services at the disposal of the military authorities, it is equally the duty 
of other citizens to meet whatever happens with courage and calmness ; 
and the best means to this end is to maintain the normal course of civil 
life with as little disturbance as possible. For this reason scientific 
societies, as distinguished from their younger and more robust members, 
should, as far as may be, act in the same way as in time of peace. Among 
scientific societies, mathematical societies occupy a special position owing 
to the nature of the trust confided to them. Such a society is a trustee 
for a treasure which has accumulated through the ages, a treasure which 
war cannot destroy and even barbarism can but temporarily dim, a 
treasure which has been described by my predecessor in the Chair as 
“the main heritage of man, his little beacon of light amidst the solitudes 
and the darknesses of infinite space.” That heritage is mathematics. 
The process by which it has been won is research. ‘To maintain and 
improve it is the purpose for which our Society exists. 1 would therefore 
crave your indulgence while I set before you some considerations bearing 
upon various aspects of mathematical research. 
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The chief matter which I propose to discuss is a question which must 
be especially interesting to the Council of the Society. It is this: What 
is if that constitutes value or importance in mathematical research ? — ‘l'o 
put it another way: Wherein lies the difference between valuable research 
and laborious trifling ? Or, again, it may be asked: How is valuable re- 
search to be distinguished from the construction of examination questions 
or from mathematical recreations? The distinction is recognized to 
exist. It is recognized that some kinds of work are better worth doing 
than others. We are told, for example, concerning Ritz that he had a 
very true sense of the relative importance of problems. But I do not 
remember to have come across any general discussion of the question. 
It is easy, however, to note certain qualities by which valuable research 
work is characterized. 

One of these qualities is novelty. Prof. Baker, in his Address to 
Section A of the British Association at Birmingham, has emphasized 
the aspect of mathematics as a creative art. In any valuable research 
this element of creation or novelty cannot be absent. The new thing, 
or the created thing, may be a new idea, or a new method, or a new 
result, or a new proof of a known result. Mathematics is primarily an 
affair of ideas much more than of formule or caleulations or technique. 
But it seems to be necessarily true that a new idea, to gain acceptance, 
must be developed into a method and fruitful of results, so that a diffi- 
culty may arise in judging of the value of a piece of work which purports 
to contain a new idea. As examples of new ideas I would mention the 
idea of incommensurables, which is said to have arisen from a contem- 
plation. of the solution of the problem of dividing a segment in extreme 
and mean ratio; the idea of the comparison of evanescent increments, 
virtually present in Napier’s invention of logarithms, and subsequently 
developed into the Differential Calculus ; the idea of a group, first noted 
by Ruffini in connexion wlth the substitutions which leave a rational 
function unchanged, and afterwards so much developed, especially by 
Galois in algebra and Lie in geometry. These examples suggest that new 
ideas in mathematics grow from small beginnings, and that a moment 
comes when some man of genius seizes their essential import and makes 
them part of our intellectual heritage. Many examples might be given of 
valuable researches which have been regarded by their authors as intro- 
ducing or establishing new methods. It may suffice to recall the fact that 
Leibniz’ invention of the Differential Calculus was published in a short 
paper of less than seven pages as a method for finding maxima and 
minima and the tangents of curves. It is unnecessary to give instances 


of writings which contain new results or new proofs of known results, 
N 2 
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though it may be permitted to refer to a curious example of a famous 
theorem for which a new proof had to be found because the original 
proof had disappeared: I mean Paseal’s theorem of the inscribed hexa- 
gon. Paseal’s investigations, which were never completely published, 
seem to have been founded upon the neglected work of Desargues on 
perspective, but. the theorem is not contained in that work. Our proofs 
are due to much later writers, such as Brianchon, who was the first to 
develop systematically the theory of anharmonic ratio, although the 
fundamental result that such ratios are unaltered by projection was 
known to Desargues. In this fragment of history we have the emer- 
gence of a new mathematical idea—anharmonic ratio, the development 
of a new geometrical method founded on this idea, a new and striking 
result, a new and elegant proof. It seems that the progress of mathe- 
matics needs many kinds of work. A worker who introduces a new 
idea may be compared with the exploring prospector who discovers that 
there is gold in a country; one who invents a new method, with the 
mechanician who devises the processes and perfects the tools by which 
the gold can be extracted; one who obtain new results, with the miner 
who extracts the gold; one who obtains new proofs of known results, 
with the metallurgist who refines the gold and uses it for making 
beautiful objects. Few of us can hope to play the part of the prospector 
or the mechanician, but their efforts would be fruitless without the work 
of the miner and the metallurgist. 

After this all-important character of novelty, or artistic creation, we 
may note other qualities which valuable research must possess. One of 
these, which is not very easy to define, | propose to call “‘ relevancy.” A 
piece of work, to be valuable, must be a branch of the tree of knowledge ; 
it must stand in a proper relation to the state of mathematical knowledge 
existing at the time when it is produced. If it is isolated or has no such 
relation, it 1s irrelevant. A proposition may be new and true and difficult 
to prove and yet it may be irrelevant. Let me give an example. Prof. 
Hobson, in his little book on the Squaring of the Circle, has given us a 
series of most interesting surveys of the state of knowledge in regard to 
this problem existing at various periods. Anyone who should now spend 
time on developing new series for calculating approximate values for 7z, 
after the fashion of Gregory’s series for the inverse tangent, or Newton’s 
series for the inverse sine, would be doing work that might have been 
valuable in the seventeenth century but would be irrelevant now. This 
example is rather extreme, but the quality of relevancy or irrelevancy 
attaches in greater or less degree to all original work in mathematics. 

Another quality which characterizes valuable original research may be 
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named “definiteness.” <A piece of research work should aim at giving a 
definite answer to a definite question. For example, the most famous 
work of Galois aimed at answering the question : What algebraic equations 
can be solved by means of radicals ? We observe in regard to this ques- 
tion that when asked it was supremely relevant. In the first half of the 
sixteenth century more than one Italian mathematician, Cardan being the 
best remembered, had found how to reduce the solution of the cubie equa- 
tion to that of a quadratic equation, and Ferrari had found how to reduce 
the solution of a biquadratie equation to that of a cubic equation. At a 
later time, in the early part of the eighteenth century, Euler had.found a 
different way of reducing the problem of solving the biquadratic equation 
to that of solving a cubic equation, and had entertaimed the idea that a 
similar reduction must be possible for an equation of any degree to one of 
the next lower degree. The development of this idea had been undertaken 
by Lagrange, with the result that the suggested process had been found to 
fail definitely for the quintic ;, and Abel had finally proved that the general 
quintie cannot be solved by means of radicals. The precision which had 
been given to the question by the work of Abel would-have been unattain- 
able in the time of Cardan, and thus Galois was able to propose a perfectly 
definite question. He also found a perfectly definite answer. In regard 
to this quality of definiteness it is of interest to bear in mind the influence 
that has been exerted upon the progress of mathematics by problems. We 
shall find that many valuable researches have arisen in the effort to obtain 
the solution of some definite problem. As an example, I would cite the 
Problem of Three Bodies, especially as illustrating the way in which a 
problem becomes transformed. In its first form it is the theory of the 
motion of the moon around the earth, as disturbed by the attraction of the 
sun, a problem which can be solved, with sufficient approximation for 
practical purposes, by various methods. In the more general form, in 
which it is the problem of 7 bodies, it includes the problem of planetary 
theory, also solvable for practical purposes by various methods of successive 
approximation. But the theoretical interest of the mathematical problem 
remains undiminished after the practically useful approximations are com- 
pleted; and it has given rise to numerous interesting questions in regard 
to the general differential equations of analytical dynamics and the theory 
of differential equations. We know that it has now been proved that the 
equations of the problem do not admit any other integral of the same 
type as the known integrals, which express the constaney of the energy, 
the linear momentum, and the moment of momentum; but the question 
of completing the integration remains unsolved. This question has per- 
haps not yet been asked in the definite form that it must receive before 
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any advance can be made. It is sometimes true that a question properly 
asked is half answered. 

We have noted three qualities as characteristic of valuable research in 
mathematics : novelty, relevancy, definiteness. I would add to this cata- 
logue a fourth: generality. The best work is never parochial, it is never 
restricted to a narrow outlook. The quality of generality may seem to be 
opposed to the quality of definiteness, but generality must not be con- 
fused with vagueness. As an example of a piece of work which shows 
conspicuously the mark of generality, [ would cite Gauss’ famous memoir 
on the hypergeometric series. At the time when this was published it 
could be said of it that it included the theory of almost all the functions 
which up to that time had been investigated by analysts. But there is 
nothing indefinite or vague about Gauss’ work. As another example of 
generality, | would cite the shifting of the theory of elliptic functions 
from the relatively narrow basis of the Jacobian theory, with its modulus, 
its three related functions, and its appalling array of quasi-trigonometrical 
relations, to the comparatively simple but much more comprehensive 
foundation afforded by the theory of the doubly periodic functions. ‘These 
examples lead us to think that generality is the mark of good theories, 
while definiteness attaches rather to problems, but it must not be for- 
eotten that theories have their roots in problems and bear their fruits in 
the solution of problems. Is there then such a thine as _ excessive 
generality ? A story is told concerning a certain variety of roses which 
were in great demand among the makers of bouquets, not only on account 
of their beauty, but especially because the stalks were very long and stiff. 
The growers took steps to increase the length of the stalk, and were very 
successful, producing blooms with stalks as much as seven feet long. 
But unfortunately as the stalk lengthened the bloom dwindled, indeed 
most of the very long stalks bore no flowers at all. It may be treading 
on dangerous ground to suggest that there is such a thing as excessive 
generality, though even so convinced an analyst as Picard is not without 
misgivings on the subject. Yet it can sometimes be wished that writers 
who develop general theories at great length would pause to enquire how 
far they are available for the solution of special problems. Let me give 
an example. ‘The theory of ordinary linear differential equations is very 
highly developed, but applications to particular equations are beset by a 
difficulty which the theory leaves untouched. I do not undervalue the 
interest or importance of the existing theory; everyone who has studied 
it must have been impressed by it. To proceed to the difficulty, let us 
suppose, for example, that we have before us a linear differential equation 
of the second order with rational algebraic coefticients and known singular 
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points. We can form, and solve, the indicial equations relating to the 
finite singularities, and obtain sequence equations to determine the co- 
efficients of the series which represent regular integrals in the correspond- 
ing neighbourhoods; but we cannot usually write down the coefficient of 
the n-th term of one of our series, unless it should happen that the 
sequence equation is a linear difference equation of the first order, or one 
of the second order of the type that can be solved by means of relations 
between hypergeometric series. When the sequence equation has not one 
of these characters, if it is an equation of the second order, an equation of 
three terms, we may obtain a practically sufficient solution by the use of 
continued fractions, as Laplace did in the theory of the tides; but if it is 
of an order higher than the second, say an equation of four terms, even 
this road is blocked. Now it seems to me that much, if not all, of the 
theory of linear differential equations is developed on the understanding 
that the coefficients of the series which represent the integrals in the 
neighbourhoods of the singularities have been effectively obtained, 
whereas it is only the sequence equations that are really obtained. 
This is not the occasion to do more than indicate the existence of this 
cap in the theory, but the example suggests that the value of a piece 
of research work is increased if the quality of definiteness is combined 
with the quality of generality, just as the quality of relevancy should 
be coordinated with that of novelty. 

Let us turn for a few moments from this general discussion of the 
qualities of valuable research in mathematics to consider the distinctive 
features of research in mathematical physics, including, of course, such 
subjects as mechanics and hydrodynamics, as well as such subjects as 
electricity and thermodynamics. It would be taking too narrow a view 
to contend that mathematical physics and pure mathematics are identical, 
although there is a constant tendency for mathematical physics to be 
absorbed in pure mathematics. Thus Mr. Bertrand Russell claims dy- 
namics as a branch of pure mathematics, and the German Encyclopedia 
of mathematics classifies the theory of potential under differential equa- 
tions. On the other hand, it is known that geometry had originally an 
empirical foundation, and it may be suspected that the same is true 
even of arithmetic. We can trace the passage of geometry from the 
experimental to the abstract stage; the beginnings of arithmetic are 
hidden in the times before the dawn of history. We might then enter 
a counterclaim to the effect that ail mathematics is mathematical physics. 
But it is well understood that this view also would be too narrow. Mathe- 
matics is not concerned with the process of passing from empirical data 
to an abstract theory. This is the primary concern of mathematical 
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physics. Mathematics is not much occupied with the numerical tabula- 
tion of the results that can be obtained, not at all with the comparison of 
such tabulated results with the results of experimental measurements ; 
but a piece of valuable research work in mathematical physics may be 
composed largely of such matter. Mathematics is not so much occupied 
with apparently isolated special problems as mathematical -physics 
necessarily is. I say ‘‘apparently”’ isolated, because in valuable re- 
search work, however isolated a problem may appear, its solution is 
desired for the sake of the light which it is expected to throw upon 
some question of greater generality. In the attempt to solve such pro- 
blems there arises in mathematical physics a kind of research work 
which would be trivial in pure mathematics—the kind of work in which 
we take some piece of pure mathematical theory and use it to obtain the 
solutions of the special physical problems which it is competent to solve. 
This kind of work has been humorously described in the phrase ‘‘ Given 
the solution it is required to find the problem.” Kirchhoff’s solutions of 
problems in discontinuous fluid motion ilustrate the process perfectly. 
Such work can be of great value, as indeed Kirchhoff’s was, when it really 
helps us to understand some natural phenomena; it is ridiculous to do it 
for its own sake. I would say then that, in addition to the qualities of 
novelty, relevancy, definiteness, and generality, there is necessary to 
valuable research work in mathematical physics another quality which 
may be described as ‘‘ realism ”’ or adherence to fact. There is work to 
be done in showing how new observations fall under existing theories, 
how existing theories must be modified in order that new observations 
may fall under them, how previously existing, or newly proposed, theories 
may be tested by deducing analytically the results that follow from them, 
and comparing these results with laboratory experiments or general ex- 
perience. Facts make their appearance at the beginning and also at the 
end. Hven the argument by which a question is solved may have a 
physical interpretation, as happens, for example, when the notion of an 
“image” is introduced; and this is the ideal of mathematical physics— 
to conduct the analysis in such terms and by such processes that the 
argument may be couched in physical language with the minimum use of 
uninterpreted auxiliary quantities or relations devoid of physical sig- 
nificance. Often it happens, however, that a new result, obtained at first 
by a more abstract method, is afterwards proved by methods approaching 
more closely to this ideal. For example, Poisson solved the problem of 
induction, for a conducting sphere under the influence of a point charge, 
by means of harmonic analysis, years before electric images were 
thought of. 
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The quality of realism may attach to valuable research work in 
mathematical physics in very various degrees. A theory, or the solution 
of a problem, may conduce directly to the increase of material well-being, 
as Maxwell’s theory of electrodynamics contained the germ of wireless 
telegraphy, or it may satisfy intellectual curiosity, as Darwin's theory 
of tidal friction throws light upon the past history of the earth and moon. 
There is a certain mental satisfaction in knowing that ‘‘ Sodium is in the 
sun,” although sodium in the earth can alone be used in chemical industries. 
The thirst for knowledge is not confined to the immediately practical. 
Such matters as the origin and past history of the solar system are 
legitimate objects of curiosity even if an advance of knowledge concerning 
them is not likely to lead to improvements in the art of navigation. An 
investigation may be of value even though it may have but a remote 
bearing upon the rational scheme under which a wide range of facts are, 
as Prof. Pearson would say, “resumed.” Reference has already been 
made to the Problem of Three Bodies. Apart from approximate solu- 
tions, such as constitute the lunar theory, its bearing upon theoretical 
astronomy may be conceded to be remote. In regard to this problem we 
may observe that one of the numerous cosmogonies, which have been put 
forward without proof, makes a great point of the capture theory of 
comets. The sun by itself cannot capture a comet. Can the solar 
system capture a comet? Could even a simpler system, consisting of 
a central sun attended by a single planet, do it? The answer to this 
question would be found in a particular solution of the Problem of Three 
Bodies. 

A rather difficult question sometimes arises as to the validity of 
approximations made by workers in mathematical physics. For example, 
the whole theory of elasticity is founded upon the assumption that 
quantities of an order higher than the first in the components of strain 
may be disregarded. ‘The effect of such assumptions underlying a theory 
is to make the general equations by which the theory is expressed more 
tractable. Even when the approximation, which is involved in such a 
reduction of the general equations as is here referred to, has been made, the 
solution of the equations appropriate to some special problem may be 
impossible of attainment with existing analytical resources. This 
happens, for example, in the problem of calculating the distribution 
of stress in a masonry dam. In such cases it is necessary to simplify 
the problem by disregarding circumstances which may be assumed to 
be of little consequence. Jor instance, in the problem of the dam, the 
material is regarded as homogeneous, and the system is replaced by : 
two-dimensional one, while for the actual boundary there is substituted 
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a more regular geometrical shape. Even when a problem has been 
simplified to the utmost, in such ways as this, it may remain defiant ; 
and it may be necessary to have recourse to some numerical method 
of approximate solution. Much of the work of the mathematical 
physicist may take the form of devising, and applying, suitable methods 
of approximation. A trained physical instinct is the only sure guide 
to the selection of the circumstances to be disregarded. One of the most 
remarkable examples of the success of approximate methods specially 
devised with a view to a particular class of questions is to be found in 
Vresnel’s theory of diffraction. Fresnel did not know the differential 
equations which govern the propagation of ight in vacuo ; his geometrical 
notions of the process of wave-transmission took their place. He did not 
know, ner do we as precisely as we could wish, how the presence of matter 
in its course would affect the passage of a wave; but he made an 
assumption which has been found by experience to be approximately true, 
the assumption that the light that comes to an aperture in obstructing 
matter is alone concerned in the construction of the effects observable 
beyond the aperture. He could not even sum exactly the series 
constructed by the aid of this assumption, but he divined the principle 
by which the important terms can be distinguished from the comparatively 
unimportant residuum. Similar problems arise in the theory of sound. 
Here the analytical conditions are more precisely known, while the 
physical interest is much smaller. Yet the problems remain, for the 
most part, unsolved. Lord Rayleigh remarks: “Although the general 
character of the phenomena is well understood, and therefore no very 
startling discoveries are to be expected, the exact theoretical solution of 
a few of the simpler problems, which the subject presents, would be 
interesting.” The only exact theoretical solution we have is that, 
first obtained by Sommerfeld, for the diffraction of plane waves at a 
straight edge. There seems to have been a certain element of good 
fortune in the discovery of this solution, as efforts to extend the method 
to other problems have so far proved fruitless. The theory of diffraction 
is not the only department in which the exact theoretical solution of a few 
simple problems would be welcome, even though the general character of 
the phenomena is well understood ; and we may note here that it may not 
be necessary to aim at any startling discoveries in physics in order to do 
valuable research work in mathematical physics. 

An examination of the solitary known theoretically exact solution of 
the problem of diffraction prompts the remark that a mathematical 
physicist cannot know too much mathematics. And this remark brings 
me to the equipment of an investigator. Some essential elements of this 
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equipment seem to be skill, knowledge, curiosity. In order to produce 
valuable research work, either in pure mathematics or in mathematical 
physics, the worker must be an accomplished mathematician. It is not 
enough to have native ability. It is necessary to be ready with the 
various artifices by which mathematica! work is effected. More than this, 
it is necessary to have wide and deep knowledge of the mathematics that 
has been invented, even of the most recent work that has not yet found a 
place in the current textbooks. It has been said that the first essential for 
research is knowledge, especially a minute knowledge of the work that has 
been done in the subject proposed for investigation. Evidently the first 
thing to be done by anyone who would advance knowledge is to determine 
the position of the front. But it is equally necessary not to be oppressed 
by the vastness or the intricacy of that which is known if progress is 
to be made into the unknown. The effort to obtain knowledge must 
not be overwhelming; the worker must retain his freshness. He 
must still be able to ask himself questions, and to wish to know 
the answers. The attitude of a mind which is always seeking to 
know the answers to questions which are relevant, definite, and general, 
is what I mean by ‘curiosity’? as an element .in the equipment of 
an investigator. It cannot be acquired, though it may be encouraged. 
Skill can be acquired by developing native ability through constant 
practice, but the native ability must be forthcoming. Knowledge is 
constantly beine increased. Fortunately the means for acquiring it are 
also constantly being improved. ‘Text-books and treatises include always 
later additions to knowledge. Encyclopedias, such as the Hncyclopddie 
der Mathematischen Wissenschaften, enable the would-be investigator to 
eet rapidly to the place where, at the time when one of its articles was 
written, new work in the subject could be attempted. Indexes, such as the 
Jahrbuch iiber die Lortschritte der Mathematik, the Revue Semestrielle, 
or the International Catalogue of Scientific Literature, put it in his 
power to ascertain what new work has been done since the date of the 
Iincyclopedia article. Reprinted collections of the writings of great in- 
vestigators enable him to become acquainted with the best of the older 
work at first hand; and all the indexes and encyclopedias that have ever 
been compiled cannot take the place of the great original memoirs. They 
are the corner-stones of the edifice. 

And here | would plead for more attention to the history of mathe- 
matics. Towards elucidating this history Great Britain has not done very 
much ; the study of it receives here but little encouragement. Yet it 
seems to me to be extremely desirable, if not actually indispensable, for 
entering into the heritage that has been bequeathed to us, and for seeking 
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to enhance its value. It may be hoped that the celebration this year of 
the tercentenary of Napier’s invention of logarithms, and the series of 
excellent monographs on the work of the ancient Greek mathematicians, 
which we owe to Sir Thomas Heath, may induce us, as a nation, to take 
more interest in the history of our science. 

Finally, to revert to the aspect of mathematics as a creative art, I 
would urge that an essential element in the equipment of an investigator 
is a literary education, or, if you prefer it, a training in the means of 
expression. It is necessary to be articulate, but more than this is 
desirable. It is desirable to be mathematically articulate, to be able to 
express mathematical ideas in such a way that they can be comprehended 
easily by those who have the requisite training. Some great work is 
marred by obscurity. This charge has been brought against even so great 
an originator as Abel. Others, such as Laplace, are models of lucidity. 
There is such a thing as style in mathematics, and it is worth cultivating. 
The mathematician is an artist ; and every artist, we have been told by 
Mr. Bernard Shaw, must grow his own style out of himself. But there 
are points of style to which it is desirable to attend, such as clearness, 
arrangement, rigour, avoidance of haste, conciseness, notation. It is 
desirable to say exactly what one means, neither less nor more. It is 
desirable to introduce new ideas, or new relations, one at a time, so that 
each one seems to arise naturally just at the place where it makes its 
appearance in a piece of written work. No trouble is too great to secure 
rigour, if if can be secured. We have all heard how Newton kept back 
the publication of the work, which was ultimately embodied in the 
Principia, until he had obtained a conclusive proof that spheres attract 
as if their masses were condensed at their centres. If absolute rigour has 
occasionally to be sacrificed, it should be made pertectly clear at what 
points it is absent. A memoir should not bear marks of hurry; the 
argument should be developed in a straightforward fashion from the pre- 
misses to the conclusion. On the other hand, it should not waste time, 
as, for instance, by undue restriction of conditions in the main argument, 
with the object of excluding exceptional cases, or by overloading the main 
argument with details; it should always be possible to distinguish the 
wood from the trees. ‘he choice of notation is not to be despised ; it 
may make all the difference to the ease with which a piece of work can be 
assimilated, or a new idea applied to new questions. [It may be necessary 
to rewrite a memoir more than once or twice if these advantages are to be 
secured. It is worth while. 
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Ove Lees DISTRIBUTION OR THE SET OF POINTS (4,0) 
By R. H. Fowuer. 
[Received and Read June 11th, 1914.] 


1. In a paper on “‘ Some Problems of Diophantine Approximation ”’, 
recently published,* Messrs. G. H. Hardy and J. EK. Littlewood have 
investigated in detail the distribution of the set of points (A,,0) [(A,0) de- 
notes the fractional part of \,,0] in the particular case in which 


aU. 


where @ is an integer creater than 1, and 7 takes the values 1,2,...,> 0. 
The authors point out that this is equivalent to studying the distribution 
of the digits in the expression of 6 as a decimal in the scale of a, and it 
is this view of the problem which is the more interesting in this particular 
case, and on which they concentrate their attention. In the following 
paper some of these results are extended, by means of an adaptation of 
Messrs. Hardy and Littlewood’s arguments, to the set of points resulting 
from any sequence A, which satisfies the inequalities 

de » alt? 
(1) An/An—1 = a 
where ¢is any number >0, and 6> 1. It is easily verified that these 
inequalities imply that 


(e105), 


(2) An > exp (Hn’) - (n> n,), 


where H is a constant. Of course the relation (2) does not imply the 
relations (1); but, to give some idea of the range of applicability of the 
results that we shall obtain, we may say, speaking roughly, that our 
theorems apply to sufficiently regular sequences which increase faster than 


exp (n°) , 


for some positive value of ¢. 


“* Acta Mathematica, Vol. 37, pp. 155-190. 
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In the particular case discussed by Messrs. Hardy and Littlewood, 
there are, as we have mentioned, two ways of regarding the results 
which are both of great interest. In the more general case, though the 
discussion proceeds by the construction of a quasi-decimal expression for 
6 and the determination of the distribution of the integers employed 
(corresponding to the digits in a decimal), this aspect of the problem is 
no longer fundamental, and the results must be exhibited from the other 
point of view. 


Messrs. Hardy and Littlewood prove the following theorems :— 


THeorem 1°48.*—It tis almost always true that, when a number 6 ws 
expressed in any scale of notation, the number of occurrences of any digit, 
or any combination of digits, is asymptotically equal to the average num- 
ber that might be expected. 


THroremM 1°481.*—IJ¢ is almost always true that the deviation from 
the average in the first n places of decimals, is not of order exceeding 
s/n log (22). 


THeoreM 1°482.*—It ts almost always true that the deviation, in both 
directions, 1s sometimes of order exceeding /Nn. 


THrorem 1°483.*—The number Ay, of the first n numbers (a’O@) which 
fall inside an interval of length 6 included in the interval (0, 1) ts almost 
always asymptotically equal to on. 


In these theorems, a statement is said to be almost always true when 
it is true for all @’s between O and 1, with the exception of a set of 
measure Zero. 

Theorem 1°483 is, of course, practically the same as ‘Theorem 1°48, 
regarded from the other point of view. Messrs. Hardy and Littlewood 
suggest that it may be possible to give corresponding forms to Theorems 
1°481, 1°482. It is, however, very doubtful if this can be done. 

In the case of the more general sequences considered in this paper, I 
shall prove theorems which are to a certain extent analogous to 
Theorem 1°481, and strictly analogous to Theorem 1°48. They differ 
from strict analogues of Theorem 1°481 in that there seems to be no 
way of proving—at any rate by Messrs. Hardy and Littlewood’s methods— 
that the error term is of an order so small as Wnlog(n). I have not 
succeeded in proving any analogue of Theorem 1°482 for these general 
sequences. 








* These theorems are so numbered in the paper referred to, p. 190. 
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2. We shall start by considering sequences for which 
An/An—1 = ps (1 SS No); 


where £ is a constant > 1; we can then extend the theorems so obtained 
to less restricted sequences by another argument. ‘There will be no loss 
of generality in supposing that m) = 2, and A, > 1. 

Let G be any integer conveniently chosen. G will eventually be made 
large, but for the present it is to be regarded as fixed. Let 


n= n, +1, 


and consider the sequence (A;9) which is formed by omitting the first 7, 
terms of the old sequence (A,,0). If 2, be so chosen that 


B" > G, 
1.e., if n, => log (G)/log (8), 
the new sequence will satisfy the inequalities 
A/a > GP, 
for all values of ye 2, 
Let a be the greatest integer contained in ./G. Then the 2’s in our 
new sequence (A;@) satisfy the inequalities 


vy < any <i Ag < aA, Pes eee NG RAG Ne+1 aod eles. 


By means of this increasing sequence of numbers, we can build up a 

y 8 l 

quasi-decimal expression for 6 which will enable us to make use of Messrs. 

Hardy and Littlewood’s arguments, and so to obtain the desired result. 

The possibility of the required expansion is established by the Lemma of 
2, 

the next section. 


8. Let [a] denote the integer next less than x, so that when 2 is not 
an integer, pain Sea 


and when 2 is an integer, 
[2] = 2-1. 
Let us also write 
(3) [2] +1 = e+e); 


(x)p will satisfy the inequalities 


1a (or) ASO. 
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Let A denote the set of expressions of the form 


oo ea Loe 
(4) Spell ers ek 
ca AG | p ae Ul a5 a b) 
where ¢; takes any one of the values 0, 1, 2, ..., [A:/aA;_1],* x; any one 
of the values 0, 1, 2, ..., a—1, and x; is that number satisfying 


if ee Li = 0, 
: : ae ous ( Xs 
which is sueh that Aye xa s+ oe +r, + x; 
s=1 Ss 


is an integer. Referring to the equation (3) we see that 


eal : 
(Do) i (n. » aa Date Ae + x, an 
cnel r7\G nn a 

For given values of ¢,... ¢i-1, X1--- Xi-1, the values of #,...a; are 
uniquely determined and can be calculated in order, beginning with a, 
by means of the equation (5). A change in the values of ¢; and y; will 
therefore not affect the values of x,... x;, though, in general, the values 
Of X41, Lire, ... Will all be changed. It may be observed that x, = 0. 

Any expression of the form (4), in which all the ¢’s and y’s after a 
certain stage are zero, will be spoken of as a terminating expression, 
though, in general, of course, such an expression will contain the non- 
terminating convergent series 


It is easily seen that the series (4) will in all cases converge, and so will 
always represent a definite positive number. 
Let gz; be the value assumed by «; when all the ¢’s and all the y’s 


have their greatest permissible values. Let A denote the sum of the 
convergent series 


a ADs Gil a aes mt 
(9) hoe Ai BF jos Nj | bees roi ) ; 


Then AC al: 





We shall prove the following Lemma :— 


Lemma I1.—Every member of K ‘represents a definite number between 
O and A inclusive. 

Conversely every number between 0 and A wnclusive is represented by 
at least one member of K. 





* Aif@\i-1, When 7 = 1, 1s always to be taken to represent Aj. 
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It is an obvious consequence of Lemma I[ that HK is a_ set of 
measure A. 

We have already pointed out that any member of K denotes a definite 
number 6. Consider the change produced in any member / of Jv by 
adding 1 to any # or xy which has not its maximum value, to x, for 
example. We have 


aie ae Xi r ee hee x 
‘ y+ — -¢44+* e y+ — Li 
k< | pear - Fe; ee i Geeta ine 
Ss 1 Xi 78 Me 
: ) . Loar ; » 
and i eo mG caer wr; + ae - oi Mae lags: 


where the ¢’s, x’s, and ’s are the same in both expressions. ‘Therefore 


D 


AN eT). 
i [ 


v=s+ 
But it is easily seen that 


5 


Der LG) < (L/Asav) = Caos GPS Ne Ba 


i=s+l1 
Now Gio pe dee <0] 7B sly 
and Ast1 > VG Arg 


so that, provided G be greater than a certain constant depending only on 6, 
k'—-k > 0. 


Therefore any member of K is increased by increasing any one of its con- 
stituent integers. The first part of the Lemma is an immediate conse- 
quence of this, for it follows that every member of fv is less than the 
number obtained by giving their maximum values to all the ¢’s and y’s, 
and it is easily verified that the number so formed is A as defined by (6). 

To prove the converse, suppose that 6 is any number < A. Since the 
sum of the series (4) is increased by increasing any of its constituent 
integers, and since the sum is A when all these integers have their maxi- 
mum values, it must be possible to determine the first g ¢’s and the first 
gq x's In such a way that 


e 


1 





S de fe XE 1 us 3 Xi ys a sb AG vt 
2 my Leer iad Bist = es ee NG (eer rakes 
te 3 a is —|41 1 $a). 
i=qt+l Xi aes ‘) 


The first g terms on each side agree exactly, so that the first g+1 «’s 
SER. 2. vou. 14. wo. 1233. O 
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are the same on each side; there is, however, no reason to suppose that 
the later values of x; will be the same on both sides. This fact is indicated 
by writing x; for 2; in the later terms on the right. This choice of the 
ps and y’s may be effected by giving to each ¢ and to each x in turn the 
ereatest possible value that leaves the expression 

ih 


sels eid) ok 3 
ic NG ( a aie i=q+] A; 


a 


not greater than 6 at each stage of the process, which can be continued 
indefinitely if.no case of equality ever occurs. If a case of equality does 
turn up, we have a terminating expression of the form (4) for 6. If no 
such case turns up, we construct thus a definite convergent series which 
is such that the difference between the sum of its first q terms and 0 
tends to 0 as g>o. It therefore represents the number 0, and the 
truth of the Lemma is established. 


4. The set of terminating expressions included in A is enumerable, 
and therefore is a set of measure zero. We shall in future consider only 
the set A’ of non-terminating expressions included in A, which conse- 
quently is a set of measure A. It should also perhaps be pointed out 
that we have not proved that more than one member of the set /t’ cannot 
represent the same number 0. It can, in fact, be shown that more than 
one member of /‘’ can represent the same @ (at least for some values of @) 
except when all the members ;,/aA;_; are integers. Consequently the 
relation between the set AK’ and the set of numbers 6 between O and A, 
which cannot have a terminating expression, is a Many-one, not a one-one 
relation. This fact, however, need not concern us further, for the follow- 
ing reason. For we proceed to prove theorems about almost all members 
of K', and the fact that the relation may be many-one does not prevent 
us from deducing the corresponding theorems about almost all the 0's. 


5. All members of K’, whose first »y ¢’s and first v x’s have assigned 
values, can be enclosed in an interval whose length is certainly not greater 


than J,, where 
V9 wa 1 Nj 1 ] 
| J Poa 
ata ry rails EP 





On using the equation (3), we find that 








(7) L= dit > 5. {1+/ rN va 
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Among the terminating expressions (in number @’), 


a Xi a" ys i 
pe rj oo a + 2; ME P 
in which the ¢’s are assigned and the y’s are not, there will be p(y, m) in 
which x; takes the particular value 6 for exactly m values of 7, where 


y! 


8) UNIT ae m\ \y—n 


Ve ea ei 3 
,\ ! | a 1 ) . 
foe 


All such members of A’ can be enclosed in intervals of total length 
< p(y, m) I, Consequently all members of K' whose first vy y’s contain 
exactly m b’s can be enclosed in intervals whose total length L, satisfies 
the inequality 


(9) Es I {1+[A./ad;-1]| L, pv, m). 
jee! 


‘(= 


On using the equations (8) and (7), this becomes 


beac[i (14 9 (24) J 








i=1 AX;-1/ f 
oe) ake { / Nj | EP , 
x TPS ee % +(5= 4 QE OGE M1). 
Now we have assumed that 
A/Ai-1 > GL"; 
and therefore 
(10) Ty< 1428" Bree | TT {1+8-"}a-" pl, m), 
r= 


Va DAV, 7), 
where M depends only on (3. 
6. We can now treat the set A’ in exactly the same way as Messrs. 
Hardy and Littlewood treat the set of irrational numbers expressed as 


decimals in the scale of a. We shall need, however, to revise the Lemmas 
on which the discussion is based, since it will be necessary to leta—> @. 


Let u(v) = m—y/a, 


so that « (v) 18 the excess of the number of 0b’s above the average. We 


* Loc. ctt., 1°441. 
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proceed to prove that— 

Leva Il.—If f(v) ts any function of v that > © with v, and satisfies 
the inequalities eee oe 
then, for all values of v, 


tam 2 piv, m)} < My/ {av} exp | —al fo P/r}, 
ime (v) | S fv) 


where M is a constant independent of a, v, and f(v).* 
Let us consider values of «(y), such that 
=n} 
where /(v) is positive, so that 
m > viat+f (v) 
Then p(v,m+1)/pv,m) = iv—m}/ia—1; jm+1- 
< {vy {a—1} —af@)}/ja—1} yy taf} 
mei 8 
It follows that, for all values of uw) > /f(), 


p,m) < ply, ivla+fo \] 


y! {gy —1 lve) 
1a : 


Now it follows from Stirling’s theorem that, if s > 1, 
K exp | (s +4) log (s)—s! > s! > k exp | (s +4) log (s)— 
where fC and #& are independent of s. Provided, therefore, that 
v1, rvlatfo S11, v—v/a—fv) > 1, 
we have a~" piv, m) < My~? exp | F [y, a, fw] }, 


where M is independent of », a, and f(v), and F'[y, a, f(v)| is a function 
which can easily be reduced to the form 


Fly, a, ff] = — {v/a} | 1 +46) log (1+a¢) 
+(a—1—a¢) log|1—ag¢/(a—1) |} 


—tlog  d/a+QOd—1/a—¢)' 


= 





* This Lemma is eo an previo of Lemma 1°444, loc. cit., p. 185. 
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where —77 (i) fr 
The coefficient of —y/a in this expression may be written in the form 
A = (1+2) log (1+) + (a—1—2) log[1—2/(a—1)], 
where onthe 
On differentiating dA twice with respect to x, we find that 
@A/dx* = ali (a—1—2x)1+2)', 


while 4 and dA/dx both vanish when x = 0. Therefore, provided 


ive aap Ke 
v.é., provided fo/v < 1/a, 
we have @A/dx? > 3, 
and ees Cn A Aa |, aacee (0 OL), 
so that A > ta’¢?. 


Hence it is easily deduced that 
a~*p (vy, my < M ia/v\? exp} —4al[ fi) |*/v}, 


where M is a constant independent of a, vy, and f(v), if the necessary pro- 
visions are complied with. Similar arguments can be applied to the 
terms for which Oras 
provided y>1, via—fo>1, v—v/at+fo) > 1. 


All these conditions are covered by the conditions of the Lemma. Since 
the total number of terms < y, the truth of the Lemma has been estab- 


lished. 
7. Lemma II leads at once to the following theorem :*— 
THEOREM 1.—Any member of the set K', which is such that 
| u(v)| tC (47v log ()/at?, 


for all values of v >n, where r is any number > 3, can be enclosed in a 











* Loc. cit., Theorem 1°45. 
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set of intervals whose total length vs less than 
Man?~*, 
where M is a constant independent of a and n. 


We omit the proof of this theorem, for it is a mere repetition of the 
proof of the corresponding theorem in Messrs. Hardy and Littlewood’s 


paper. 

From this theorem, it follows at once that the numbers @ between O 
and A, or between 0 and 1, which are such that their expressions in the 
form (4) do not satisfy the inequality 


lu@)| < ‘Ary log (v)/a : = 
for all values of vy > n, form a set of measure less than 


NEGA I Ge Sead 


8. We have now to transform this result into a theorem about the 
distribution of the points (A;9) over the interval (0, 1). 


Wehave (,@)=“ +d, = 


ove Xia 
ae r; Pit a Fi | ’ 
so that 0< ”AA—y/a< AVL < y/a, 


where y is a constant depending only on #6. 

Now let 0 be the length of any interval included in the interval (0, 1), 
and let a, ad, be the numbers corresponding to its end-points. For any 
given value of a, we can choose integers py, Pa, Gi, Jz, Such that 


D(a > dy; igaty} /a< a, 


| Potty} la < do, Jala > a; 


where p,, go are the least possible integers, and p., q, are the greatest 

possible integers satisfying their respective inequalities. It follows that 
a6 = Pyo—P1 +O (1) = Go—Gi1 + O(1). 

Now, if Pi SXi S Po 

the point (A;9) must fall inside the interval 6, while if it is not true that 


di < Xi < Qa; 
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the point (A;9) cannot lie in the interval 6. But if @ does not belong to 
any one of a set of intervals whose total length is less than 


M i qQ—-M4—- 1; wnt, 
and if b, be the number of times than any integer b, (qg>b > q,), occurs 
among the first vy y’s (v >), then B, satisfies the relation 


(11) B, = vlate {47v log) /a!? (|e| <1). 


Let A, denote the number of the first »y members (A;@) that fall inside 
the interval 6. Then it follows from (11) that, af @ does not belong to any 
one of a set of intervals whose total length is less than 


Maini (7 > 8), 
then 


(12) A, = ‘ad+O (1)! {v/a+e[4rv log (y)/a]?} (jel < 1). 


We have so far been considering the sequence obtained by omitting 
n, terms from the original sequence, where 


(13) n, = O jlog(a)}. 


Taking these terms into account, we see that we have established the 
truth of the following statement :— 


If (Xn; be any sequence of positive numbers such that for all values 
of n, Xn/An—1 > B"  (B> D), 


then, uf 0 be any number between 0 and 1 which does not belong to a set 
of wntervals whose total length is less than 


Main?—, 
it follows that 


(14) A, = jad+O0(1)! jy/a+e[47v log (v)/a]?} +O fa? log(a)} (Je|< 0), 


for any value of v>n, and for any value of n> H log (a). M, H, and 
the constants implied by the O’s, depend solely upon f. 


We must now choose the relative order of 2 and a in such a way that 
the error term in the relation (14) is made as small as possible. The two 
most important terms are of orders n/a and [an log (n)|#, when vy = 7; to 
make these of the same order (we shall thus achieve the best result), we 


must take 1 
a=qg {n/log(n) }8, 
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where g is a constant. This being so, let N be any large integer, and let 
Ne eel 2 
a =[{N/log (N) }*]. 


The necessary conditions will all be satisfied if N is greater than a certain 


number nz, depending only on 6. Thus it appears that if 0 does not 
belong to a set of intervals whose total length is less than 


VN 
then 


(15) An = N+e[7N? {log (N)|\3] ed <7) 


for all values of N > 72, where M, , 2, depend only upon /. 


We may now repeat the arguments used to establish Theorem I,* and 
deduce therefrom the following theorem :— 


THroreM II.—The numbers 0 between 0 and 1 for which it 1s not true 
that 


(16) A, = dn+ern? [log (2) |? ({e| <n), 


for all values of n > NS ny, can be enclosed in a set of intervals whose 
total length is less than 


MIN Ma oes 


M, yn, and ny depend only upon 9. 
Theorem III, that follows, is an obvious deduction from Theorem II. 
THroreM IIT.—If jAn} vs any sequence of positive numbers satisfying 
AnfAn—1 = B" (8 > 1), 


for all values of n> No, Uf 6 is the length of any interval included in the 
interval (0, 1), of @ ws any number between 0 and 1, and if A, de- 
‘notes the number of the first n numbers (r,0) that fall inside the interval 
6, then for almost all values of 0, 


(17) An—dn = O {n [log (n)]*}. 





* ‘Loc.ctix, py £86; 
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9. We now proceed to extend this result to less heavily restricted 
sequences. Let (A,} be any sequence of positive numbers satisfying 


APES > me if 


for all values of x. [If necessary, a finite number of terms may be 
omitted from the beginning.| We split this sequence up into an infinite 
number of subsequences by placing in the first subsequence all terms 
whose suffices can be expressed in the form 


3s(st1) (8 integral, and > 1); 

in the second, all those whose suffices can be expressed in the form 
1+4s(st+1) (s integral, and > 1); 

and in the r-th (x > 2), all those whose suttices can be expressed in the 


form 
r—1+3(str—2)(str—1) (s integral, and > 1). 


Let n be any integer, and N any integer satisfying 
dn (n+1)< N <4 (n+1)(n+2), 


and let us consider the first N terms of the given sequence. Of these N 
terms, 7 terms will be regarded as belonging to the first subsequence, and, 
in general, »—7-+1 terms to the7-th subsequence, while a certain number 
will be left unattached. The system of division is perhaps made clearer 
by the following diagram showing the terms in the first few subsequences. 





Number of | Number of Suffix 


Subsequence. Terms taken. Formula. eeu 
1 wv 3s (s+1) i Eee open hae KAR 
2 n—1 1+4s(s+1) pe a aa 
3 u—2 2435 (s+1)(s+2) ih BSP ee 
4 | n—3 342 (s+ 2)(s + 3) Or 13 ses 








Suppose we make use of all the subsequences which contain [/7], or 
more, terms in theabove scheme. The total number of such subsequences 


will be pus [/n]+ 1, 
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and the total number of terms accounted for by them will be 
in+[/n}} in—[/n] +1}, 
or 3nr?°+ O(n). 


bolH 


There will therefore be at most O(n) terms left unattached among the 
total number, N. 
If /A,} denote any one of these subsequences, the terms of {),) satisfy 


As/As-1 > B (8 > 1), 


for all values of s, the value of 8 being the same for all the subsequences. 
It follows from this that, if x, and so N, be chosen sufficiently large (v.e., 
if 2 > 2, where %) depends only upon §), Theorem II can be applied to 
each subsequence. The longest set of intervals of which exception must 
be made is the set belonging to the last subsequence, and its total length 
is less than Mni@-; 


the total number of such excepted sets is less than ». Consequently if 0 
does not belong to any one of a set of intervals whose total length is less 


than 
£(5— 
Mn? &-”, 
i.e. MNEE->, 
n—[ vn | n—[Vn] 


( r=0 \ Pa) 


(le[< n), 
= DN+ O(n) +e7n [log (nm) |? (le | <<), 


ON+erN* [log (N) ]* (|\e| <n). 


Without further comment, we may enunciate the following extensions 
of Theorems II and [II :— 


Tuxorem IV.—I/f (A,,} ts any sequence of positive numbers satisfying 
AG Aneta oe 
for all values of n > n, then the numbers 0 for which it is not true that 
A, = 6n+ern* [log (n)]* (le| <n), 


for all values of n> N Sm, can be enclosed in a set of intervals whose 
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total length is less than MN?®-) (7 > 9). 


where M, n, and n, depend only upon P. 
THEorpeM V.—If (X,,; ts any sequence of positive numbers satisfying 
=> 
Ngee — Bb = i 


and the other conditions of Theorem III are unaltered, then for almost 
all values of 0 between O and 1, 


(19) A,—6n = O {né* [log (n) ]3}. 


10. In the preceding section, a particular subdivision of the given 
sequence has been worked out in detail in order to show how Theorems 
II and III may be extended to the less restricted sequences contemplated 
in Theorems IV and V. The use of a more powerful subdivision and 
the application of identical arguments enables us to extend Theorems IV 
and V (or Theorems II and III) to sequences which satisfy the inequalities 


l+e 


NN ee ial pee On Oo Lys 
Choose an integer /, so that 
i ome ihe 
and let n, N be large integers such that 


n(m+l)... a+k—1) <N< (+1) (+2)... (n+) 


kh} k!} 
Then we divide up the original subsequence so that the first subsequence 
contains terms whose suffices are of the form 
s(s+1)...(s+k—1)/k! (s integral, and > 1), 


and take the first » terms of this subsequence, and so on as in the last 
section. The 7-th subsequence will have suffices of the form 


ar +(s +6,)(s+8,+1) ... (6+8,+k—-1)/k!, 


where «,, 6, are integers depending on v. If we take all the subsequences 
which have more than |,/n]| terms, it may be proved that the number of 
terms taken will be N+0(N~), 


where « 1s a positive number depending on &. If A, and A,_; are con- 
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secutive terms of the 7-th subsequence 


NgbAE 4 = BI), 


eRe Cert he! ii 
(k—1)! a,k!+(s+6,)...(s+6,+k—1) ; 


where /(s) = 


It may be verified that, whatever be the value of », 
f(s) & (6 +6,)808-) S 1, 


provided that at most a finite number of terms be omitted from the sub- 
sequence. We can therefore apply Theorems [V and V to each subse- 
quence in turn, obtaining finally the following theorem : 


THrorem VI.—/Jf (X,,! be any sequence of positive numbers satisfying 
I VPNere trees 1( S000) 5 Ih 
and the other conditions of Theorem IIT are unaltered, then for almost 
all values of @ between 0 and I, 
A,—on = O jn) 


where u is some positive number depending on ¢. 


11. We shall conclude the paper by considering the extension of the 
foregoing results to the m-dimensional set of points whose m coordinates 


are (Ax 0), (AG, Go). eG (Ag 6) : 


The method* by which this extension is to be made will be sutticiently 
explained by considering the extension of the foregoing theorems to the 
2-dimensionai set of points 


(An), (An Md). 


Let 6,, 9, be expressed in the forms (§ a 


1 (1) 


a = ot es 


Ms 


_ 


als ais 


A, ip Jee uty aw 


— 


| 
i Ms 








* We could also have proved the same result by a continued application of the particular 
subdivision k =2. This is clearly equivalent to confining ourselves to values of k = 2+, 
where a is an integer. 

} This is the method used by Messrs. Hardy and Littlewood to establish Theorem 1°491, 
of which the following theorem is the analogue. 
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We suppose that Adu1i = Gb @> 2), 
and that Ge Ad Gel 


The point of coordinates (0, 9.) will be any point in a square of side 
A (> 1). We correlate this point (0,, 0;) with the point 





TE A Ee OND, Hau, me 
Vane == aro i“ |41 ete a 
It is easily verified that Wi.2 may be any point along a line of length 
A’ (1). Moreover, a set of intervals on the line of y,2, of total 
length LZ, may be shown to correspond to a set of areas in the (@,, 94) 
plane of total area MZ, where M is independent of the particular intervals 
and areas concerned. 
We now apply Theorem I to show that if Bb” be the number of times 
that the particular combination 6" a+6© occurs in first v terms of the 
expression for Wy), 2, then 


Bb? = plate {4rvlog()/a?}? (le| <1), 


for all (Wy, 2)’s which do not belong to a set of intervals of total length 
Mav~’. 

From this it follows at once that, if Ab’ be the number of the first v 
points whose coordinates are (A, 9,), (A,,9) that are included in any rect- 
angle (included in the unit square) whose sides are of lengths 0), 0,, then 
Ab? = fa6,+0(1)! (ad,+0 (1)! ivia?+e[47v log W)/a?]*} (| e| < 1), 


Vv 
unless 6), 0.° belongs to a set of points of plane measure less than 
Ma?yi-*. 


From this point on, all the arguments can be repeated as before, and 
the restriction 
ri/Ai—1 = G3’ 


lightened in the manner of § 10. It is, moreover, clear that the arguments 
can be extended equally well to the case of the m-dimensional set of points 





* There is no need to insert the term a, as we are not considering (A?) »). 


206 THE DISTRIBUTION OF THE SET OF POINTS OF (A,9). 


0,, A, ..., On}. We may, therefore, without further preface, enunciate 
our final theorem. 


THeorem VII.—Jf {r,} be any sequence of positive numbers satisfying 
Wipers +. Migs) ich S210), 
and if A, be the number of the first n points 
(A301) 5 (AGO) ea (Ay Ge) 


66 


which lie inside an m-dimensional “‘ rectangle” of 
almost all the points (0, O3, ...; On}, 


area’ 6, then for 


A,—o6n = O jn}, 


- 
i 


where wu is some positive number depending on ¢. 
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THE DYNAMICAL THEORY OF THE TIDES IN A ZONAL OCEAN 


By G. R. Goupsprouen. 


Communicated by Dr. T. H. Havenock. 


[Received July 19th, 1914.—Read November 12th, 1914.] 


1. Introduction. 


This paper is an extension of one already published,* and deals with 
the tides in an ocean bounded by two circles of latitude on a rotating 
elobe. 

The introduction of two boundaries into the problem causes very great 
complexity ; and it has been found necessary to omit the discussion of 
many points of interest, in particular, the nature and magnitude of the 
free periods of oscillation. 

Lam again much indebted to Dr. T. H. Fun atte for his advice and 
assistance. 

Originally, in discussing the results, | had made numerical compari- 
sons between the dynamical tides and the uncorrected “ equilibrium ”’ 
tides. But, at the suggestion of a referee, to whom the paper was sub- 
mitted, I have substituted the “corrected equilibrium” values. A re- 
markable agreement, exhibited and explained on p. 223 results. At his 
suggestion I have also added a note making a comparison between the 
dynamical tide heights found in the previous paper for a polar basin, and 
the corresponding “‘ corrected equilibrium ”’ values. 


2. The Hquations for the Tides and their Solutions. 


The equations which express the small oscillations of a liquid on a 





* Proc. London Math. Soc., p. 31 of the present volume. 
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rotating sphere are, in the usual notation, 


= o { eee —F 
Am (f? =?) | SARE Le du. aay —u 3 | 
as o te yale owe Be s¢! | | 
= 4im(f?—p") 2) | f AV {1 Le du. Nivetih cue) ) . (1) 
CORE ts sayy pea a ase 
h du. | ty sheet) J/(1—p?*) ) 





In these we have taken out the time-and-longitude factor, and put 


uw = cos 0 = sine of latitude. 
The part of the tide-producing potential which depends upon wu is, for 


the three species : (Quo aan 
(6) Ayyr/(1l—p), 
and (c) H,A—w’). 


The form of these quantities suggests the substitution 


= (l— 4)" 
¢ = (l—n 
and Cit ya 


where s = O, 1 or 2, according to the species of tide. 


The first pair of equations (1) then becomes 





= dew” fy — sue! ( 4 
ur/(lL—-w) = eeepc: ; a ws mz’ i+ 7) ) a 
v o(l—p)? (aw hee x2 ( xy} 
PRE APG Ne) REET DPT ley sacl 7 Fat 1 
eae) wedi Fin) ee ee ee 
On substituting these in the third equation (1), we have 
i. ag : dz’ 
Ape (eee ive tae eee 
Ce) = sa Sr EIR Spy ee ena 001) (3) 
du ifigemaalt px tt 
F Aedes 
Ceara Ee a yas 40" 
t gh 


The coefficients of equation (3) are regular in the vicinity of « = 0; 
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but they have singularities at the points 


m=, 
w=xol, 
and oe 


‘ 


The points « = + f may be shown to be “apparent singularities.” * At 
the points «= +1, we have indices 0 and 1; while the point u = » 
does not appear in the problem before us. 

In choosing the form of the solution, the nature of the zone must be 
considered. If the pole « = -+1 is included, a series of the type 


z= (u—1)[ A, +4, (u—-D+4,(u—1° +... | 


would be most useful. As such a series would usually be convergent up 
to the other singularity ~ = —1, this would be a comprehensive form 
including all polar basins, even those covering more than a hemisphere. 
The period equation would be given by the expression which states that 
the meridional velocity is zero along a certain circle of latitude. For a 
zone bounded by two circles of latitude, however, this series is not con- 
venient ; as, since the indices differ by an integer, the companion integral 
will contain a logarithm. In spite of the obvious advantages of such a 
series in the case of a polar basin, no use has been made of it; for the 
recurrence relation between the coefficients is very complex and difficult to 
handle: even in the simplest case (the tides of the first species) this rela- 
tion contains four terms. 

If series of powers of u be used, we get two comparatively simple 
integrals, one an odd and the other an even function of uw. These are 
convergent up to the singularities 1 = +1, and so can be applied to any 
zone bounded by two circles of latitude. But if we wish to include the 
poles, a second and rather troublesome condition must be added. In 
what follows, series of the latter class alone are used; and the basing are, 
consequently, such as do not include the poles. 


By putting, in (8), 


Bie (1+ =] (=n) = X(P—p), (4) 





* Loc. cit; po: 
SER. 2. vou.14. No. 1234. P 
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8) naz! 
SAU aes eee ee 
we find (ele i a (5) 
1 =) " 
a ( ota i 
Now assume ea 3 Bits. 
0 
z = » Bate 
0 
and — > Ci. 
0 
We then find 
stn (1+) Lo aa (1+ =) BU +B ay sea es 
| ‘ f | De i n—-l n—1 le <In+l1 9 
and, on substituting in (4) and eliminating the C's, 
yi (n +1) (r+ 2) 
™™ stn4+D04+1//) 
hy OO PAU Eine ice) ie Joh ie ) 
ee eign Ta dir) poet eee 
a AR RE UE Caen he 
<8 (n—1) (1-1) 
2 
tL SUDEE 2s teobae + Da -3 eid ES (6) 


s+n+Id+1//) sFa—Nd+1ffy 
If the ocean is bounded by circles of latitude, we must have, at each, 
Ui OVEOr 


S Lae (A n-1 + By_1)—s/f? (727-+ 1) ft ie20 (7) 
n=0 Sea eas) 
But if the ocean extends up to and includes the pole, this condition is to 
be replaced by the statement that the series 2A," is convergent with its 
first and second derivatives for « = + 1. 

The values of B entering into the tide-raising potential are confined 
to By, By, and B,; hence, in discussing the convergence of the series 


1914.] THE DYNAMICAL THEORY OF THE TIDES IN A ZONAL OCBAN. 211 


YAnm", we may omit the right-hand side of (6). We then find » 


ns(1—1/f)+n(n—1) ? Bf? 
stin—DALF1//) — st+)04+1//) 


Pe ee ee Le step) 
st+(n—1)(A+1/f) AnfAn-2) @+1)(n+2) — 


Anis 1a a 18 S+ 





Whatever finite value f may have, it is clear that A,+4/d4, tends to the 
limit O or 1. In the first event, the series YA,” is valid up to and in- 
cluding the poles. In the second we have, more precisely, 


Limit Aom42/A4om = 1- — eats 2 ne 


m—>n ie ee 

where w,, is less than a fixed finite quantity for all values of m greater 
than a given value. Hence, in this case, the series is only valid so long 
as |u| <1; that is, up to, but not at, the pole. It is evident then, that 
if we wish < determine a series that will express the height of the tide at 
the poles we must determine the arbitrary quantities so that the condition 
Paniited yee Ane — 0: (8) 


n> n 


is fulfilled. 
It is further clear from (6) that two independent series are repre- 
sented, v1z., 


(i) Ap tAguw@tAguit...t Aor” +..., 
and (ii) AyutAsu®+tAsw+... pA writ... 


The zonal oceans that can be discussed by means of the preceding analysis 
fall into two sets which are best examined separately as follow: 


Gi) A Zonal Ocean bounded by Two Parallels of Latitude Symmetrically 
Placed with regard to the Equator. 


For convenience, write 


ee ee ren) Bi eto D1) 
aed Spee Cet ie Gp ita). G1) G22)’ 
“aia 6 st (n+3)(1+ 1/f) 
“" st(n—DAI+1/f) (rn +3)m+4) ’ 
a n—1 Be 
and ip a — s/f. mes a6 peers (9) 


bat Da+is ; 
p 2 


sta—DA41//) 
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Also let the boundaries be the circles of latitude are sinw, and 
are sin (—y,). 

In seeking for comprehensive expressions that will represent the 
facts of all three tide-species, the differences of the three forms of tide- 
producing potential must be noted. For the first species B, and B, both 
uppear, for the second 6,, and for the third By, only. The introduction of 
the two coefficients for the long period tides complicates the general 
process, so that a slight variation of the method, given later, has been 
found advisable. But for the second and third species, where only one 
coefficient appears, we shall give but one expression, and we shall suppose 
that only By is present. To cover species 2, this will simply necessitate 
placing the additional quantities in the right-hand side of the equations 
for the odd terms instead of the right-hand side of the equations for the 
even terms. With this understanding the following analysis may be re- 
earded as comprehending the two cases s = 1 and s = 2. 


sd Let Bo — ak — KA o- 


Then from (6) and (7), the equations to be satisfied are 


oe +L,] Ay +4, he. | 
\ (s+141/f)3.4 a Gea ce had ox we 
—M,A, ot Lid, sl 
L,4,+As3 
—M,A L,As+As 
arin Pun (10d) 
— Mest, 4-0, a0 
{ (1+1/f) xu, 2) 5S ee adie ; 
| Bass + a Agta, 4,+a,A,+... =0 | Br, 
C 
{_ G+ UP Bray _ = = | 
l sone e | Aotat A —a,Ad4,+... = 0 


/ 


This group of equations represents both the free and the forced oscilla- 
tions. or, in the case of the former, x =O and f can then be deter- 
mined ; in the case of the latter, fis known and « (or A,) can be deter- 
mined. 
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It is easily seen that, as in the case of an ocean wholly covering the 
globe, there are two possible systems of free oscillations: the first is 
characterized by symmetry with regard to the equator and has a non-zero 
height there; the second is asymmetric with regard to the equator and 
has a zero height there. 

By a process of step-by-step elimination of the quantities A from 
(10a) and (10c), we have, in the limit, the following infinite determinantal 
equation 


Q+1/f) Sem Pp aedaat age = 0. (11) 

stit+i/f + ao (om) A4 6 
wade: 
“ef +L ee, Ore BO 
(s+3+3/f) Bx 

es I 3 
SoTL CNETAUEe) Geen ie wey 
0 —M, iy kt 


Taking advantage of the notation 


= t t 
Ay == a), On+2 On+4 tee | ’ 
(ih aE 
— MM, IER 1 eee | 


to which may be added the relation between successive A’s, 
ye — ain — Lin Ange +Mn Anes; 
we find the following reduced form of equation (11) 


gy = — Bem Ei 4 Bf a, 64 8+8U) Be yy 





9 g-+1+1/f (st1+1/f)3.4 
EN me copa ll amephente eS ote Re, 
ee cia ar Gat ipa A‘ H.. (12) 


shows that the free periods are given by the transcendental 
| A oe TOP 


A corresponding equation can be written down from (10) and (10c) for 
the other system of free oscillations. 
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(ii) A Zonal Sea bounded by Two Circles of Latitude not Symmetrically 
Placed with regard to the Equator. 


Let the circles of latitude be arc sin (u,) and are sin (u,). The equa- 


tions to be satisfied are then (10a), (100), and 


{ (1+1/f) Bu a ie / — 
Beepuperesyyanip eas pauses ctiN ts E ba 


(QA4UP) Brus. on) =o| 
| s+it+i/f tay; A ota dy Ae 


(13) 


By the same process as before, we find that, in order that (10a), (104), 
and (13) may be consistent, we must have 


A (+1 /f) Bxm + a yg 
apiha mile? 


BIE Hi, Tey tb. 


= (Grea eels) 
Gasapsa Pale 


- 





+4A,| a Gg Ge a7. 4s. 1 OF (14) 
Tp ele a0 | 

= Niel. 1 eae 
ip ee she al 


i) 








together with a similar equation, in which yu, is replaced by wy. 
In the same-manner as before these reduce to 


VENEG | ee BEAL: (s+3+3/f)B.As a 





sti+1/f Are (s+1+1/f)3.4 16) 
" " Usek) Bt 3+3 At 
RS ee [= See Ne Grrr at tat ene.at] | 





For the free oscillations, the right-hand members Cas 
remains a pair of simultaneous transcendental equations which determine 
f and the ratio A,/Ay. There will be a double infinity of free periods. 
Equations (10a) and (10)) complete the solution by determining all the 
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coefficients A in terms of Ay, which is left arbitrary. In the case of the 
forced oscillations, (15) determine A, and A, uniquely, and the solution is 
completed again in the same manner. 

If one boundary be the equator itself, say u, = 0, we see from (9) that 
all the quantities Ons excepting a}, are zero; and 


ae 
" s/f 2 1 
CO ae ee So a 


s j 





For such a basin, the period equations will be (14), and 


ree OMe O SO ewe Te OM OO 205” * (16) 
ae la Tega Gy a Otis 
mea teen [a | ane Mi areal | 





From (14) and (16) it is at once clear that A, = 0, and 
may eae (BE (17) 


Hence there is only a single system of free periods, and the corresponding 
oscillations are symmetrical. Equation (17) is precisely that already given 
for the free periods in Case (i) above. The effect of the boundary at the 
equator is, then, to cut out the asymmetrical system of oscillations. 


Numerical examples have been worked out for two cases: a narrow 
basin bounded by circles of latitude 30° and 14°30’, wholly on one side of 
the equator ; and one bounded by circles of latitude 80° and —14° 30’, 
including the equator. IJ*rom these a fair idea may be obtained of the 
effect of such boundaries in modifying the tides ; and a comparison with the 
equilibrium and complete ocean theories can be made without involving 
hopelessly complex arithmetical work. 


3. Tides of the First Species. 


In the general solution worked out in § 2, it was assumed that the 
tide-producing potential contained only one term, and we took it to be Bp. 
In the case of the tides of the first species, however, the potential is 
H,(u?—4), and hence two terms, By and By, appear. “The general method, 
with the two quantities B, becomes very complicated ; but a slight modi- 
fication, applicable to the first species only, will enable us to simplify it. 
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In equations (2) and (3), put s = 0. We then find 





u2) a¢' 
Heese 
a tH |, a@’48 <0, (18) 
aor Me 
Ora tik ee 
and Uo Fa Baty Ta (19) 
If we now assume, in the vicinity of uw = 0, 
1 dc’ D 
ee >) oa ee bx 
Pow du n=0 : ed el 
and substitute in (18), we find 
: : 3 — 
e ee D+frAgu+ fia, & ade a mt w+... ‘er OF Vihear ee 2)“ ae =, 3 
(21) 
and the general relation between the coefficients is 
: Bf )— B 8 
dantd4en (SE 1) — So Ans = — oo Bw OR) 
This holds for all values of 2 except » = 0, when the relation is 
A,+6D = — PB. (238) 


Since we are excluding the possibilities « =+1, the boundary condi- 
tions are, from (19), 


DAnmy =) een DAnus — {0}, 


If we use the notation of § 2, but note that now 


Cia 3 8 
yy an Tag) a a c j 1, = a 
(n+ 1) (n+ 2) hy sh ad (n+ 3) (n+ 4) 
and form the determinants as before, we find 
A, Aj +A, AG se a ae ye 
I 1 o—0 — 3 0—3 
B : (24) 
and A, Aj+4,Ao = 5 11,34 


For the free oscillations we reject the right-hand members of (24), and 
solve the pair of simultaneous transcendental equations for f and A,/A,. 
It hardly seems possible to do this with any satisfaction. When we deal 


1914.]| THE DYNAMICAL THEORY OF THE TIDES IN A ZONAL OCBAN. 217 


with the narrow basin (u; = 4, uw, = 14), the values of f are very large, 
and even a rough approximation is difficult to obtain. In the other 
example chosen, however, (uw; = 4, wu, = —4), the values of f are smaller 
and some idea of their order of value may be obtained by rejecting the 
fourth and higher powers of u,, and the third and higher powers of fs. 
For the forced oscillations, 4; and A, are determined from (24). It is 
to be noted that the determinants required are readily found from the 


recurrence relation 
tar j he. 
fas — jie fb ac +2 v1 yas +4 e 


Afterwards (22) and (23) enable us to find D and the remaining coefficients 


A; and, finally, the value of ¢, = ¢'+6, is determined from (21). 


Gj) Zonal Ocean bounded by Circles of Latitude 14°30' and 80°. 


The following values of the first (and lowest) frequency were obtained 
by the method just indicated. They must be regarded as very rough 
approximations indeed. 

EE Boe 

It is to be noted that (7 (= a ee 
M is not involved in the approximation we are using, these values of the 
frequencies are obtained without reference to the rotation. This in itself, 
however, will not ereatly vitiate the results, as the effect of the rotation 
is known to be small in low latitudes, reducing to zero at the equator. 


The value we obtain is 6f? = 54. Hence 


) is independent of w, and as 


oe 5, 10, 20, 40; 
Depth = 58,080, 29,040, 14,520, 7,260 feet ; 


on een Ore pte OQee Dee “f . 
f (=<) = B-aiile “Ot Su Het Gain 11-9) 


As an example of a forced tide we take the case of the lunar fortnightly, 
for which f? = ‘00188. 

The expressions for the lunar fortnightly tides in the same ocean are 
the following; each expression is to be multiplied by the factor cos (rt+e). 


8 = 5; depth = 58,080 feet : 
é/Hy = —*146—*00024+1°000u2+°0518u3 —"182u4+°0810u5+°157 5 
+°0317u'+'0946u5+ '02738u9+ 0869u" ... . 
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B10; depth — 29, 040sfeero 
¢/H, = —°146—'0005u4+1°001u?+°1040?—"365n'+'0621u° +3135 
+°0799u'+ 148 7u8 + 07387 U9 +1598 uo... 
b= 20" depth — 14 bY0 veer. 
¢/H, = —°146—°0009u4 + 1°002u? + °207 4? —°725u'+'1211 0° +6295 
+236 u'+°1045u5 + 229u9 +2638 u o... 
G = A0 Ss depthi==71 260 7 eer 
¢/H, = —°147—"0017u4+1°004u?+°417u?—1'456u'-+°2460°4+1°385 n° 
+°7702u'—"418u8+°782u9+458u .... 


(il) Zonal Ocean bounded by Circles of Latitude 80° and —14°30’. 
The approximate frequency equation is 
Sie — elec 


Hence we have the following rough values of the lowest frequencies for 
the different depths : 


B= 5, 10, 20, 40; 


Depth = 58,080, 29,040, 14,520, 7,260 feet ; 
= (ay 
J ee) = 


/ 


| 
a 
tee 


ib ‘85, 60. 


It is at once obvious that there is no possibility of synchronism of the 
lunar fortnightly tide with any of the free tides. 
Expressions for the lunar fortnightly tides in the same zonal ocean 
the series must each be multiplied by the factor cos (ct+e). 
OB; depth —Os,080) Jeers 
€/H, = —'0619+°00014+ 1°0002u?— "017142 —0779u* — 0102n? 
+ °226u°—°0108u'+'160u—"009u? +°143u".... 
CG —eLOewd ent —-20 0407 ees. 
¢/H, = — 0618+ °0001u+1°0004u? — 033643 —°155u*— "0202p? 
+ °449u°—°0279u"+°302u%—"0257u9+°306u"".... 
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8B = 20; depth = 14,520 feet : 
¢/H, = —°0601-+°0002u + 1°0007u°— "0655? — °3802u'— "0889p" 
+°911u°—"0747 "+ 546u°—"0724u9+°688u".... 
6B = 40; depth = 7,260 feet : 
¢/H, = — ‘0578+ °0005u + 1°0014u? — 1284? — 581 u'—"0718n" 
+1°84u°—"228u'+°796u5— "231 W9+1°72u".... 


4. Tides of Second Species. 


In preparing the formule for these, we must bear in mind that the 
general formule previously given must be modified by the transference of 
the tide-producing terms into the odd, instead of the even coefficients. 

If in the quantities of (9) we put s = 1, and take the tide-producing 
potential as containing one term only B,, = H,, we find, in place of (10a) 
and (100), after putting H, = «A,, 





Aj liga 6 =U) 
—A, M,+4,.L,+A4, a ‘4 > (25a) 
A, (Z,+ 5) +4, = 0 
.18 
A, (—™,— eet eevee tere =0-. (256) 
—A,M, +Lh,A,--A, = | 


The boundary condition (7) also becomes 
aA eae aa OH, mw: ; (26) 


. ! —1/f? n n—1 BA+T1/f) nu+1 
errr piiyy! Titers 


ol In place of equations (15), we find 


ne eT, 13 
A,Ai+4,A' = H, (— eka E Ai — Be as) | 





A oe 3 nm 3 " 
A Ag+ A, At — A, (— oF a tg E al we a) | 
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These equations are treated in precisely the same manner as those of the 
first species. 

For the forced tides, we have taken as typical the luni-solar diurnal 
for which f is rigorously 3. The numerical work is also simplified 
thereby. It is to be noticed that equations (25a) and (256) are then satis- 
fied by putting 





Ay = Ae Ape ee and k= 1 
for then both 1+ and M+ equal zero. Hence there is a 
solution 
g! == — Ayan = — Ay, 
or C= 2 /(1l—w’) = — Ayp/(1—p); 
and Olas Ce at 


This is Laplace’s celebrated theorem that the luni-solar diurnal tide is 
evanescent when the ocean is of uniform depth and covers the whole 
globe. It is to be noted, however, that the condition (26) is not satisfied 
by this solution. 

For the free periods we reject the right-hand side of (27) and eliminate 
A, and A;. The result is 


Ap Ai— Ai Ao = 0. 


The complicated way in which f enters into each of these determinants 

makes it hopeless to attempt to find even rough values of the free periods. 

As shown later on, all that can be done is to ascertain approximately those 

critical depths at which a free mode coincides with a selected forced mode. 
The forced tides are, however, not so difficult to obtain. 


(i) Zonal Ocean bounded by Gircles of Latitude 30° and 14°20’. 


Luni-solar diurnal tides ; each expression must be multiplied by the 
factor cos (ct+¢¢-+.). 


B= 5; depth = 58,080 feet : 
€/H, = [—7'26—9°99u?—14°8u' —16°8u°—17'5u8—18°2u +... 


+°756u—"1575 8+ °202u5+°170u7+°185u9 ...]4/(1 _,, “=i 


B= 10; depth = 29,040 feet : 
¢/H, = [(—'5845 —*488u?—1°49u'— 1°54 0° —1°82u8—1'97u+... 
+°858u —*358u2+°510u° +°389u7+ 417 u? ... | /(1—p?). 
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8B = 20; depth = 14,520 feet : 


[FT, = [| —*411+-°206p?—1°68u4—1°04u5—1°75u8—1°98u +... 
+°661u—'558u? +848? + °322u7+ 608u? ...]./1—p). 


no 


8 = 40; depth = 7,260 feet : 
€/H, = [—'264+°798n?—2:20u4+-228u5—1°98u8—1°61 29+... 
+°395u—-689u2+-1:19u5—"041 547+ 8838p? ...]./1—p2. 


Gi) Zonal Ocean bounded by Circles of Latitude 80° and —14° 80’. 


Luni-solar ‘diurnal tides: each expression must be multiplied by 
the factor cos (¢t-+¢+e). 


6 = 5; depth 58,080 feet : 
€/H, = [—1°38—1°88n2 —2°72ut—3°245—3'45p8—3 59+... 
+ 1°094u —°229u®+°310u°+°18147+°155 9...) 4/1 —p?). 
6 = 10; depth 29,040 feet : 
¢/H, = [—"241—"181u?—"569n'— 595 n° —'699u5— "759 n+... 
+1°184u—°4938u°+°7038u° + °470u"+°542u9 ...]./(1—p?). 


8 = 20; depth 14,520 feet :- 
¢/H, = | —'196+°0980u? —"344u'—°169u5— 38238 u8—°350u+... 
+ 1°47 24 —1°28u°+ 1°76u° +°628u'+ 1°204u9 ...] 4/1 — 1). 


6 = 40; depth 7,260 feet : 
a Lie [| —"258+°774u?— 2°15 u'+°305u°—1°904u5—1'50u" ... 
+2°914u—4°86u°+8'74u? —"502u'+5°96u? ... | /(1—p?). 


5. Tides of Third Species. 


The formule already found, viz., (10a), (106), (18) and (15), are ready 
for use in the case of the third species, 1f we put s = 2. Only one term 
appears in the tide-producing potential, viz., 6) = H,. ‘The procedure is 
in every case precisely the same as before. 

As a typical example of a forced tide of this species I have worked out 
the luni-solar semi-diurnal tide for the two oceans selected. For this tide 
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jis rigorously unity. The other semi-diurnal tides have values of / not 
differing much from this. 

As in the case of tbe tides of the second species, it was found im- 
possible to obtain even a rough estimate of the free periods. 


(i) Zonal Ocean bounded by Circles of Latitude 30° and 14° 80’. 
Luni-solar semi-diurnal tide; each expression must be multiplied by 
the factor cos (st-+2¢+¢). 
B=5; depth = 58,080 feet : 
¢/Hy = ['849 —2°58u? —2°53u4— 3°76 u5— 4'80u8— 5°86... 
+2°58u +2°95uW2+4°74°+6100'+7'46u% ...] 1—p?). 
8 =10; depth = 29,040 feet : 
Gig [ —°554—1'89u?—2°50u*—3°61u°—4°59u°—5'61u +... 
—*311u—'104u? —°3868u° —"4388u"— "545° ...] (1—p). 


B20" denthi— nA S20 a cere 
¢/H, = [—0°042—2°71u?—1°40u*— 2°81 p9— 2°67 — 38°45 y+... 
+°668u—"890u?+ 1560" +°769u'+ 13009...) (1 —p?). 


8 = 40; depth = 7,260 feet - 
Ce [ —°080+2°49u?—4°35u'+2°20u°—2°89u5—1'02u"+... 
+1°47u —6°87u?+8°35u°— 5'98u'+1°81u"...](1—p). 


(ii) Zonal Ocean bounded by Circles of Latitude 30° and —14° 30’. 


Luni-solar semi-diurnal tides; each expression must be multiplied by 
the factor cos (¢t+2¢-+.e). 
8 = 5; depth = 58,080 feet ; 
¢/Hy = [—3°52—4°76u?— 8°89 u4 — 12°15" — 15°59uF—19°038u"—... 
—151u—1°76u2®— 2°88 u°—8' 74" — 4679... | L—p?). 
8=10; depth = 29,040 feet : 
oleh [ —"509 —1°98u? —2°50u'—3°66u°—4°64u5— 567 uO +... 
+215 u+'0718u3+ 2510+ °299u7+ 3877" ... |] L—p). 
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6B = 20; depth = 14,520 feet : 
¢/Hy = [—1°818+9°73n?— 606 ut + 5°28 u8— 2°01942+3°49 y+... 
+114 —15°2u3 +11°40° + '500u7+ 4°56u" ...)(1—p). 
B= 40+ depth = 7,260 feet : 
€/H, = [—'048—2'23u?+ °088u'!—4°45u°— 2°47 u8—4°39u + ... 
+1°48u—6'91p?+8°39n —6°02u"+ 1°82u° ...](1—p?). 


6. Discussion of Results. 


Ga) The fortnightly tide. 

We shall compare the numerical values of the tide-heights found in 
the preceding sections with the theory of an ocean wholly covering the 
clobe,* and with the “corrected equilibrium” theory. For the latter we 
proceed to find the correction to be applied for such a zonal ocean as we 
are discussing, of which the boundaries are pu, and uw. The complete ex- 
pression for the “ equilibrium ”’ tide is 


€ = H, w?2—4) cos(opt+e,)+C. 


But over the whole zone we must have 


apn 


\| ¢dS nt): 


where dS is an element of surface. 
On performing the integration we find 


Ve 2 
C= — BP (ust Matt + — 1) cos (79 t+ 69). 


The entries in the table are calculated from these expressions. 


Taste I. Ocean bounded by Circles of Latitude 30° and 14° 30’. 










B=5 Bie eB 0 | S40 








Latitudes. 
30° 14°13’ 30° 14°30',. 30° 14 30’; 30° 14°30’ 


Present Theory .........:...........| ‘103 |—-084; +102'--083 -100 |—-083 -092 —-083 


— "021 '-—°095 


| 
| 
Complete Ocean Theory ......... — — |—:020/—-176 — | 








Corrected Equilibrium Theory ..| -104 —-083) +104 —-083 +104 |—-083 104 (083 





- Darwin, Proc. Roy. Soc., Vol. xu1 (1886), p. 337. (Calculated for 6 = 10 and 40 only.) 
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Taste Il. Ocean bounded by Circles of Latitude 80° and —14° 80’. 





| B=5 B =10 B = 20 B= 40 


Tatinuaay, 








30° 14°30’! 30° 14°30’ 30° 14°30’. 30° 14°30’) 





Present Vheory eer eee: 1-184 | -0006| +183) -0012 | +178 -0026 | -170 | :0048 


{ 


Complete Ocean Theory .........| — pe ta ORO hemi — |°021 |—°095 





Corrected Equilibrium Theory ...| ‘1875 zero | ‘1875 zero ‘1875 zero ‘1875 zero 
| | 
| | | | 





(Each figure in the entries to be multiplied by H).) 


The important fact that stands out from these tables is the close 
approximation of the ‘‘ corrected equilibrium ” tide to the true dynamical 
tide. This may also be exhibited analytically as follows. 

From equations (1) we find for the tide of first species 


o a, | ag dé | 
: mV (L—p) * ae ‘| 


~ 4m (f2— 2) u 
(28) 
Te = — J uy(l—n) 
From these we find 
Eo ake 5 —u(f?—p") o de 


F/I —p’) = EE 
4ma du? * Oaeie | 


On integrating, 


2 = 
real a—w)+| du | du et ae — 2 | Fut Et bs 


x i /(1—p?) ) 4m 


If U be the maximum value of |v | in the zone under consideration, 


then (P—p2 Gay 
: (uf KH) 2 ay Rema 
| due | du ie o\du\ du Fea ae 


ee A Tey pease 
“US tal tate 


Now by the original supposition of infinitely small motions upon which 
equations (1) were based, U is a quantity whose square may be nepleaus 
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It then f! and «* be at least of the same order as U, the term we are dis- 
cussing may be neglected in comparison with that preceding it. Hence 


h Ae neg OR ee 
dma doa — we) = Z| fut Bye t By, 


On applying the conditions «=O at uw =m, and w= po, we have 


Eigen). 
+ Me 
and i, = Te an | c du. 


Finally, by the second of equations (28), 


aie ee 


= 1 
= ¢— —— du. 
¢ S Mo By les : 


This is rigorously the expression for the ‘“ corrected equilibrium” tide 





height. 
The term we have neglected was compared with the term 
h 5 
Ama NAM shy 


seach: / 
and we tacitly assumed that the fraction ra was not small enough to 


reduce the order of the term. If, however, h be reduced greatly in value, 
the approximation we have found will be less satisfactory. This is the 
explanation of the fact that in the table the agreement of the theories is 
less close as (6 increases, that is, as 2 decreases. 


(i1) Diurnal tide. 


The tables give the tide heights at the corresponding latitudes. 


Tasue III. Ocean bounded by Circles of Latitude 80° and 14° 30’. 










=a B = 10 B = 20 B = 40 





Latitudes. 





| 14°30’ | 380° | 14°80! 








30° | 14°30’ 30° | 14°30’ | 30° 








Present Theory... —9:23H, —7'51H, —364H, —°396H, —*168H,|—-240H,| - -045H, — 12971, 





Equilibrium ) 
Theory* j 






+ °242 Hj) + °433.H]) + °242 A, 








| | | | 
+ 43BH + °249H, + -438H) + ‘2427, + °433H, 






* The correction to the ‘‘ equilibrium ’’ theory in this case is zero. 
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Taste IV. Ocean bounded by Circles of Latitude 80° and —14° 80’. 








Latitudes. 


| B02 is 3044107 14530" 0s = eo eos |—14° 30 
Present Theory... —1°30H,|—1°67H,| +° 193H, —" 582H, 
| 


Equilibrium | | 4 -433H,|—-249H| + -433H,|—-24977,| + "4882, — “24271 
Theory* j | | | 




















| 
| 




















+ °483H,|—-2427, 


The luni-solar diurnal tide is, as already mentioned, evanescent in the 
complete ocean theory. 

In Table III, the high magnitudes of the tide heights when 6 = 5 are 
due to approximate synchronism. While the complexity of the period 
equation makes it almost impossible to get even an approximate idea of 
the values of the free periods, yet with a little trouble we may find rough 
values of 8 (or h) which would cause synchronism between the free oscilla- 
tions and the forced oscillations of a given character. So that, if in the 
equations [derived from (27) | 


A, Ao+4,Ai = 0 
" " (29) 
ody gp 10 

we substitute the suitable values for u, and us, put f = 3, and take only 

the first terms in each determinant, we get an algebraic equation for {. 

By this method, great exactness is not attainable, but a sufficient indica- 

tion of the position of the critical depths can be found. 

Corresponding to Table III, we find 8 = 3:1, 338. 

Corresponding to Table IV, we find 6 = 3°8, 46. 

As will be shown presently, the first root is usually too small; the 
second is probably considerably wrong, and is only useful for showing 
that the higher roots indicate depths quite out of the range here con- 
sidered. ‘To give greater confidence to the results, I have worked out the 
values of Aj A{—Ai AG for 8 =4 and B=5. The former gives +°4515, 
and the latter —°2242; showing that the critical depth lies between those 
given by 8 = 4 and 5. For the larger basin, the values of the same ex- 
pressignemor O'— 4: and > sear respectively, +°9169 and —1°2239. 
The critical depth is again between those given by B= 4 and B=5. 
But as the variation of the function between values given by 8 = 4 and 5 





* See note on previous page. 
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is much more rapid in the latter than in the former ease, the effect of a 
small departure from the critical depth in the latter case is to reduce 
much more rapidly the height of the tide; hence in Table IV, for 6 = 5, 
the heights are not far from normal. 

Neither the theory of the ocean completely covering the globe nor the 
equilibrium theory offers any useful indication of the correct tide heights. 


(ii) Semi-diurnal tide. 


TABLE IV. 


Ocean bounded by Circles of Latitude 80° and 14° 80’. 










B= 20 


| 





B= 10 





Latitudes. 





30° 


14° 30' | 14°30" | 


§0°. » |.14° 30’ 





| : 
Present Theory... 1°36.H, | °348H, —1:09H, —°734H, —°436H, —'063H, 


| 
Complete Ocean | ip 
Theory Jl tod 


Equilibrium | 
Theory* 





a HTT) + 94, + -TOH, 


| 8-56H, 


| 
+ °94H, 
| 


| 
i 
| 
| 





—-445 Hy 





| 


+°T5H, + ‘94H, 








| + 6°90 H»| —1°02H, 






+ °T5Hy |+-94H; 


| 
| 





Taste V. Ocean bounded by Circles of Latitude 80° and —14° 30’. 
































B=5 | 8 =10 | B.= 20 6B = 40 
Latitudes. 
go’ |—14°30', 30° |—14°80'] 30° |—14°30"| 30° |—14°30' 
Present Theory.../—4°98H, —3°23H, —°837H,|— *655H, + 3°36H, —3:61H, — 443 Hy —*429H, 
Complete O | | | | 

Maree cet 1:25H, | 1:75H, | 5'86H, 8°56H, —-445H, —1°56H, 6-90H, |—1:02H, 

Equilibrium ) | : imeey ; ipa F i | ; | : 
Theory* J 75H, | “94H, | “T5Hy  "94Hy “75H “947 | 75H,  *94H, 








The values of 6 roughly indicating critical depths for these tides are, 


for the first ocean, 2°2 and 84; for the second, 2°8 and 18. 


These num- 


bers account for the higher magnitude of the tides, in Table V, where 
8 = 5 and 6 = 20, than in the other cases. | 
Again, there seems no relationship between the figures given by the 


three theories. 





* The correction to the ordinary ‘‘ equilibrium ’”’ theory is zero in this case. 
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It is important to notice that the effect of the boundaries on the 
diurnal tide (which is zero in the complete ocean theory) is to make it to 
correspond in magnitude with the semi-diurnal and in many cases to 
predominate. This is fully exhibited in the following table, where we 
have taken the ratio H,/H, = 4°5.* The cases of exaggerated tides due 
to approximate synchronism are omitted. 








Lat. 30°. Lat. 14° 30’. 
4 eal EOIN: ahsiah oe eri 
. Diurnal.) reap Diurnal. g-ynal. 
ma ~s ad 
S| 
@ |6=10|1-6H, | 1:09H,| 17H, | ‘73H, 
o | 
TA [oy — 20 ‘76H ‘44H, 1:02 Hz ‘063 A, 
Pp ad0N “BOR e86H, | “BB Hat vsan 
Lat. 30°. | Lat. —14° 30’. 
: e re eee 
2 no el ROOM | awanae  Semi- 
SS Diurnal. eae b ‘Diurnal. ae 
= Jere | 
~ |8=10| ‘87H, | ‘84H, | 24H, | “66H; 
© |¢=40|3-8H, | 44H, | 38H, | -43H, 
TM 





Note on the “‘ Corrected Equilibrium” Theory of the Tides mm a 
Polar Basin. 


In a previous paper (Proceedings, p. 81 of the present volume) I have 
worked out the dynamical theory of the tides in a polar basin. In com- 
paring the results obtained with the “ equilibrium” results, the uncorrected 
forms of the latter were taken. For the tides of the second and third 
species the correction is zero, but in the case of those of the first species 
the correction makes an important difference. 

From p. 223 of the present paper, the corrected form of the long 
period “ equilibrium ”’ tide is 


a (7 , 2 2 ) 
¢ = Hy | (u?—4)— 3 (uit uy mgtuo—l)}, 


where uv, and w, are the boundaries of the zone. If this be changed into 
a form suitable for use in a polar basin by putting °° =1—y?, and by 
taking fy = 1, uw, =/(1—r%), the result is 


$= Hy{@—-)—40—) RV} 








* Darwin, Scientific Papers, Vol. 1, pp. 20 and 21 (tides A, and Aj). 
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We now repeat the tables on p. 62 of the former paper, substituting 
the corrected form of the equilibrium tide. 


Boundary v,= 4, Lat. 75° 30’. 


Tide Height at Pole. | Tide Height at Boundary. 









| Corrected | Corrected 








| Dynamical sh Se Dynamical eye7 os 
| | Kquilibrium ; Equilibrium 
okt | Theory. ery Theory. 
ne ee A Bie, a 
| | 
B=5 0306Hy | °0315H, | —'0307H, ‘0310H, 









-0298H, ‘0315H, ‘0805 Hy ‘0310H, 









‘0284 H, 





‘0315 H, 





‘0293H, -0310H, 











‘0260 Hy ‘0315 Hy ‘0270 H, °0310H, 





HOUnGOTY ve—' a, Liat. O07. 

















Tide Height at Pole. “Tide Height at Boundary. 
y (@orrected! peat | | Corrected 

oS eeniaiaae Equilibrium ah ram Equilibrium 

y Theory. vr 4 Theory. 

SY Pie eager, 128, —‘115H, —°122H, 
Baal Om ee O5LT, (eee —‘112H, —‘122H, 
B=20 | ‘0887H, | °‘128H), —'103H, —'122H, 
a=40| -0668H, | -128H, —-0899H, —122H, 





It-is noticeable that the “corrected equilibrium” theory gives a fair 
approximation to the dynamical theory when the-basin is small and the 
depth great. The approximation is not so good (for values of vy = «) as in 
the case of a zonal ocean near the equator. If the matter be examined 
analytically in the same manner as is done on p. 224 of this paper, the 
reasons for the less satisfactory approximation become obvious, 
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ON THE THEORY OF CLOSED CONVEX SURFACE 


By Tapanutxo Kupora. 


[Received November 4th, 1914.—Read November 12th, 1914.] 


Ir is well known that any surface of the second order is cut by a series 
of parallel planes in similar and similarly situated curves. ‘The question, 
whether the surfaces of the second order form the only class of surfaces 
having this property, has induced me to make the following investigation, 
which may be looked upon as a continuation of my previous paper on 
Closed Convex Surface, published in the Science Reports of the Tohoku 
Imperial University, 1914. The result at which I arrive can be expressed 
as follows :— 


If a closed convex surface be cut by every series of parallel planes in 
similar and similarly situated curves, then the surface must necessarily 
be a surface of the second order, that is, an ellipsoid. 


From the assumption that the closed convex surface is cut by every 
series of parallel planes in similar and similarly situated curves, I will 
deduce the following series of properties of the surface, so that I shall 
finally arrive at the proposed theorem. 


All tangent planes* which touch the surface at the points on a plane 
section of the surface, pass through one and the same point. 


In order to prove this property we take a plane section of the surface 
as «y plane of coordinates of rectangular axes, and take the origin of 
coordinates inside the surface. We further assume that the curve of the 





* Let us assume that the surface has tangent planes everywhere. 
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section is expressed by the following equations 
Wageots ALE) 


ee eG). 


where @ denotes the angle formed by the radius vector from the origin O 
to the point on the curve and 2 axis of coordinates. Then we have a 
parametric representation of the surface with respect to the rectangular 
axes in the following form :— 


a = |[p(w)—p(0)+1] f()+a(u)—a(0), 
y = [p(w—p(0)+1]9(A)+6 (w)—b(0), 


4—= U, 


where the function p(w)—p(0)+1 denotes the ratio of corresponding 
lengths in similar curves of the section by the planes z= w and z= 0, 
and a (w)—a(0), b(«)—6(O) are the coordinates of the point corresponding 
to the origin by the transformation of similarity. We can now express the 
equation of the tangent plane of the surface at a point of the plane sec- 
tion by z= 0, as follows :— 














cro (3), Ge),.|=% 

po) (se) (4) 

|$ (Fa). =0 (=) u=0 | 
ae E—f(0) f'(0) p'(0) f(@+a’ (0) | = 0, 

n—g(9) g'(8%) p'(0) g(@)+0' (0) 

é 0 1 





where €, 7, ¢ denote current coordinates. 
This equation shows us that all tangent planes which touch the surface 
at the points on the curve of the section pass through one and the same 


poi oe Oe ets) 
p'(0)’ —p"(0)’ p'(0)/ 





It immediately follows that all points of contact of the tangent planes 
passing through an external point lie on a determinate plane. 
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This theorem, which is evidently the converse of the preceding one, 
can be proved in the following manner. 

Let us assume that C is the locus of points of contact of tangent planes 
passing through the external point P. We have to prove that this curve 
must necessarily be a plane curve. On the curve C we take any three 
points A,, A, As, and draw the plane passing through these three points, 
then the plane will cut the surface in a plane curve C,. Since, by the 
preceding theorem, every tangent plane at a point on the curve C, passes 
through one and the same point P, it follows that the curve C, must be a 
portion of the curve C, that is, either the curve C is itself a plane curve 
or it must break up into a certain number of plane curves. If the second 
case occur, we take two of these plane curves, say C,C,, into which the 
curve C is broken up. 

Applying the preceding theorem again to the plane section intersecting 
both of the curves C,C,, we can infer that all tangent planes of the surface 
will pass through a point, 7.e. P. This is evidently contradictory to the 
fact that we can easily construct a tangent plane which does not pass 
through the point by drawing the plane perpendicular to the normal of 
the surface from the point P at the foot of this normal. Therefore C must 
necessarily be a plane curve. (Q.H.D.) 

Hstablishing the correspondence between an external point P and the 
plane passing through the curve of points of contact, one and only one 
plane cutting the surface corresponds to every external point of the sur- 
face. I will call this plane “the polar plane” of the point P with respect 
to the surface for the sake of convenience. It is especially important to 
remark that polar planes are only defined for external points in this case. 

Now we take a straight line g, which does not meet the surface and 
construct the polar plane z of the point P which lies on the straight line 
g. Since the surface is convex and closed, we can draw two and only two 
tangent planes passing through the straight line g; let us denote the 
points of contact by H, K. 

The plane 7 passes always through the two points H, K, and we 
finally have the following result :— 


If the point P move on a straight line g, then the polar plane x will 
turn round the straight line joining two points of contact of two tangent 
planes through the straight line g. 


Let a be a plane cutting the surface in a closed convex curve SH, and P 
be any external point on the plane a, then the polar plane 7 of the point 
P with respect to the surface will cut the plane a in a straight line p 
which is the joining line of the two points of contact of the two tangents 
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drawn from the point P to the curve A. Call this straight line “ the 
polar line” of the point P with respect to the curve 4. The remark that 
polar lines are only defined for external points is also necessary. 

If the point P move on a straight line lying on the plane a, then the 
polar plane will turn round a straight line, and therefore the polar line p 
will pass through one and the same point on the planea. Finally, we 
get the following result :— 


If the point P move on a straight line which lies on the plane a and 
does not cut the curve A, then its polar line will pass through one and 
the same point lying inside the curve A. 


Let g be a straight line, and G be the point of concurrence of polar 
lines of points on the straight line g. We 
take this point G as the origin of coordi- 
nates, and take the perpendicular from 
the point G to the straight line g as the 
x-axis of coordinates. 

Any straight line passing through G 
will cut the curve at the two points A, A’, 
and two tangents at these points will in- 
tersect on the straight line g. 

We will denote the point of intersec- 
tion of the straight line AA’ and the 
straight line g by Q. Since the « axis is 
perpendicular to the straight line g, the 
equation of the straight line g must be of 
the form Bia. 1, 

n= y, 








where y denotes a constant. If we denote the absolute value of the ratio 
GrAp AG) 


by 7, then 7 is a function of the angle 


<—f rag — Se 
and we will denote the function by /. That is, 
tA 
absolute value of Sa === 1.4) 


t 


absolute value of ae jr AS alta 


met) 
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where Shinn ot eS = 


bo| > 


and /(S) is not necessarily analytic. 

Thus we get the following expressions. for the coordinates 7, y of the 
point A :— . 

IS) 

+7 

I) 








eS Va FQeo 


and for the coordinates x’, y’ of the point A’ 


o jist 
TGS 


id S(S+7) 


TS iste reaeay 


Now we can determine the equation of the tangent at the point P 
and get the following equation :— 





: ype) a 
Sam G+fOP 
nf AS) le ea ei ae 
Fe) eae fi+f@)2 8 gy 1+fS) sec? § 


where €, 7 denote the current coordinates. 


From this equation it follows that the ordinate of the point of inter- 
section of the tangent with the straight line g is equal to 


y| tg Sipse oy sec 35 


In the same way we get the following expression as the point of inter- 
section of the tangent at the point A’ with the straight line g, 


y| te 3—* a sec” 29 |. 


Since these two tangents intersect on the straight line g, we have the 
following relation 

feOrer eee as) (ae 

2 


7Gtm ~ f® Bees ep 
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integrating this equation we get 
fO+m = 078) (-Les< z), 
where C denotes a constant. 
Let us now consider the ratio 


fQ+7)._ GA’. QA’ 


(S| ere Cay ed 


where (4'd, GQ) denotes the anharmonic ratio of the four points A’, A, 
G, QY, and then consider the limiting cases where 


= absolute value of (A'A, GQ) 





Te eee i EE 
[Dipti l— a Tn — a? 


respectively, and we get 


_ JfS+7) GB 
eS Grae G2 








where B, B’ denote the two points of intersection of the curve with the 
positive and negative parts of the y axis respectively. Similarly we get 
the following relation 
EBay GB! 
Uae GB: 








Since these two values must be equal to C, we finally get 


eg ay 

from which it follows that Gaels 
as C is always positive. We finally have this 
fG+7) =f. 


Thus the chord AA’ is divided harmonically by the points G and Q. 

Now let P be any external point 
in the plane a,and p be its polar line, 
which will cut the curve & in the 
points A, B. Passing through the 
point P we draw a straight line 
cutting the curve at the points C, 
D, and cutting the straight line at 
the point #. Now we draw two 
tangents at the points C and D, 
and let their points of intersection 
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be denoted by Y. If a point move on the straight line PQ, then its polar 
line will always pass through the point #. Therefore the four points D, 
EH, C, P must form a harmonic range. If wedraw the straight line PC’ D’ 
near to the straight line PCD in such a manner that it will cut the curve 
at the points CO’, D’ and the straight line AB at the point EZ’, then the four 
points P, C’, H', D’ will also form a harmonic range, and therefore the 
four straight lines CC’, AB, DD’ will intersect at one point. In 
the limiting case where the straight line PC’D' moves indefinitely near 
to PCD, so that C’, D’ subsequently tend to C, D respectively, the 
straight lines CC’ and DD’ will be tangents at the points C, D respec- 
tively. Therefore the straight ine 4B must pass through the point Q. 

Finally we have the following property :— 

If we draw a straight line PCD through an external point P on the 
plane a in such a manner that the straight line will cut the curve at the 
points C, D, and the polar line AB of the point P at the point #, then 
the four points D, H, C, P will form a harmonic range, and two tangents 
at the points C, D will intersect in a point @ lying on the straight line 
AB. Also the four points B, H, A, Q will form a harmonic range. 

Let us now take the triangle PAB as the triangle of reference, and let 
21, Lg, £3; be the homogeneous coordinates of the point C, and, finally, let 
us denote the coordinates of the point @ by (0, &,, €), then we have by the 


harmonic property Exttob Eyty = 0 (1) 
av2 gee fs em I 


Now let the homogeneous equation of the curve 4, expressed in homo- 
geneous coordinates, be written in the form 


Ghee. 2g, £3) — O, (2) 


where / (x, %, 3) 18 not necessarily analytic, then the equation of the 
tangent at the point C, 7.e., of the straight line CQ, will be 


X, if be Lx, =o 0, 


x 


where X,, X,, X; denote the current coordinates. 
This equation must then be satisfied by the coordinates (0, €,, €), 7.e 


fa oe tos ue = 0. 


If we compare this equation with (1), we get the following equation 


ig i ga 
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Now let us assume, without any loss of generality, that the equation 
(2) is put into the following form 


Ply ty, ts) = 2 4 (2). 
cor 


vy 
It therefore follows, by (8), 
ye e Te pa? a 
and we finally get p (2) — =). 
raat a 
Thus the equation of the curve must be of the form 
iL OF ee 


Therefore the curve must be of the second order, and, in fact, an ellipse, 
since it is a closed curve. 

Since the surface is thus cut by every plane in an ellipse, it follows by 
applying the theorem proved by me in my last-named paper, that the 
surface must necessarily be an ellipsoid. Thus the proposed theorem is 
completely established. | 


Le 


Although it seems to be somewhat superfluous, I should like to treat 
the following theorem as it is closely connected with the preceding. 


If a surface of revolution be cut by a series of parallel planes, which 
are parallel to the axis of rotation in similar curves, then the surface is 
necessarily a surface of the second degree. 


We take the axis of rotation as the axis of z, and denote the perpen- 
dicular distance of a point on the surface from the z axis by 7, and denote 
the angle formed by this perpendicular and the axis of « by $ as usual, 
then we have a parametric representation of the surface as follows :— 


x ='r cos 9, 
7 Sir 
Cael Fags 

r = (2). 


Now we shall assume that the surface is cut by a series of planes perpen- 
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dicular to 7 axis in similar curves, that is, by the planes 
E =. CONStanb-— CU. 


then we have the following equation as the equation of the curve of the 
section (2) —y? = C?, (1) 


On the other hand, the most general infinitesimal Lie’s transformation 
of similarity is of the form 


Jz = (ky +lz+m) dt, 
dy = (—xz+ly+n) dt, 


where «x, /, m, 2 denote certain constants ; this transformation is written 
in the form 


Uf = (xy +lz+m) Lt (et ly-+n) a 
Ul o(2—y?] = ¢' (ky tle+m) —2y(—K«z+ly +m) = Fly, 2). 


This function must be equal to a constant for all values of y, z satisfying 
(1), and therefore /’(y, z) must be of the form 


PL (2) =e , 


and therefore Ff must satisfy the following partial differential equation 
rhea ete 
Yaz, TPY Cy test 
i.e., 2y[h'"(z) (ky tlze+m)+ ¢’ (2) 14+ 2x«z] 


+ ¢' (2) [p' (@) «-2(—Ka+ly+n)—2yl] = 0. 


If we put the coefficients of y’, y, 1 separately equal to zero, then we get 
the following series of equations respectively 


ke" (2) = 0, 
2" (z) (lz-+-m) + 2g’ (z) + 4x2—2¢' (z) l— 21d’ (z) = 0, 
g' (2) x +2xz—2n = 0. 
From these equations we get 


Ki) eee) 
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and, if /=£0, then p'" (z)(lz-+m)— ¢' (2) = 0, 


gr) 


f(z) lz+m’ 





Integrating this differential equation, we get 
f(z) = pllz+m) +4, 
where p and q denote constants. 
If /= 0, then we get gp t2)mi— 0, 
p(z) = pzt+q. 


In both cases the surface is a surface of the second degree, which was to 
be proved. 
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FREE AND FORCED LONGITUDINAL TIDAL MOTION IN A 
LAKE 


By J. ProupMan. 


[Read June 11th, 1914.—Received October 24th, 1914. | 


1. The lake considered in this paper is such that the size and shape 
of its transverse section vary only slowly. The variations may be in any 
manner, subject only to certain very general conditions which are satisfied 
in many actual lakes. 

The determination of the ordinary longitudinal seiches in such a lake 
was reduced by Prof. Chrystal* to the solution of a linear differential 
equation of the second order in the normal form, with certain boundary 
conditions. 

The determination of the “temperature seiche,”’ discovered by EH. R. 
Watson and EK. M. Wedderburn, has been shown by the latter of these 
authors * to be similarly reducible. 

Again, the discussion of the vibrations of a string of any law of 
density forms a problem which is reducible to the same equations and 
conditions. l’or the special case in which the string is of uniform density 
the original method of John and Daniel Bernoulli was to replace it by 
one in which the mass was concentrated at a finite number of equidistant 


b) 


points.; This, when the masses at the points are no longer equal, is the 
method used in the present paper to suggest the form of the general solu- 
tion. It involves the regarding of the differential equation as the limiting 
form of a difference equation, a method which has been very much used. 
In the first place the determination of the forced motion in the lake 
due to a periodic change in atmospheric pressure § which varies along the 





* “* Hydrodynamical Theory of Seiches,’’ Trans. Roy. Soc. Hdin., Vol. xu, p. 599 


(1905). 
+ ‘*The Temperature Seiche,’’ 2bid., Vol. xuvir, p. 619 (1910) ; ‘‘ Temperature Observa- 
tions ...,’’ wbid., Vol. xLviiI, p. 629 (1912). 


+ The analysis is given by Lord Rayleigh, Theory of Sownd, Vol. 1, p. 172. 


a‘ 
§$ The effect of a number of types of pressure disturbances on a special lake has been con- 


sidered by Prof. Chrystal, Trans. Roy. Soc. Hdin., Vol. xtv1, p. 499 (1908). 
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lake, as well as to a periodic bodily disturbing force which is directed 
everywhere along the length of the lake, is reduced to the solution, with 
the same boundary conditions, of a differential equation which is an ex- 
tension of that of Prof. Chrystal. Of course we are merely concerned 
with a very simple linear boundary problem, of which Prof. Chrystal’s is 
the “ homogeneous ”’ case. 

A general equation for the free periods, and a general expression. in 
terms of the period, for the motion in any free mode, are obtained, as well 
as a complete expression for the periodic forced motion. 


General Equations. 


2. Following Prof. Chrystal, let x denote the area of the surface of the 
lake from one end up to a transverse section which is at a distance s, 
measured along the length of the lake, from some fixed transverse section. 
Then, if a denotes the total area of the surface of the lake, x will range 
from 0 to a. Let the transverse section corresponding to x have an area 
A(a) and be of breadth 6 (x) at the free surface, so that 


dx 
— = d(x). 
ds (x) 

Now let V denote the total volume of water which has passed the sec- 
tion at x up to time ¢; then V will vanish at 7=0O andz=a. Let 
€ denote the forward displacement of a particle in the section at «, and ¢ 
the elevation of the free surface at this section. It is supposed that € and 
¢ are functions only of z and ¢t. We shall then have 

: V earl 
See Alig)? Sik mor 


the latter being the equation of continuity. 

Let IL denote the atmospheric pressure, and S the bodily disturbing 
force per unit mass, supposed to act everywhere along the length of the 
lake. IL and S are supposed to be functions only of x and ¢. 

When the motion is “ tidal” in character, the pressure intensity in 
the water will be 


I[+gp (¢+depth below mean surface), 


where p is the density, supposed uniform, of the water, and g is the 
acceleration due to gravity. The dynamical equation then gives, on 
SER. 2. vou. 14. No. 1236. a 
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neglecting squares and products of displacements, 


which, on substituting from the above, gives 


Ci Mate __ d(x) A(a) a 








A Pa p ae. b(x Aa Vays, (2) 
If we write 
Sar, aieaee oll i 
2 BW. 
(2) may be written ai oe aee Gad a (4) 


Ox? gpl) of 


The function p(x) can never be negative, and can only vanish at the ends 
of the lake. For the possibility of the type of motion we are considering 
p(x) must be a continuous function of #, and we shall further require that 
dp/dx shall not vanish at an end point for which p vanishes.* 
Suppose now the motion to be periodic with speed c, and take 
2 


rae eas 
i 


Then V is determined by the equation 


ae 2 
ean oa fe =F, (5) 


with the condition that V shall vanish at x = 0 and x=a. 
For a free mode we have F = 0; let V, X be then denoted by ere. 
respectively, so that we have 





— ABR =-(. (6) 


It is to be remarked that, owing to the approximations made in 
deriving the equations, only the smaller values of A will admit of inter- 
pretation. 

When we speak of a solution of (5) or (6), we shall always suppose it 
understood that the solution vanishes at 2 =O and «=a. 





* Chrystal and Wedderburn have calculated the function p (« ) for Lochs Earn and Treig, 
and in each case this condition is satisfied : Trans. Roy. Soc. Edin., Vol. x11, p. 823 (1905). 
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The determination of the possible values of A, for which (6) possesses 
a solution, together with that of the corresponding solution, has been 
considered by Picard,* and, in fact, he has given direct processes by 
which they may be calculated. The processes of the present paper are 
different. 


Solution of a Difference Equation. 


3. In accordance with the method indicated in $ 1, let us consider the 
determination of the m—1 constants 


v(1), v(2), ..., v(m—1]), 


which are subject to the relations 


ea vihgh Cabpees Aye Sonne Me 
ON edly 3 ee 9 ND aA Gear ren PMT); (7) 
for fined leaker, ibe ls 
with 2(0) =v Gn) = 0. 


The difference equation (7) is suggested by the differential equation (5) 
which may be regarded as a limiting form of it as m—> ©. 
For our purpose we shall require the determinant 





2 
= eo pow : —1, 0, ater O ) 
m- p(ut+1) 
a? A 
-1 2-- — = —1 0 
; m? p(w + 2) j : 
| ae, 
| 0, —I, er 2 9)? 0 
| m p(u+3) 
0, 0, 0 ; 0 
0, 0, 0, : —1 
a? A 
0 0, 0, . See 
j m?* p(v—1) 





which we shall call A(u, v, A). 
A(u, v, 0) is easily evaluated and found to be y—m, and then, on ex- 
panding A (u, v. A) in powers of A, it is easily seen to be given by 


v—p—L 


A(u,v,A)=v—p)+ 


“UES at 


(—\ie Sn (uM, v), (8) 





* Traité d' Analyse, t. 111, ch. vi. 
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where Sy(u, v) is given by either of the two equal multiple sums 


2 ; aes | s, —1 Sh — So- 
ae” fe 3 a ee. (v—S,,) (S, ee Sh cee (sy —) (9) 
ug ld a ves a ha hi ae Cie ek Se ee 
MU s.= HFM syoy=MtNsL | y=nt2 snl P(S;) Pp (82) ---P(Sn) 

2n v—n v—n+l1 v—2 v—1 ; ‘ e 
a = se Ss 5 (—35,) (Sia Sal ae (10) 
me S,=K+1 S,_)=8, 41 2=83t1 s;=82+1 P (Sy) p (So) -++ p(Sn) 


The cofactor of the element in the »-th row and s-th column of the 
determinant A(O, m, A) is, for the respective cases in which r < eae 


A(O, 7, A) A(s,-m, A) PATO TAA) A aA AO es A) 77 
where A (OA) SS Ae oe a 


Now, when f(r) = 0 for all values of 7 concerned, the condition for the 
existence of a solution of the problem in question is 


AN Oso e310. (12) 
This is an algebraic equation of the (m—1)-th degree in A; let its roots be 
denoted by 

du; Ng, oie 'e19 Ae 


Corresponding to A, we have, by the ordinary theory, 


v (1) ais v (2) ae v(r) oR tee v(m—1) (13) 
AO, A,) “AAO, 2 An) = AO ee 
and 

v (1) 2° v (2) ae , v (1) Cees v(m—1) (14) 
A(L, m2n,) AQ, mAD = ~ © AGRA Ae An ae eee 


and the determination is unique. We notice that when A(0, m, A) = 0, 
A(O, 7, A)/A(7, m, A) must be independent of *. 
When / (7) is not zero for all values of » concerned, and A is preseribed, 


we shall have, provided 
ri (WT NN Bim ad A 


_ 


V(r) = Oe | | aN Pais A) SS =p U, s, A) f(s) + AO, 7, A) AG mn, Ala 
m—1 

+40,7,2 = Aw, mNfG) >, G5) 
s=rt+1 


for Pe NE Bos i] eS 
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Solution of the Differential Equation. 


4. We now proceed to solve the original problem on the lines 
suggested by the preceding section, giving, however, an independent 
justification. 


From the expressions (9) and (10) for S,,(u, v) we are led to consider 
the two multiple integrals 


mn * . Soe Sn) (Sn— Bani) eeu Soe S,) (Ss, <i g) 5 
ee “0 ne NT ds, ds. ... A8n, (16 
aa ve jee PO) pls) --. Pn) ie me 


s 


Ml u i i (7 a Sy) (sy a So) eee (San aE Sn) (Sy Me £) 
ee Ee BY TEEN ey Ee a a pe ds ds. ere ds n 9 1 if 
fe (poo {ee i = P (S}) pP (So) cee Pp (S,) ; 2 ( ) 


for n>0, where O<&é<y<a. The integrands of these are always 
positive, so that if the integrals exist we may change the order of integra- 
tion. Doing this for (16), we obtain 


coe DGD PW) «= PC sys... ds, 


eo, —f< == 5 ; =¢8 
§; = J S90 Sy Sy -1 $9 


which only differs by a change in notation from (17). The integrals 
obviously exist for 0< <<a, since the integrands are then con- 
tinuous; let their common value be denoted by 


eleren), 
and take Int) =n—s (18) 


The equality of (16) and (17) was to be expected from that of (9) 
and (10). 3 
From (16) we have 


= a Nee 
13 (e 7) ae | 


‘ pis). LRA E: s) ds, (19) 


and this may be written as the double integral 


\ ) In) 8) 9, get (20) 
s=& Js’=s p(s) 


which, by interchanging the order of integration, may be written 


i [ In-1&s 9) ae ash ay) 
ee eae) 2 (8) 


§=€& JS=E 
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Similarly, from (17), we obtain 


Eikt& ”) — \ Sis ele Ga n) ds (22) 
¢ p(s) | 
= \ \ Tn—1(s, 7) eget (23) 
-elene PO 
te \ | set ire (24) 
ae se p(s) 


These relations are true for n > 0. 

For a particular value of €, 7,(€, 7) increases as y increases, while for 
a particular value of », I,(€, ») decreases as € increases. 

We now proceed to show that J,,(0, a) will exist, provided that 


p(x) > kx (a—z), (25) 


where k is any positive constant. It will obviously be sufficient to show 
the existence for the case in which p(w) = x(a—2z). Now 


ae Ie Se Be n $ 1 peter 1 gt? 
\ (=) ds = mt+rT— 7 n+r—l Sees pay: PTS 
0a—s\a Serer aig a a m+1 a"* 


for 0< wz <a, so that we have in succession, on using (19), 








I,(0, x) = 2, 
2 
(i), -ds< ee, 
ip Gis a 
| 1 2° 
nies es a= 3 Q’ 





A 1 “ ~—s S \en=1 1 gt 
[,,(0, 2) < (n—1)! f a—s (=) ds << Jgt a f 


We thus see that when (25) is satisfied, J,,(0, a) will exist and have a 
value which is <a/n!k". The only restriction imposed by (25), further 
than those already required, is that dp/dx shall not vanish at an end for 
which p vanishes. | 
From (24), (21) we obtain respectively 
In—1(s; n) 


0 " TAGs) 
ae In ’ he : é Dy I, fn-1 


1914.] Free AND FORCED LONGITUDINAL TIDAL MOTION IN A LAKE. 247 
for O0<E<n<a and O<E<y <a respectively, while from (18) we obtain 
g = g 27 
og Loe: ”) a m1); By lols n) —— ( ) 


We next obtain 


ite ee enc teeay Ss ee an tO 
Of? w\Ss 1 ~ p(é) n—-1\S> 4) On? n\S> 7 ~ p(n) n—1 ( >); ( ) 


for n > 0 and the same ranges, while 
om (en 
5g lol: MEAD! aes ENG Te (29) 


The conditions necessary for the validity of the operations involved in 
the derivation of (26) and (28) are satisfied. 

The above relations may be used for the determination of J, (€, ) in- 
stead of (16) and (17). For instance, I, (€, 7), regarded as a function of 
the parameter € and the variable 7, may be determined step by step from 
the differential equations in (28) and (29), together with the conditions 
at the initial point » = 6, 


0 
1m (E, 7) —- 0, 7, 0S» n) — Ae 


Fate n) = 0, = 


which are derived from (26) and (27). 


5. Now take 
Ih@g. 1, X) — = (—A)" ats n). (30) 


This is suggested by (8) ; we shall expect the condition for a solution of 
(6) to be FAW i SO a 
and the solution itself to be given either by 

eth eA me Oleg) Vaults A) 


When (25) holds, we see from the upper limit obtained for J/,(0, a), 
that (380) will be absolutely convergent, as well as uniformly convergent 
with respect to €, 7, for all values of X. 
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We shall then have 








4) ‘ st ) 
ERE a N= (oN age 
ab a ya eee eed 
= — 1X A rs 
n=0 ¢ p(s) 
ee s, (31) 
e p(s) 
0 f Dn 
and omen y, A) = S. Carts * 1, (€, 7) 
= 1-—r y (—)A)" | Inif, 8) ds 
n=0 e p(s) 
n 
Sia ES 2, (32) 
¢ p(s) 
We have here used the relations (26) and (27). 
We next obtain 
BE,» ep Se 7, \) Cyt: A) = . (33) 
S U\C; an plé) » Ds }) On’ >; are 
We now see that R (€, x, \) and R(a, n, ») are each solutions of the 
differential equation 4 
BS r i} (3.4) 
ae Benya 








for 0X E<ux<a, and OX 4c <a respectively, and that 


0 
é, = hag SY Fe e 
REaN=0, —REeN =o 


forx=&, while R(x, 9, A) = 0, = Rie, 7, \) =—1], 
0) 


Again, these conditions, which are “conditions of Cauchy,’ may be 
used to determine the functions R(g, x, A), R(x, n, A), and this determina- 
tion may be carried out in a manner similar to that of Picard mentioned 
in § 2, which is based on successive approximations. If we assume, as a 
solution of (84), for example, 


| Aico 


r 


Ania, 
0 


i1Ms 


with the conditions V = 0, dV/dx = 1, at the initial point « = €, we 
obtain by Picard’s method a differential equation and initial conditions for 
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v, Which, on comparison with those of § 4, show that 


On = cette ks 1h Ce. ale 


‘ 


Picard himself does not use these ‘ conditions of Cauchy,” but takes his 
primary solution to have a prescribed value at each of the end points. 
The functions R(g, x, A), R(x, y, X) are included in a solution given by 
Forsyth,* while the function R(€, x, A) has been obtained by Liapounoff + 
for the case in which the function p (x) is periodic. 

Since R(E€, x, X) and R (a, 7, A) are two solutions of (84), we know that 
~ R(x, n, ») Rig, 2, 2), 


O < 
a, Hele, x, A) B(x, 1), \)— Ox 


will be independent of x; we have, in fact, 


d 0 : 
5 RE, td) Re, », N— Re, 1, NRE 2, ) = RE, a,», (85) 


on putting either = € or x= 7. When R(é, 7, \) = 0, we see further 
from (35) that R(é, 7, A)/R(x, n, ») will be independent of «. This was 
to be expected from § 3. We may put €=0, 7 =a, if O0<¢r<a. 


6. With regard to the tidal problem, the solution for the free modes 
is now seen, as was expected, to be given by 


Vn = RO, #, An) or Vi = R(x, a, rx), (36) 
where A, is a root of the equation 
Oe ree): (37) 


This is the period equation ; the left-hand side is an integral function im 
r, and we know that the roots are real, positive, infinite in number, and 
isolated. } 

The ratio of the two solutions in (36) is seen from the end of the pre- 
ceding section to be independent of x. 

For the forced motion, we assume, on the suggestion of (15), when 


EO, a, »\) #0, 


1 


A ee (OLN) 


Rie, a, r) | RO, s, \) F(s)ds 
0 


+ R(0, x, A) \ Sean jel (sh as (55) 


* A Treatise on Differential Equations, 3rd ed., p. 120, Ex. 
+ Ann. Fac. Sci. Toulouse, (2), t. 1x, p. 403. 
t See, for instance, Picard, l.c. 
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This vanishes at 27 =O and 7=a. We have further 


ie 1 (0 \ 
dz V (2) = ie RO; a, r) | Oz R(x, Cl, X) 0, S,; r) F'(s)ds 
a Ww 
+~ RO, x » | R(s, a, \) F(s) ds . (39) 


and, consequently, 


Be is OW \ R(O, 8, ) F(s) ds 


a? eK 
dx Kiel p(x) Pe(Oea 


+ Fh(0, x, » |) RAS, :a, A) F's) ds’ 


1 


pe 
SS | sp Lee ad, X) R(O, 2, A) 


= £ RO, 2, \) R(2, a, d) F(z). (40) 


Equations (39) and (40) are valid for O< a <a. Therefore 


a? 


A V (a) + —~ Vie) = F(a), 


Ae 


on using (35), so that (38) provides the solution of (5) required. 
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ON CYCLOTOMIC QUINQUISECTION 


By W. Burnsipe. 


[Received November 25th, 1914.—Read December 10th, 1914.— 
Received, in revised form, January 12th, 1915.] 


Ir p is a prime and ¢ a factor of p—1, there is an equation of degree q 
with rational coefficients, each of whose roots is the sum of (p—1)/q of 
the primitive p-th roots of unity, no such p-th root occurring in more than 
one of the sums. The equation is an Abelian equation with a cyclical 
eroup. The determination of the system of relations expressing any 
rational function of the roots of this equation as a linear function of the 
roots, has been called by Cayley the problem of cyclotomic qg-section. He 
worked out the theory completely in Vol. x1 (Old Series) of our Proceedings 
for the cases g = 3 and gq= 4. Ina short note in Vol. xu, he refers to 
the case of quinquisection, and gives in tabular form the solution for 
primes under 100. It is not indicated how this table was constructed, 
nor is the problem of quinquisection in its general form really attacked at 
all. So far as I am aware the problem has not been directly dealt 
with since. The nature of the algebraic “ field,” determined by the equa- 
tion of the q-th degree above referred to, has formed the subject of 
various investigations during the last twenty years; but the determination 
of the system of integers on which all rational relations between the 
roots depend, has not, I believe, been considered. 

This problem is completely solved here for the case gq =5. It is 
shewn to depend on the two diophantine equations 


12°p = [4p—16—25(4 +B)]?+5.15?(4 — BYP 42. 15°C? +2 .15°D?, 
0 = [4p—16—25(4 + B)] (A —B)+3(0?+40D—D?). 


In the first paragraph of the paper certain general formula are proved 
which hold when gq is any odd prime. These could easily be extended to 
the case in which g is any number. In the succeeding paragraphs the 
problem of quinquisection is dealt with. 
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1. Notation.—p is an odd prime, 
g is an odd prime factor of p—1, and p—1 = qt, 
wis an assigned primitive p-th root of unity, 
ais an assigned primitive root of the congruence 
in = lL eimodm): 
6 is an assigned primitive root of the congruence 
62s) a1 modi). 


Each of the p—1 primitive p-th roots of unity is included just once in 


the form ; 
w (==) a ie) eee 


x=t—-1 + 

Put hee we *" (75 —n() ee Loe oils 
“2£=0 

Kach A; consists of the sum of ¢ distinct primitive p-th roots of unity, 

and each primitive p-th root occurs just once in one of the A;’s. When 


w is replaced by w*, each A; remains unaltered. When w is replaced 
by w* the A,’s undergo the cyclical permutation 


(A AL eee ke 


If w' is any root occurring in A;, then 


In particular, since ¢ is even, if 4; contains w’ it will also contain w’7'. 
When 7 is replaced by 2, the A,’s undergo the permutation 


G A, As eee Aga ) 
Ay Ag A og eee A(-1)p 


where the suffixes are reduced (mod qg). ‘This leaves Ay unchanged and 
gives a regular circular permutation of the other A,’s. 

If A; and A; are two distinct A’s, and if the product A;A; is formed 
without reduction, 7.e., without taking account of the relation 


I+wtw?+...t+w?-! = 0, 


it will consist of the product of ¢ primitive p-th roots, because if w’ occurs 
in A;, then w’* does not occur in A;. Moreover, since A; A; is unaltered 
when w is replaced by w*’, the prodvet can be arranged as the sum of a 
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number of A’s. Hence 
K=t 


A \ ae 
A,A, = yo, Cyr A ky 


where the c’s are zeroes or positive integers, such that 


k=t 
D> Cijik — ts 
1 
by. . . . . . . . 
The product A; will contain ¢ units and ¢#?—¢ primitive roots of unity, so 
that ; k=t 
Ai =t+ & cy Ar, 


k= 


where again the c’s are zeroes or positive integers, and 


=t 

by Cik = t—1l. 

cl 

Let w’ be a root occurring in 4;, and suppose that of the ¢ distinct 
roots in w’A; just x belong to A;. Since both A; and A, are unaltered, 
when w* is written for 2% it follows that of the ¢ distinct roots in w'’ A; 
just x belong to A;. Hence 
= Cish- 


J+ (a4 sa +09 


+49 ? 
Let i Ris LS) Se ER hd a 


; : : Ae a eee 
be the roots occurring in A; which, when multiplied by w*, give roots 
occurring in A; so that 


] Pea Q ¢ Fe oe 5+ D,. 
ge EOE ye aye tel ag 
while no further relation such as 
qr te “ori! = we 2+ 
holds. ‘T'hen 
Pek EO THA at k+b.q J+yq 
pe ate eta ee =a 


and no further similar relation holds. Since w~* is a root occurring in 
A,, this is equivalent to the equation 


Cijk = Cikjs 


i.e., the numerical value of the symbol ¢;;, is independent of the sequence 
of the letters in the suffix. Moreover the same reasoning clearly holds 


254 Pror. W. BurnsipE [Dec. 10, 


when two of the letters in the suffix are the same, 2.e., 
Ciik = Cikie 


Further, since writing w* for w changes A; into A;4;, the relation 


k=t 
Aji Ajyi\2 Cy Anes 
k=0 
k=t 
follows from Aj A; = ZX cy Ax: 
G=O" > 


Hence, since the equation for the A’s is irreducible, 
Ci41,j4+1, k+1 — Cijk- 


The complete multiplication table of the 4’s, viz., the set of relations 


t 
ake a t+ > Canty: 
1 


? 
A;A; = >) Cin AE 
1 


er eg il! 


is materially simplified by these relations among the c’s. Moreover, the 
fact that this system of relations is invariant when the A’s and the c’s 
simultaneously undergo the permutations 


Ab Cin 
( : ) and yh 
Aig Cig, iB, kB 


indicates that any system of equations connecting the reduced c’s must be 
invariant for a certain cyclical permutation of the reduced c’s. 


2. Quenquisection.—I consider now im particular the case gq = 5. 
The complete multiplication table of the A’s arises in this case from the 
three relations 


A = AA Coq Ag+ C91 A1 + Cog Aa+ Co93 43+ Coos 44; 
AyA, = C10 A gp +o Art Cpi24et Co3d3st Cou; 
AyAg = Co20 A p+ C091 A 1 + Co22 Ae + Cog Ag+ Cony Ag, 


by the cyclical permutation (4,4,A,43A,), where » stands for 4(p—1). 
Taking account of the previously obtained relations between the c’s, we 
may write 

Coo — & Coo = Co10 = 4, Conn = Cor = 9; 

Coos = Con = 6, Cons = Conn = 4, Corn = Cora = Com = 2: 


Co24 =i 


Cois = C23 


ine 
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The relations are then 
oe Dato bOAicpPAas bodes ad «| 
Lys il ey ele a ele pee (i) 
At As bA,+¢eA,+c4,+ f43,+ fA, 
where atat b+ ctd=A-1 | 
atd+2e+ f el - (11) 
btet+ e+2f =r | 
These give a.= A—1—a—b—c—d 
e= kA —2a—2d+b+0) |. (111) 
f = 3Ata+d—2b—2c) 

When ¢g = 5, we may take the § of §1 to be 2. If2 is replaced by 
(i, the A’s undergo the permutation (4,4,A4,A;), and it is found that 
equations (i) remain unaltered, if the coefficients undergo the permutation 
(abdc)(ef). It follows that whatever set of relations are found between 
the coefficients, they must be changed into themselves by the permutation 
{abdc)(ef). This is clearly true of equations (1). 

The equations (1) and those derived from them by the permutation 


(A, 4,4, 43 A,) may be used to express any rational integral function of the 
A’s as a linear function. In particular, if e is a primitive fifth root of 


unity, they give 
(A, ted, te 4,+2Agtetd,)? = f(@(AptP A, te Aotedste’A,), 
where 
fe) = at Qet2Aft (b+ 2a+ 2f) e+ (d+ 2b+ 2e) + (a+ 2c e) 
+(c+2d+2/f) *. 


oS to 


Hence 
(Ap ted te'd4,tedAsted, = [fe]? fle)(Ap te A te’ d,teAstedy). 
But equations (i) also give 
(AytedA te dA,tedgted) (Apt A te dstedAsted,) = p, 
so that (A, tel, +edA,tedgteta,)’ =\p [fo]? fe). 
Writing e~! for e, and multiplying the two equations together, 
P= [FOLPSEOSEO PEI)’, 
whence p= fle fe’. 
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This equation can be written in the form 


= (qetage+aze tae) (a,e66-+aje+a,e+ay,e). 


When e¢ is replaced by e¢*, the coefficients undergo the permutation 


(4,,4,a3). Apart from this the integers a, ds, a3, a, are unique. Tor 
' the only modification possible in the two factors, if the coefficients are to 
be integers, is to multiply one factor by an arbitrary unit (of the field of 
the fifth roots of unity) and the other by the reciprocal unit. When this 
is done it is found that the coefficients entering in the two factors are no 
longer the same, unless the unit is a power of e. 

Now 


fe) = Qa+b—a—2e)e+(2b+d—a—2f) ?+Qc+a—a—2f)e? 
+ (2d +c—a—2e)e! 
= [a+d+43(b+c)—a—2el(e+e) +4 (a+ d)+b+¢—a—9f le Fe} 
+[a—d+4(b—c)|(e—e4) +[b—c—4 (a—@) | (PP —e’). 
Put A+ D = 2a, B+C = 20, 
A—D = 2d, br, 
so that 4, B, C, D are integers, and equations (111) become 


a=A—1—-A—B, ¢=$A—24+B), f= $A+A—2B). 


Then f(e) = (aS? nee ai 36 a (ete)+ (= ee +28 ones a) 7+ ¢3) 


+ (p+4 =| (e—e*) + (c— 3) (ec? —e°) 
= Peete’) +Q0 (CP +e)+Rle—e) + S(e?—e’), say, 
fle) = Pe+e)+Q (? +e) —R(e—e*) —S(P’—e’), 
and ay PPP +P 4+2)4+-07 (ete +2) —2PQ 
— R2(e +? — 2) — S? (e+ e' — 2) —2RS (7? +2—e—e’). 
Since P, QY, R, S are rational, this involves 
p = §P+3Q?—2PQ+3R +48" 
—(V?— R?+9°—4RS. 
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When for P, Q, R, S their values in terms of 4, B, C, D are entered, 

these equations become 
12%» = [4p—16—25 (A+B)]2+5.152(4 —B]2+2. 1520? +2. 15°D?%, (iv) 
0 = [4p—16—25 (4+ B)|[A—B]+8[0?+4C0D—D"}. (v) 


It follows from the preceding remarks concerning the factors of p, that an 
integral solution of (iv) and (v) exists, and that apart from the obvious 
substitution 


Ale) Oat eA ean ee) Oe 


if is unique. 
From the multiplication table of the A’s, and the relation 


AeA AA A 


the equation of the fifth degree which they satisfy can be calculated, the 
only symmetric function which involves rather lengthy arithmetic being 
the product. I find the equation to be 


+02 (p—1) a+] bp (4 +B)— PODER ES) op 


+[4p (34 +448) —par—2S* Jo 


+ 5p E x (5 (A; B) Be) + oon Satie —B) 





D 





mas 
+4(4— BP +h — BDC) |— FEY = 0, 


The coefticients are, as they should be, invariant for the substitution 
eee aA ee Le CO. 


I have verified the numerical values of the above coefficients in the two 
cases p = 11 and p= 41, which make it probable that they are correct. 


3. If the prime p is not too great, the determination of the integral 
solutions of (iv) and (v) does not involve lengthy calculations. When 
0?-++4C0D—D? has a given value m, while C and D are integers, C?+D” is - 
less than m//5. Hence combining the two equations 


| 14p—16—25(A+B) |+15/5|A—B| < 129/p. 


int, VE aifole, aes as@, Is ye- S 
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If »=1 (mod 3), A+B=0 (mod 3), while if p =—1 (mod 83), 
A+B=JI1 (mod 8). Hence the successive values of first term on the 
right in this inequality differ by 75, and the number of possibilities for 
(4+B) and |A—B| is not very great. It is to be noticed that -A—B| 
cannot be zero, and that | d—B| and A+B are of the same parity. 
Finally, the four solutions of the two equations given by applying the 


substitution ene aisi ecb (ei eesh hess se C 
to any one of them correspond to the permutation (abdc)(ef) of the 
original coefficients. 


As an example I take the case p= 271. Here 4+B= 38H, and 
the inequality is 


| 856 —25E | + 5/5 





A—B| < 4/271). 
This gives 18) SAB Sore 
oS a4 = Bor 
Fe=s15) Ass Be peo or aoe 


The values of C?-+ D? in the six cases are 65, 45, 75, 55, 76 and 46 re- 
spectively. The only possible one is the first, and this gives 


C?+ D’ = 65, 
C?+4CD—D*? = +81, 


according as dA—Bis +. The + sign must be taken for A—B, and 
biensG.—« |e) e— Cee ence 


At OO pie nd pe no eG 
giving Dim 4 tO ee ee 
Cn LAS es lee ee 


For primes less than 100, the table is 


Pp a! B C ib; 
jeat 0 1 1 0 
ol 1 2 ee 
41 4 3 3 0 
61 5 4 Soma i | 
71 7 6 2 3 
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4. It is found on trial that the equations (iv) and (v) are the condi- 
tions that equations (i) and those derived from them by the permutation 
(4)A,A,A;3A,) should, with the relations (ii), form a consistent multipli- 
cation table for a set of symbols A; (¢ = 0, 1, 2, 3, 4), such that 4; 4; = A;Ai. 
It was, in fact, in this way that I was originally led to them. This result 
is still true, if in (iv) and (v), p is replaced by 5A-+1, without making any 
assumption at all with regard to X, a, a, b, c, d, e, f, except that they obey 
the ordinary laws of arithmetic. If, however, (iv) and (v) are arrived at in 
this way, there is clearly no direct way of shewing that, when ’ = (p—1)/5, 
and the other letters are positive integers, (iv) and (v) have only one system 
of solutions. 

I have carried the case g = 7 so far as to assure myself that it is not 
quite parallel with that of g= 5. A set of three simultaneous Diophantine 
relations occur, but they are not sufficient to ensure that the equations 
expressing the products of the 4’s form a consistent multiplication table. 


g 2 
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ON LAME’S DIFFERENTIAL EQUATION AND ELLIPSOIDAL 
HARMONICS 


By HK. T. Wurrraker. 
[Received and Read December 10th, 914.] 


1. Introductory. 


The object of the present paper is in the first place to establish the 
following theorem :— 


The solutions of the homogeneous integral equation 


4K 


Jeol | P,(k sn sn s) y(s)ds (1) 
0 

(where n ts a positive integer, P,, vs Legendre’s function, and k ws the 

modulus, and 4K the period of the elliptic functions sn) are solutions of 

Lamé’s differential equation 


da” 

oe = (n(n+1) kh? sn?a+Al y, (2) 
and, in fact, are precisely those solutions of Lamé’s differential equation 
which are rational wm sna. 


It is well known that the differential equation (2) has no solutions 
which are rational in sn, except when the constant A has one of a 
certain sequence of values—the ‘‘ Kigenwerte ”’ or “ characteristic values”’ 
or “‘auto-values”’ of A. ‘The integral equation (1) does not involve A at 
all, but it involves the constant A, which does not occur in the differential 
equation, and the integral equation (1) has no solution (other than zero) 
except when A has one of a certain sequence of Higenwerte. ‘The theorem 
asserts that the solutions of (1) corresponding to the Eigenwerte of » are 
the same as the solutions of (2) corresponding to the Migenwerte of A. 

This theorem is applied in the later part of the paper in order to solve 
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a problem which has been present to my mind for some years past— 
namely, that of expressing the “ ellipsoidal harmonies ” (that is to say, 
the solution of Laplace’s equation 


ev eV, ev 
cat! Oy ' Ox 


’ 


which are appropriate to the ellipsoid), in the form which, as I showed in 
1902,* represents the general solution of Laplace’s equation, namely, 


a \ fe cos 0+ y sin 0+22, 0) dé. 
0 


It may be recalled that most of the well-known particular solutions of 
Laplace’s equation can be readily expressed in this form; for instance, 
the fundamental spherical harmonic, cylindrical harmonic, and elliptic- 
cylindrical harmonie solutions can be expressed respectively by the 
equations 


: 27 
r™P2 (cos @) cos md = constant x| (x cos 0+ y sin 0+72)" cos mOd8, 
0 
Qa 
e~* J.,(kp) cos mh = constant X \ Cu eloee Bests) COs. O; 
0 


or ! 
e—™ ce, (E) cén (tn) = constant x | ee cos) vee ee, (0) a0. 
0 


But the ellipsoidal harmonics, which are products of Lamé’s functions, 
resisted all attempts to express them in this form; and, indeed, I satisfied 
myself that it was impossible to obtain such an expression of them by use 
of any of the properties of Lamé’s functions then known. The discovery 
of the integral equation (1), however, has now enabled me to show (in § 4) 
that any ellipsoidal harmome in the rectangular coordinates (x, y, 2) can 
be expressed in the form 


4k 
| ieee a (k’x sns+y en s+iz dn s) E(s) ds, (3) 


Q 


where P, denotes Legendre’s function, and H(s) denotes a Lamé’s func- 
tion. This expression leads (in § 5) to a very general property possessed 





* Mathematische Annalen, Vol. 57 (1903), pp. 333-355. 
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by all Lamé’s functions, which can be expressed by the equation 


EH (a) E(B) E(y) 
2 


4h ; k 
=| P, (i? sn a sn 8 sn-y sns— Fen aen Ben y ens 
0 


— oy dnadn§dnydn s) E(s) ds, (4) 
where a, 8, and y are any three quantities. By assigning special con- 
stant values to 6 and y, an infinite number of integral equations for 
Lamé’s functions can be obtained, of which that obtained in the beginning 
of the present paper is one. 


2. Derivation of the Fundamental Integral Hquation. 


We shall now proceed to establish the result numbered (1) above. 

For this purpose we shall require a property possessed by the 
Legendrian function P,(ksnxsns), namely, that it is a solution of the 
partial differential equation 





2 av} 
Ou oO 
5 ae = n(n +1) k? (sn? e—sn?s) w. (5) 


C 
2 2 
Ox Os 


To prove this, we have by direct differentiation, 


O oi 


7a P,,(k sn x sn s)— 72 Pie sn. %'8n $) 
= Pi(ksn 2 sn 3s) k?(en?2 dn?z sn?s—en?s dn?s sn?) 
+ 2h? Pi (k sna sns) snz sns (sn?2a2—sn?s) 
= k* (sn? a—sn*s)[(k? sn?a sn?s—1) Pi(k sn sn s) 
+2k snz sn s P,,(k snz sns)| 
= n(n+1) k?(sn?2—sn’s) P, (k snz sns), 
which establishes the result. 


Now, let I(x) denote the integral 


4K 
| P,(k snx sns) y(s)ds, 
0 
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where y(s) denotes a solution of Lamé’s equation 


2, 
TY — ‘n(n+1) kh? sn? s+A' y, (6) 


ds 
the solution in question being rational in sn s. 
Then we have 


2 


os — in(n+1) hk? sn? x+A} I 


4k 2 
— | [= P,(k snz sns)—n(n+1)k? sn?2 P,(k snxzsns)—AP,(ksnx sn 9) | 
0 & 


XxX y(s) ds. 


Using the above property (5) of the Legendrian function, the right-hand 
side of this equation becomes 


4k 7\2 
| [ee P,(k sn x sns)—n(n-+1)k* sn’*s P,(k snxsns)—AP, (k sne sn 9) | 
pesltc 
X y(s)ds. 


Substituting from equation (6), this becomes 


4K 


| [ya Pal nzsns)—P,(k sn xs yt | as 
: y (8) 5a.Pi(k sn x st n(k SN x SN s) Fs 


4K 
or ly (s) 2 P,,(k sn 2 sns)—P,(k sn sn s) al 


and this is zero, since P,,(4 snz sns) and y(s) have 44 as a period. 
The integral J is therefore a solution of the equation 


Ty | eae eee 

qe e+ Yk sn-z-+4;y¥=—0; (7) 
and from its form it is evidently a rational function of sna. But there 
cannot be more than one independent solution of the equation (7) which 
is rational in sn z: and this is the solution which, when s was taken as 
variable, was denoted by y(s). Therefore J must be a constant multiple 
of this solution y (x); that is to say, the solutions of Lamé’s equation (7) 
which are rational in sn x satisfy the homogeneous integral equation 

4 


K 
P,(k sna sn s) y(s)ds. 


0 


y (x) =| 
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3. A Particular Case. 


As an illustration we shall verify this result for one of the simplest of 
Lamé’s functions, namely, 


E(a) = k* sn? z—1t, 
where t= 4 {14+?+/1—-h?+h')}. 


As we shall find, the verification by direct integration is by no means 
obvious, but requires the recurrence formule between the integrals of 
elliptic functions, as well as the algebraic properties of t. 
For this particular function we have n = 2, so the theorem to be 
verified is 
4k 


E@y= | (3k? sn22 sn?s—1)(k? sn? s—2d) ds. (8) 


0 
Now we have ’ (snsensdns) = 1—2(1+4")sn?7s+ 32? sn‘s. 


Integrating with respect to s between the limits 0 and 4K, we see that 
4K 


4K 
if the integrals | ds and \ sn*sds are denoted by J and J respectively, 
() 


0 
we have 


4k 
| sn*s ds = {2(1+k?) J—I'. 
0 


ae 
8k? 
Substituting in equation (8), the integral on the right hand becomes 
tI—k?(1+8¢t sn? 2) J+k* sn? x {211 +k?) J—T}, 
or —I(k? sn? 2—t)—k’J {1+8¢ sn? x—2(1+h") sn? x}. 
But since ¢ satisfies the equation 
8P—2t1 +h) +h? = 0, 


2 
we have 8t—2(1+k?) = — S; 
and therefore the expression may be written 


2 
—I(k? sn? x—t) — ual sn?.z—?), 


or = (7+ i E(2), 


which establishes the result. 
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4. Expression of the General Ellipsoidal Harmonic. 


We shall now obtain an expression for the general ellipsoidal harmonic 
in the form 


21 
\ f(x cos @+y sin 6+72z, 0) dd. 


Let = rt ths AP Shea: == di 


be a family of confocal quadrics. The ellipsoidal harmonics associated 
with this family are defined to be the product of one of the quantities 
Ue ees oI Seg i oe eae Eg 


by an expression of the type 
gr y? ) e y? g 
ie ia5 : AN ehh eae : 


I eg y? 2 
we (— Sil 
( te + t;,— b? 1 th—c? 











(where ¢,, t:, ..., t are constants), such that the whole product satisties 


Laplace’s equation av Saree ee 


a + aye + ar = O- 





It is a well known theorem that there are always (22+1) of these ellip- 
soidal harmonics of any degree 7 in (w, y, 2). We shall denote any one of 
them by G, (a, y, 2). 

The terms of highest degree in G,(z, y, 2) will evidently be 





% Y¥z2 a Me. 2 9 ae 2 
oe ree | =) (= a ae eal 
1 Y fk XLYéF ¢ ( t ste t, — 0° ay i—¢ ty a t,—b? 15 t,—c? 
z ay 





Fe y” 7 
(= ar age re 


the large bracket indicating that some one of the quantities inside it is 
to be taken as a multiplier of the product outside. These terms of highest 
degree we shall denote by H, (x, y, z). It is obvious that A, (a, y, 2) 
satisfies Laplace’s equation on its own account; and being homogeneous 
of degree in (x, y, 2), it will be expressible in the form 


i ate 2 a i; (x cos 0+ y sin 0+12)" f (0) dé, 


0 


where f(@) is not yet known. 
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Now it is known* that 


re D? Dt 
Gul, y, 2) = j1— soe TGi=DOt=s) 2) es 
here D? pei ies 
where D* stands for a a TP x Oy eg <a 


and (a, 8, y) are the semi-axes of any one of the quadrics of the family. 
Substituting for H(z, y, z) the above value, we have 


Gi; (x, Y; Z) 





Sal Seal yy Ne Cos : oa pate el) ee 
= i ee 2(2n— AN BET 2..4(2n—1)(22—3) a 9 J) a, 
where A = «cos 0+y sin 0+22, 
and B= (a? cos? 0+? sin? O— y*) = 4/(c? —b? sin? 6), 
80 Gil@, y, 2) = i Ie (4) F (9) dd, 
0 B 


where P,, denotes Legendre’s function ; a constant factor and a B” having 
been absorbed into the /(@). 
Thus we have the ellipsoidal harmonic expressed in the form 


Reet awe Mee | x cos O0+y sin 0+%z 
és ER Y; 2) =i ee ( a/ (ce? — 6? sin? Q): ) fa, 


where /(9) is a function as yet undetermined. 

The form of this result suggests a change of variable. Let s be a new 
variable introduced in place of 6, and defined by the equation 
cn s 


SintG 
dns’ 


where the elliptic functions are formed with the modulus k = 6/c. Then 
we have 


cos 0 sn s sin 0 ecu Pye k'ds 


ier b Bin” Ol aoe UMA ee) emt oe 2 Janse 





and the formula for G(x, y, z) becomes 


4k 
(Temsees = | 1228 im ae (k’x snst+ycns+iz dns); p(s) ds, (9) 
0 


where #(s) is a function which we shall now proceed to determine. 








* W. D. Niven, Phil. Trans., Vol. 182 (1891), p. 245. 
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In place of (x, y, z) introduce coordinates (a, 8, y) defined by the 


equations 
q ( — Ck eas 9 SD, 


2 


= k? 
y= — cy, cnacnP eny, 


=> © dna dn Bb dny, 
the elliptic functions being formed with the same modulus as before. 
Then the equations 


a = constant, (§ = constant, y = constant, 


represent respectively the three families of surfaces of the confocal 
family : and it is known from the way in which ellipsoidal harmonies are 
built up of Lamé’s functions that the ellipsoidal harmonic G, (x, y, 2) con- 
sidered either as a function of a alone, or as a function of 8 alone, or as a 
function of y alone, satisfies Lamé’s differential equation. 

Now G in its new form is 


4h k? 
GRE eis 2)3— | P,, (12 snasn 6 sny sn s— 7a cna en Beny cns 
0 , 


— dnadn6 dny dn s) p(s)d 

and this satisties Lamé’s equation when regarded as a function of a, what- 
ever constant values may be assigned to 6 and y. Suppose then that we 
assign the value K to 6, and the value A+7K’ to y, so that 


ores eee lee Tye — 0, ny=—. 


4k 
Thus | P.,.(k sna suns) f(s) ds 
0 
is a solution of Lamé’s equation in a. Comparing this with the result of 
& 
§ 2, we see that MOC THOS 


where H(s) is a Lamé’s function, and indeed is the particular Lamé’s 
function associated with the ellipsoidal harmonic considered. Thus sub- 
stituting this value of ¢(s) in equation (9), we have the required expression 
for a general ellipsoidal harmonic, namely, 


or 


Gr(@, y, 2) = constant X ey = (k’'x sns+y en s+2z dn 5) | E(s) ds. (10) 
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5. A General Property of Lamé’s Functions. 


If in equation (10) we express the ellipsoidal harmonic as a product of 
three Lamé’s functions, the equation becomes 


E (a) E(B) Ey) 


r4ik 


P: 
= constant X | 


k 
Ps (4?sn a sn 8 sn-y ans— enacn@enyens 


0 ee 


— padna dn 6 dny dns) E(s) ds. 


If in this equation (which includes as a particular case the integral equa- 
tion obtained in § 2) we regard any two of the quantities a, 6, y—say 6 
and y—as constants, we obtain a homogeneous integral equation for 
the Lame’s function H(a), with a symmetrical nucleus. It is obvious that 
an infinite number of homogeneous integral equations satisfied by the 
Lamé’s function H(a) can be obtained by assigning special values to 6 
and y, or differentiating, &c., with respect to one of them. 
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THK MEAN VALUE OF THE MODULUS OF AN ANALYTIC 
FUNCTION 


By Gr He Harpy, 


[Read November 12th 1914.—Received December 10th, 1914.— 
Received, in revised form, February 10th, 1915.] 


1. Suppose that f(x) is an analytic function of the complex variable x, 
regular for |x| <p, and that M(7) denotes, as usual, the maximum of 
| f(z) | on the circle |2{|=r<p. Then it is known that M(r) possesses 
the following properties :— 


(i) M(r) is a steadily increasing function of 7; 


(11) log M(r) is a convex function of log 7, so that 


log M0) < veges * log 5 Mr) + eT Io o M (ry), 


if 0O<71<r<r, <p. 


Further, when f(z) is an integral function, so that p= ©, it is 
known that 


(iii) M(r) tends to infinity with (r), and, unless f(z) is a polynomial, 
more rapidly than any power of 7.* 


It was suggested to me by Dr. H. Bohr and Prof. i. Landau, rather 
more than a year ago, that the property (i) is possessed also by the mean 
value of | f(z)| on the circle |z| = 7, 7.e., by the function 


Ley ah | fre) | dd. 


* The theorems (i) and (iii) are classical. Theorem (ii) was discovered independently by 
Blumenthal (Jahresbericht der Deutschen Math.-Verewmgung, Vol, 16, p. 97), Faber (Math. 
Annalen, Vol. 63, p. 549), and Hadamard (Bulletin de la Soc. Math. de France, Vol. 24, 
p. 186). The first statement of the theorem was due to Hadamard and the first proof to 
Blumenthal. The theorem is a corollary of one concerning the associated radii of convergence 
of a power series in two variables, due to Fabry (Comptes Rendus, Vol. 1384, p. 1190), and 
Hartogs (Math. Annalen, Vol. 62, p. 1). 


270 Mr. G. H. Harpy [Nov. 12, 


In the attempt to prove this I have been led to prove a good deal more, in 
particular that the function u(r), and the more general function 


wa(1) = fe (: hire 7; a8; 
UP ale 


where 6 is any positive number, possesses all the properties (i)—(iil) 
characteristic of M(r). It should be observed that this is obvious when 
d= 1 and // f(x)! is one-valued for 7 <p; for then we have 


Jif (a)} = bo tbjatbyx?+..., 


say, and m(r) = | bo |?+ | b,]?% 27+ | b,(2o*+.... 


2. The argument of the following paragraphs depends on two lemmas 
concerning conjugate functions”®. 


Suppose that 0 = Ein; 
and that xX = 2+7H 


is a funetion of « regular for all values of x under consideration. Then 
= and H are real conjugate functions of € and ». 

Let W be a real function of 2 and H, and so of € and y, with con- 
tinuous second derivatives. Then the lemmas in question are expressed 
by the formule 


a) TM Me wm (OE + SY) oe, 








bg? ' Of ~ \oe* OEE 
® (Se) + (25) = Ge) + Ga) ae 
dX 





— | {(o8Y (ane (ey ae 
ey (32) + o€/ ) NV iNGn stares Ra 





Wh6Le es 
| dx 





* The use of these lemmas was suggested to me by Dr. Bromwich, at a time when the 
paper contained only a part of its present contents. The whole argument has been recon- 
structed in consequence of this suggestion, and is much more concise and elegant than it was 
before. JI am also indebted to Dr. Bromwich and to a referee for a number of minor sugges- 
tions. The lemmas themselves are given in Clerk-Maxwell’s Hlectricity and Magnetism, 
Vol. 1, p. 289, and Dr. Bromwich informs me that they are due to Lamé (‘‘ Mémoire sur leg 
Lois de )’Equilibre du Fluide Ethéré’’, Journal de I’ Ecole Polytechnique, Vol. 3, cahier 23). 
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The formula (A) and (B) may be proved as follows. From the equations 


ow ow OZ eS: ow dH 
0g 0= of oH 0€ 


? see sey eeey 


aXe 0X) 0x OF oH 9k oH 
da: dg on 0k dé on on 
it is easy to deduce that 
ob. ov Ge: . ow ) 
—_— Sect | —1 ; 
(1) ok : an 0z oH "i 
9 aves 5 OW _ i how : 5 ov. 
( 3 ae Seg dH ) 4 a 


where pu = - and u is the conjugate of u. The formula (B) follows at once by multiplica- 
© 


tion. To prove (A) we operate on (1) with the operator 


i 
S 


and apply (2), observing that ( . ne : Vf 
SG, On 


38. Suppose now that XY = f(x) is regular for |w|<p, and that D is 
an annular region, defined by inequalities of the form 
Open ee (ort eta p, 


and including no zeros of f(z). 


Let log 2 =log-7: F210 = C =-p-F 20; 
log X = log R+10 = Z = P+20, 
where fee ee ie are Gros a <a 


Then P and 0 are conjugate functions of p and 0, with second derivatives 
continuous for all values of p and @ which correspond to values of # in D. 


Let us take uv = F(h) = 2(P), 


where /’(R#) is a function with a continuous second differential coefficient. 
Applying Lemma A, we obtain 


rt “¢ — 8b yp 
(1) teow a 
where 
PMA Paid (eR eo, 
2) od Wl eee Cry aad 9 








Let us now suppose that log #(P) is a positive and convex function 
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a2 
of P, so that ae: log @(P) > 0 
Op Sie = 
oF Papi = 5p) ; 
and let 
1 2r 
3) v(p) = 5 |" pth) a8, 
Then 
1 (" og oP 
1! (p) = ral ab 5, 
ieee oP ee ee eat fred 
Wl <an |, [3b] [5p|@<ae), Vie ares 13% 
and so, by Schwarz’s inequality, 
: 2 aie 20 lr fake - y (p) Qa Od : 
(4) AVA py ai i |, dé , oP 0 < oe |) OP M?dé. 
Ore Ne 
But vals) On " 2 dé 
and 
2 ob 0 
me ata = a an US 
by (1). Hence 
" oma = ff “sf 2 = \ "oe 
a 20 Oo . 
2 + Cf M0, 


since ¢ is a function of P or of A only, and # is periodic in @. From 
(4) and (5) it follows that 


(6) v(p) v"(p) > jv’ (p)|?, 


or that logy is a convex function of p. 
We have thus proved 


THrorem I.—If log | ¢ (log R)! 
is a convex function of log R, then 
poe ee l 
log v (log 7) = log oe | ¢ (log R)dé | 


us, throughout any interval of values of r which includes no zeros of f (x) 
a convex function of log r. 
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In particular, we may take 
TECH ea bbe ime Careame i, 


in which case ¢¢”=¢”. It follows that log us(7), and in particular 
log u(r), 18 a convex function of log 7, throughout any interval of values of 
r which includes no zeros of f(x). This case is indeed the critical case of 
Theorem I, the condition that ¢#(P) should be a convex function of P 
being only just satisfied. 


4. With Theorem I we may associate another theorem, in which less 
is postulated and less proved. 


TurorEmM II.—If ¢ (log R) ts a convex function of log R, then v (log 7) 
is a convex function of logr. 


For v"(p) is positive, by (5) of § 8. The critical case of Theorem II is 
that in which ¢(log R) = log R. In this case we have, by a well known 
theorem of Jensen’, 


2, 


1 rau cr” 
);= — = 
v (log 7) a | log Rdé = log 


0 Am+1 Am+2 ++» An 
where te ee Cle tae 


aNd An+1, An+25 +++, Gy are the zeros of f(x), other than the origin, whose 
moduli are not greater than 7. In this case v(logr) is a linear function 
of logy throughout any interval of values of 7» which includes no zeros 


of f(x). 


5. In order to proceed further with our investigations concerning 
5 (7), we must examine the behaviour of us(r) for the exceptional values 
of r which correspond to zeros of f(z), and for 7 = 0. I shall prove that 


a Ars (7) 
dy 
is continuous without exception. 
Let Tei pe. = (pee) 
be a zero of f(z). We have to prove that 
dus (1) 
dr 





* Acta Mathematica, Vol. 22, p. 359. 
SER. 2. vou. 14. No. 1238. T 
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is continuous throughout an interval of values of 7 of the type 
p—1 Sr Sprn. 


I shall suppose, for simplicity, that 2, is the only zero of modulus p. 
The proof is substantially the same when there are several such zeros. 
I shall prove that the integral 


dus(r) __ 1. le oR® 76 


dr The Qa 0 Or 


is uniformly convergent throughout the interval p—7 <r < p+, if 7 is 
small enough. 


We have f(a) = (x—a,)™ fi (2), 


where m is a positive integer, and /,(z) has no zeros whose modulus lies 
between p—y and p+, so that | f,(x)| lies between positive constants H, 
and Hy. 


Now, taking ~ = F(R) in Lemma B, we have 




















OP \aa (ON CE ner OED an re 
(=) alee re (se) a ) | da 
In particular, if F(R) = R= / (+H), 
ORR) eet C.G.y amas det 
we have (Fe) + (5) ratliy ate 
Giese Oia ee PY (OLN ies (GIL or meeaiae ac 
and |) = SNE faye sre Syite) Ge iene Pr 
But a = m(a—2)"* fy, (@) + (@—2X5)™ a , 
and so Fa << Ke ae at, 


where K is a constant. Hence 





OR m— 
(5) ae < K\|r—z,| a 
Also 
(6) Re-} < fEhae | 2—2X_|™E-Y 


ifvo >. 15 cand 
(6’) Re a igs | r— xy Fee 
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if d< 1. From (5) and (6) or (6’) it follows that 
7 
(7) | Re = | ai, |z—a, |}, 
where A, is a constant. If mi—1>0, we have 
»1 OR 
8k) <a, 


where ‘A, is a constant, and then the integral 


\" Ro as do 
0 Or 


is obviously uniformly convergent. If, on the other hand, mé—1 <0, 
we have 
|a—2x9| = J/0°+p’?—2rp cos w), 


where w = 0—4q, and so 

|z—a,| > K; |sin |, 
where A; is a constant. The uniform convergence of the integral then 
follows at once when we compare it with 





27 
\ sin dw |! dw. 
0 


6. We have thus proved that log u;(7) is a convex function of log” 
for all positive values of 7 save certain exceptional values, and that 


d log us (7) 
d log r 


is continuous even for these values of 7. It follows that logus(7) is a 
convex function of logy for all positive values of 7 withont exception*. 
A fortiori 1s s(r) a convex function of log 7, and 





‘ dirs (1) 
ip 
an increasing function of r. 
° : : ; dps (7) ¢ 
It remains to consider the behaviour of derma +0. Suppose 


that the origin is a zero of f(z) of order m. Then 
Ré — 1S Hee 








* A series of continuous convex arcs, fitted together so as to have the same tangents at 
the points of junction, forms a single convex curve. 


7 2 
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where Ff, is positive and has continuous derivatives. Hence 


24 6 
ib 99) 
or 





y or 
yr dis (7') — m6 yd | R d+ pms | 
dy 0 ; 0 


which plainly tends to zero as 7 —> 0. 


Us (7) 
Thus ? 7 





is continuous and steadily increasing for all positive 


values of 7, and tends to zero as 7 > 0. It follows that 


[As (7) 


y ay > O 


for all positive values of +. 
We have thus proved 


THeoreM III.—The integral 
is (") = a \ Rdd (6>0) 
27 


0 
is @ positive, continuous, and steadily increasing function of r. The same 
is true o 
f , dus (r) 


dr 


And log us(r), and a fortiort us(7) itself, is a convex function of log r. 


7. The last theorem contains inter alia the answer to the question 
raised by Bohr and Landau. It should, however, be observed that the 
most appropriate measure of the “‘ average increase’”’ of f(w) is not the 
mean value of #, or of any power of AR, but of log #; for the former 
means are not adequately affected by the occurrence of zeros of f(x), or 
of arcs on which F is small. 


8. It remains to discuss the analogues for mus(7) of the property (111) 
Olesale 

We may suppose without loss of generality that f(x) has infinitely 
many zeros. If it bas not, it is of the form 


P(x) §™, 
where P(x) is a polynomial and g(x) an integral function. Now 


9 = bh +b,atby27*+..., 
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say; and 


wr) = ge NF dO = | bg |? |, [2 72 | Ba |? HA 


certainly tends to infinity more rapidly than any power of 7. It follows 
immediately that the same is true of us (7). 

Suppose, then, that f(z) has an infinity of zeros, and that 
Vmtiy Mm+2) +++) Mn are the moduli of those, other than the origin, whose 
moduli do not exceed x. Then, if g(@) is any continuous function of 0, we 
have De 

ii 9 (6) do 


Qn = { 
ee | e9 (®) dé a E27 36 : 
QO 


Th 


Q0 Cet tse 7) a 6 
and so g(r) = 5 \ R°dd > e270 ae ee rr - 
by Jensen’s theorem. It follows at once that mu; (7) tends to infinity with 
r more rapidly than any power of 7 We can indeed go further, and 
establish relations between the rate of increase of 7,, considered as a func- 
tion of n, and us(7r), considered as a function of 7, in every way analogous 
to those given by Jensen’s theorem for M(7).* For example, if the “ real 
order ”’ of f(x) is p, we have 


Bary eo. 


for every positive e and values of ry surpassing all limit. 


* Lindeléf, Acta Societatis Fennicae, Vol. 31, No. 1; see also Borel, Legons sur les 
fonctions méromorphes, p. 105. 
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OSCILLATIONS NEAR ONE OF THE ISOSCELES-TRIANGLE 
SOLUTIONS OF THE THREE BODY PROBLEM 


By Dante, BucHanan. 


[Received November 15th, 1914.—Read December 10th, 1914.] 


1. Introduction. 


The isosceles-triangle solutions of the three body problem are the 
periodic solutions in which two of the masses are finite and equal, while 
the third body moves in a straight line and remains equidistant from the 
equal bodies. This straight line passes through the centre of gravity of 
the system, and is perpendicular to the plane of the initial motion of the 
equal bodies. Pavanini obtained the first of these solutions in 1907 by 
means of an elliptic integral.* In this solution the finite bodies move in 
a circle, and the third body is infinitesimal. Macmillan also obtained this 
solution independently in 1910, and further developed the solution as a 
power series in a parameter having coefficients which are periodic func- 
tions of the time.t Solutions for two additional cases, not treated by 
Pavanini and Macmillan, were obtained by the author of this paper in 
1911.t In one solution the finite bodies move in ellipses, and in the other 
all three bodies are finite. When the third body becomes infinitesimal, 
this second solution reduces to one closely related to that obtained by 
Macmillan. In 1914, the author of this paper obtained another solution 
in which all three bodies are finite.§ When the third body becomes 
infinitesimal this solution reduces to the one in which the finite bodies 
move in ellipses. 

In the present paper, periodic solutions are shown to exist when the 
finite bodies move in a circle, and the third body, an infinitesimal, 
oscillates about the line of the isosceles-triangle solutions. ‘The solutions 








* Annali di Matematica, Ser. 111, Vol. x11 (1907), pp. 179-202. 

+ Astronomical Journal, Nos. 625, 626 (1911). 

t Moulton, Periodic Orbits, Chap. X. 

§ Transactions of the American Mathematical Society, Vol. xv1, No. 2, April, 1915. 


1914.] IsoscELES-TRIANGLE SOLUTIONS OF THE THREE BODY PROBLEM. 279 


are constructed as power series in two parameters. One parameter is a 
function of the initial projection of the infinitesimal body from the plane 
of motion of the finite bodies. There is no direct physical interpretation 
of the other parameter. 


2. The Differential Equations. 


Let m, and mg, represent the two finite bodies of equal mass, and wu the 
infinitesimal body. Let the unit of mass be chosen so that 


eel 8 


the linear unit so that the distance between m, and m, shall be unity, and 
the unit of time so that the Gaussian constant shall also be unity. 
Let the origin of coordinates be taken at the centre of mass, and the plane 
of motion of the finite bodies as the €y-plane. Let the coordinates of m,, 
m, and mu be &, 1,03; 9, m, 0; and &, 7, ¢ respectively. If m, and m, 
are started from the points 4, 0,0, and —4, 0,0 respectively, so that 
they move in a circle, then 


£,;=—& =40c08 (t— ty), eee 4 sin (t{—t,), 


and the differential equations of motion of the infinitesimal body are 


fr= —me| +75 +m cs a tos $a 


: ’ } 
if = mal + ae ab cays ek 


See 


= 4/ | 25 &,) * + (n—n))° P+ CF} 
Nee a E)” + (n— mm)? + ¢?! J 


(1) 


If we refer the motion of the system to a set of rectangular coordinates 
rotating about the ¢-axis with the uniform velocity unity, that is, if we 
make in (1) the substitutions 


€ = x cos (t—t,)—y sin (t—t,), 
y = x sin (t—t))+y cos (t—t,), 
(=z, 
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then the differential equations (1) become 
1 1 
ot —2y!—2 =—me| & +4] 44m[4-< | 
a ie r 


i 
y"+22"—y =—my| = + | 
r "5 


i (2) 
Z! = — mz (i + =| 
rn =V{G—aty +e} 
ry =V {Gta + y+] 
These differential equations have the Jacobian integral 
(a')VP+(y'P+(2'? = a? +y?+2m i + = +eonstant. (3) 


When the infinitesimal body is given an initial projection along the 
z-axis, it will remain on the z-axis and therefore z= y=0. The differ- 
ential equation defining its motion then becomes 


an 8z 


a= ee 


The periodic solution of this equation was found to be* 


z=wW= asin(t—7,)+ 73,0" [sin 3(7—7,)—sin (T—7)) |+... 
+ aA [aM* gin (r7—7) +... 4 Agr sinQi+)(r7—7,)]+... 
— 


ae 6 = 3a°—1fha*+33a°+... 


~ V{EA+8} 2 kes : ) 
(4) 


The constant @ is arbitrary, and a/,/;4(1+6)} denotes the initial projec- 
tion from the origin along the z-axis. The series W is called a treply odd 
serves, since only odd powers of a and odd functions of odd multiples of 7 
enter it. The numerical values of 7, and ¢ may be taken to be zero, 
without loss of geometric generality, but as we shall have occasion to use 
ov,/O7, we shall keep 7, in evidence in (4). 


* Moulton, Periodic Orbits, Chap. X, §§ 167, 168. 
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3. The Equations of Variation. 


We wish to show the existence of periodic solutions of equations (2) in 
which z and y are not both identically zero. If we integrate these equa- 
tions as they stand, the only periodic solutions are 


C— {fo OTe ee — hr 


In obtaining the solution z = y, we introduced an arbitrary constant 4, by 
making a transformation on the independent variable ¢, and this arbitrary 
was determined by the condition that the solution should be periodic. 
Since the right members of (2) are functions of z and hence involve + 
under trigonometric symbols, it is not practical Gf, indeed, it is possible) 
to obtain periodic solutions by introducing another arbitrary through a 
transformation on the independent variable +. Instead of this we make 
in the first two equations of (2) the substitution 


m= M +A, 


and consider A as a variable parameter, while m and m, remain fixed. In 
order to obtain the solution of the physical problem under consideration, 
we must put A = m—m, in the final results. In the last equation of (2), 
however, we put m=4. Now let 


t—t = /{4(1+0)} (7-7), 2¢=Wtu, 


where 6 and W are defined in (4), and w is a function which vanishes 
with X. If we denote derivatives with respect to 7 by dots, the differential 
equations become after these substitutions 


#—2/{24(1+6)} y—F(L +8) & = (m+A)a[X)+X,+X+...] 
yt2/{e1+6)} e—2046) y = Om+tAY[Yot Vit Yot+...]}, ©) 
w+W,w = W.+W3+ Wit... | 


where 
X, = 4—6a? (1—4 cos 27)+..., 
Y, = — 2—8a7(1+2 cos 27)+..., 
W, = 1—9a? ($—cos 27) +. a7 (S87 — 48 cos 27 +444 cos 47)+..., 


X,=—96(1+6) Ww, Y, = 240+d yw, 
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X,= x°[82—48a?(7—10 cos 27)+...] 
—y" [48—72a7(2—5 cos 27)+...| 
—w*[48—216a?(4—5 cos 27)+...], 


Y, = — a? [48—72a?(2—5 cos Ir) +...] 
+ y?[12—6a? (1—10 cos 27)+...] 
+ w?[12—18a? (7—10 cos 27)+...], 


W, = —2? [24asin7+...]+y? [6a sin 7+...]+w? [18a sint+...]. 


Before characterizing the remaining X;, Y;, and W; in (5), we shall define 
triply even series as we have occasion to use such series frequently in the 
sequel. A triply even series is a power series in a with sums of cosines 
of even multiples of t in the coefficients. The highest multiple of 7 in 
the coefficient of a is 2k. Such series are called triply even since they 
are even in a, and only even functions of even multiples of 7 enter the 
coefficients. 

The terms X;, Y:;, W; are homogeneous polynomials of degree 7 in z, y, 
and w, but only even powers of x and y enter, while w may enter to any 
power. ‘The coefficients in X; and Y; are triply even, or triply odd series 
according as 7 is even or odd respectively, but the coefficients in W; are 
triply even or triply odd series according as 7 is odd or even respectively. 

The expansions in the right members of (5) converge, provided the 
coordinates of the infinitesimal body referred to the rotating axes satisfy 
the inequalities 


—be eet yt7<4, —-h<atetyt27<d. 


If the inequality signs are replaced by signs of equality, we obtain the 
region of space referred to the rotating axes within which the series 
in the right members of (5) converge. The resulting equations represent 
the points —%3, 0, 0, and 4, 0, 0, and the spheres having centres at these 
points and radu 1/,/2. The region of convergence is then the common 
portion of these two spheres. When referred to the fixed axes the region 
is the spindle obtained by rotating the common part of the two circles 
with centres at —4, 0, 0 and 4, 0, 0, and radii 1/,/2, about their common 
chord. ‘The axis of the spindle coincides with the ¢-axis, and the inter- 
cepts on the € and » axes are both (,/2—1)/2 units in length, while the 
intercepts on the ¢-axis are 4 unit in length. 

In order to show the existence of periodic solutions of (5) we must 
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first obtain the complementary functions of (5), or the solutions of the 
differential equations 
£—2/1§(1+9); y—[§(L+8)+ Xo] z = 0 
yt2V/ {2148} e—[2A+8)+m Vly =0-, 
w+W,w = 0 


which are the equations of variation. 


4. Solutions of the Equations of Variation. 
The generating solutions of the equations of variation are 
tea, beg, 


When the generating solutions are not identically zero, the solutions of 
the equations of variation are obtained by differentiating the generating 
solutions partially with respect to the arbitrary constants which enter 
them.* The function Y contains the arbitrary constants 7) and a, and 
therefore the two solutions of the third equation of (6) are 


aN Oy 


~ and <=, 
OT o Oa 





On performing these differentiations we obtain as the general solution of 
the third equation of (6) 


w= B\o+B,|x+Ar7?¢], (7) 
where d = cost + 7%,a7 (cos 8t7—cOST)+..., 


x = sint+ 7,a7(sin 87-+5 sin t)+..., 


A = — $3@?+141a‘+..., 


and B, and B, are constants of integration. The solutions ¢ and yx have 
been determined so that the determinant of these solutions and their first 
derivatives is unity.t 

As the generating solutions of the first two equations of (6) are both 
zero, we cannot find the solutions of these differential equations by differ- 





* Moulton, Periodic Orbits, $$ 32, 33 ; Poincaré, Les Méthodes Nowvelles de la Mécanique 
Céleste, Vol. 1, Chap. 4. 
+ These are the same solutions as those appearing in the Periodic Orbits, Chap. X, § 174. 
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entiating with respect to constants. These equations, however, come 
under the class of differential equations with periodic coefficients which have 
been treated in Moulton’s Periodic Orbits, Chapter I. Their solutions are 


aw = AyeV DPT Yy, + Ase “DBT, + Ase? us + Aye thy | 8) 
y = V/(—1) db, [ Aye" 98:70, — Age “Fi vy, | + by [ Age” vg—Ay oir 
The undefined terms in (8) have the following properties. The 

A; @ ad Be Thy 
are the constants of integration. The 

Bi (= 1, 2) 

are power series in a” of the form 

hey Soe: 9) 

j=0 

where the coefficients a are real constants. The values of —( 1)? and 


(8%” are the roots of the quadratic 
64-y°— 16 (8m)—1) y+1+16m,—512m? = 0. 


When m, = 3, then 6{” and 8” have the values AV (/2— 28) and /(/2+3) 
respectively. These values are irrational. Since m +A = 4, and since 
A must be taken small numerically, so that certain series appearing in the 
sequel shall converge, the value of m, will be in the neighbourhood of 3, 
and therefore the values of 6; and Gs? will be irrational in general. 
The remaining rhe (7 > 0) in (9) are determined by the conditions that 
u; and v; (« = 1, 2, 8, 4) shall be periodic with the period 27 in +. The 
u; and v; are power series in a” with sums of sines and cosines of even 
multiples of t in the coefficients. The highest multiple of 7 in the co- 
efficient of a" is 2k. In ww, ws, Vv; and vy the coefficients of the sines are 
purely imaginary, while the coefficients of the cosines are real. In ws, wW,, 
v3; and v, all the coefficients are real. Further 


uy {V(—1)} = wm{—VW(—D}, m1 iW(—1)} = v2 { -V(— DY}, 
Ug (tT) =UW(—T), g(r) = v4(—7). 


Since the w; are multiplied by the arbitrary constants A;, these solutions 
have been determined so that their initial values are unity. If 8% and 
Be were integers, then uw; and v; (@ = 1, 2) would contain additional terms 
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. ° (0) . . e,e . 

in e*/“\-D8i'7 and uw; and v; (¢ = 8, 4) would contain additional terms in 
n=O) ; : : 

e+/8:'7, 7 being an integer. ‘The 0, and 6, are real constants of the form 


Dee Acie Teae—y ba) 
j=0 . 


where the 65” are determined by the conditions that 
i AOy =e a) bet B i 14), 


The computation shows that 
OP = — 2 [(BP2+4m, +2] /80, BP =/2[(8P)?—4m,—2] /BP. 
The determinant of the solutions (8) and their first derivatives is a 
constant,* and its value at r = 0 1s 
A = 44/(—1) [B185” { (br)? — (2 )} +81 82” { (82)? (By )?} J+ terms in a. 
(10) 
For m, = 4 the value of A is 


10,/(—119) + terms in a’, 


which is different from zero for |a| sufficiently small. Since A is a con- 
tinuous function of m, its value will remain distinct from zero when my is 
in the neighbourhood of 4. Hence the solutions in (8) constitute a funda- 
mental set. 


d. Determination of the Period by a Necessary Condition for a Periodic 
Solution. 


If periodic solutions of (5) exist, let their period in t be denoted by 2P. 
Since the period of the generating solutions is 27 in 7, then P must have 


the value Pte (11) 


where vy is an integer. 
If we take the initial conditions 


x(0) =a, «0)=0, y0)=0, yO =a, w0)=0, wl) =a, 
| (12) 


that is, if w is projected perpendicularly from the x-axis at the origin of 
time, then it can be shown from the differential equations (5) that x is 





* Moulton’s Pertodic Orbits, § 18. 
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even in 7, and y and w are odd in v. Sufficient conditions therefore that 
x, y, and w shall be periodic with the period 2P, are 


ome Ops TOL RM ee, (13) 


or the infinitesimal body must again cross the z axis perpendicularly at 
the half period. 

In order to determine the period we integrate equations (5) as power 
series in A and a; (i = 1, 2, 3), and impose the conditions (18) on the 
solutions. There are no linear terms in A alone. The solutions of the 
differential equations yielding the terms in a; are the same as (7) and (8). 
When the conditions (12) are imposed upon these solutions it is found 
that-A, = Ay, A, = A,, By = 0;/and that 47, -4,, 6, are lincaraunciods 
of a; which vanish with a;. It is more convenient to integrate (5) as power 
series in A, 4,, As and B,, and this is permissible since A,, A; and By are 
linear in a; and vanish with a;. Hence the solutions of (5) which are 
linear in A,, 43, By, and which satisfy the symmetrical initial conditions 


Ci" == ea an eae (14) 


apt BE 
+ b,As[e" vg—e7 "v4 | | 
W19 = By[x+Ar¢] 


If we take the terms of higher degree in A, A,, A3, and B, in (5), we ob- 
tain solutions of the form 
2 == 2) +terms in AA,, AA, A, Bo, Ag By, ... 


Nese Jk ar r 7 }, (16) 
10 = Wy+quadratic terms in Aj, Ag, By, and terms in 7A}, A7AG, ... 


in which some of the coefficients involve + outside of trigonometric 
symbols, or multiplied by the exponentials e*¥(~) *” and e**", The terms 
in (16) vanish with A,, As, and B,, but not with A. Now we impose the 
conditions (13) on (16). To simplify the resulting equations, we observe 


Bee ui(P) = v4(P) = 4(0) = 0; (0) = 1, 
ty CP) —— tee (0) mg) — tO) 


since wu; and v; have even multiples of 7 under trigonometric symbols. 
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Hence from (13) and (16), we obtain 
Oe PAn op te (0) Lev EEE — ee | 
+ A5[Bo+ 3 (0) |[e%?—e* P| 
+terms in AA,, AAs, A, Bo, Ag Bo, ..- 
0 = /(—1)b, A, [ev Da P— YO BP) 
+ b,As| ef? ? —e~ Pe" 
+terms in AA,, AAs, A, By, Az Bz, ... 


(17) 


0 = B,AP ¢(P)+ quadratic terms in A,, 43, By and 
bernie ne As A eens 


The coefficient of By in the last equation of (17) is different from zero for 
a not zero, but sufficiently small numerically, and hence this equation 
can be solved for B, as a power series in AG He 24), and 245 which 
vanishes with A, and As, but not with A. Since A contains @’ as a factor, 
the coefficients of the series for B, will be power series in a” multiplied 
by 1/a*. When this series for B, is substituted in the first two equations 
of (17), we obtain two equations in A,, A; and A which vanish with A, 
and A, but not with A. The determinant of the linear terms in dA, and 
As in these two equations is 


fev) amet oak 5 Goal a] [e82 P — eB? | [ b2 : /(— 1)6,+u, (0) | 
SoA Geman | Ba++ 103 (0) | a CLS) 


The last factor has the form 
A (—1) UN ean ®) 4 terms in a, 


and is different from zero for a® sufficiently small. Hence the deter- 
minant (18) can vanish only with either of the first two factors. If it does 
not vanish, then the first two equations of (17), when B, has been 
eliminated, can be solved uniquely for 4, and A, as power series in X. 
But since these equations are satisfied by A, = A3 = 0, the only solu- 
fions for A, and A; are A, = A; = 0, unless the determinant (18) is 
zero. The second factor of (18) cannot vanish if the period 2P is real, 
and we desire solutions having a real period. The first factor is zero, 
provided P= N7z/6,, where N is an integer. Thus, if periodic solu- 
tions exist which are not identically zero, they must have the period 
Nz/®,. From (11) it follows that N = f,. If B, is a rational function, 
y can be chosen so that N will be an integer relatively prime to v. Inas- 
much as §, is a continuous function of a”, it can be made a rational frac- 
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tion by a proper choice of a less numerically than the smallest value of | @| 
which insures the convergence of the power series depending upon a. 


6. Existence of Symmetrical Periodic Orbits. 


In order to establish the existence of periodic solutions of (5) we in- 
tegrate (5) as power series inA, A,, Az and B, as in § 5, and it is necessary 
to obtain the terms in AA,, AAs and Aj. The linear terms in A,, Ag, and 
B, are the same as (15). If we denote the quadratic terms in AA, and AA3 
by x1, and yy, then the differential equations defining x,, and y,, are 

Ly—2V/ {$(1+8)} Yu—2u [$1 +6) +m, Xo] 

= Xy, = Ly9[ —96m) (1 +4) Wwy+rAXy| 

Yut2/i{$1+6)} tu—Yul$1+6)+mM Yo] 

— Ee = Yi0 [ 242) (1+6) Ww y+rY,| 


(19) 


The complementary functions of these equations are the same as the 
solutions of the equations of variation. If we denote them by 


By = ae) Bit7 yy, tage“) Fi? 4 + age™ Usage FO Uy | 
- 
Yar = /(—1) by Lae") 8 vy — age 9 P| bal aae 5 — ae a 
(20) 


then the particular integrals are obtained by varying the parameters 
Og (el ee 
By this method we have 
ae” YP, +age VY Bit yu, + age®T us + aye" u, = O 
ay {V(—-D Bima} eM PF ag { —/(—1) Bi tg ig) Ft 
+ a3 (853+ Us) e” + a,(— Baus tu,)e 9” = X,, 
J(—1) by [a 6%" v, — aye“ B17] +g [age 0g—G eB, = 0 (s 
V(—1) by La, { /(— D) Byoy +0, | eY PF? — aay { —a/(— 1) Bg 0g CW OY B77] 
+ bz [a@3(B_v03-+ 05) ec" —ay(— Bau, +, e-*"|] = Yu 
(21) 
The determinant of the coefficients of a; is A, the same as in (10), and is 


different from zero for |a@| sufficiently small. Hence the equations (21) 
can be solved for a;. Since X,, and Y,, carry the exponentials e*”(-)é 
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and e**", it follows from the nature of uw; and v; (¢« = 1, 2, 8, 4) that the 
solutions for a; will involve constant terms. We shall be interested in 
these constant terms as they yield terms in 7 when the integrations are 
performed for the a;. It is found that the constant terms in the equations 
for a, and dy differ only in sign; since they carry the factors XA, or 
A, B,, let us denote them by 


A, 
A LAP, + B,Q1]; 


where P, and Q, are power series in @ with constant coefficients. Similarly 
the constants in the equations for a; and a, differ only in sign, and they 


have the form 
—1)A 
vi “snp, BeQal; 


where P, and Q,. are power series in @ with real constant coefficients. 
Upon performing the integrations for a;, we obtain, for the terms in 7, 


C—O a [AP, + B,Q,|T+... 
ay. "g (22) 
ie VARA, + BiQalrt... 


The additional terms in these equations carry the exponentials e*”(—))® 
or et®", When these equations are substituted in (20), we obtain 


A 
“hee a eit a) | (Greet, — en YL, | 


ae 1G Boe = 
a ioe Ast . =~ [APo+ Ba Qo] Le? ug—e“ Pu ]+... 
(23) 


ites vio baat [AP, +B, Q,| [eM DBit yy, + e~ MDB y, | 


AP nee [AP s+ Bo Qa] le? vg te vy]+... 


Let us denote the terms of the third degree in A, and Az; by wg) and 
Y3. ‘The solutions for these terms are found in the same way as (23) 


were obtained. As we need only one solution, and only the terms in A; 
3 ° ° . . 
or Ay, we shall choose the solution x3) and that part of it which carries 


3 ° - : 
A; as a factor. This solution is 


3 
Ay 
L 39 = AL are hawt are Uy —e VY Bit | + oaeg 
where P; is a power series in a” with real constant coefticients. 


sER. 2. Vou. 14. No. 1239. U 
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Now let us impose the periodicity conditions (138) on the solutions 
i gp cto dated lan he 8) 
Y = Yrot Yu ++ 
a eee 


We obtain the equations 


0 = Ag[ 6+ us (0) |[e#* —e- #7] ) 





EBS Ma DB ee Od ei eee 
Vast [B+ w(0)][e%?+e7&*] 


Ai see peal ) By ty (0) [ev PAP e~VOVEP IL 
. (24) 
0 = b,A,(e#?—e&* | 


-vou )b, A iP[AP,+ By Grd [ev 1B, Pf gM VA P| 
vis by B2P Pe 
are A, P[XPo+ Bo Qo] [e@? ten B 4+... 


0 = AB, P¢?(P) +terms in ie. oS tea 


SS 


The last equation of (24) can be solved for B, as a power series in Ay 
and A; in which the lowest power of A in the coefficients is A*. Let us 
denote this series for B, by (24c). It vanishes with A, and 43, but not 
with A alone. When (24c) is substituted in the second equation of (24), 
we obtain an equation which vanishes with A, and As, but not with X. 
Since the coefficient of A, is different from zero in the equation thus ob- 
tained, it can be solved for A, as a power series in A and A, in which the 
terms of lowest degree in A and A, are AA, and A}. Let this series for 
A, be denoted by (24b). Now, when B, and A; are eliminated from 
the first equation of (24) by (24c) and (246), we obtain an equation (24a) 
in A, and A of which A, is a factor. Since we desire the solutions which 
are not identically zero in « and y, we must consider A, as different from 
zero. Hence we can divide out A, in (24a), and we obtain an equation in 


A, and A of which the terms of lowest degree are Ajeand. A> a The acosm 
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we . 2 e . 
efficient of 41, when m, = 3, is approximately 
1 age ] 2 
RAG [9455-+terms in a?], 


and is different from zero for a sufficiently small. When m, is in the 
vicinity of 4 this coefficient will remain different from zero, and hence, by 
the theory of implicit functions, equation (24a) can be solved for A, as a 
power series in +? vanishing with \% From (24d) and (24c) it follows 
that A; and B, are also power series of the same form. Therefore, if the 
initial values of x, y, and w are power series in \*, the solutions them- 
selves are power series of the same form. In the practical construction of 
the solutions it may be shown that z and y are power series in odd powers 
of X* and that w is a power series in X. This can be shown more directly 
from the differential equations as follows. 

The first two equations of (5) are odd in « and y, the last equation is 
even in # and y and all three equations are even in \*. Let the solutions 
for 2, y and w be cenoted by 


raf, y= fr, w= fd. 


If we change the sign of A* in (5) the differential equations remain un- 
changed, and hence 


u =S; Gea, UV] = flair Ww == fi Aane (25) 


are also soiutions. If the signs of x and y, and the signs of a, and ag in 
(12) are changed, then the solutions for —2 and —y are the same as for 
2 and --y. »Hence 





—ax2 = f, (r), —y = fy (v2). (26) 
Therefore, from (25) and (26), we have 
fi(—A*) — — f, (9), fo(—A?*) oe — fo(r4), 


and it follows that « and y are odd in \*. Since w is a function of 2 and 

y’, it follows that w is even in A% Hence the periodic solutions of (5) 

have the form 
D 


ie) 
1/94 1/944 
yh rane aj 4 A224), Y=. 2 Yoop Att), w= 


Wj 2 (2). (27) 


1 


Ms 


where each 12.1, Y2j41, and ws; is separately periodic with the period 2P. 


The question might be raised as to the convergence of the solutions in 
vu 2 
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(27). In Poincaré’s extension of Cauchy’s theorem,* the period 7’ is 
chosen arbitrarily in advance, and the solutions converge for O<t<T, 
provided a certain parameter which enters the differential equations is 
sufficiently small numerically. In the problem under consideration the 
period depends upon m,, which in turn depends upon A, and thus the 
period is not chosen arbitrarily in advance. Hence Poincaré’s theorem 
does not apply directly to the solutions (27). It has been shown, how- 
ever, by Moultont that the convergence of solutions, such as (27), can 
be controlled by A alone even if the period is not chosen arbitrarily in 
advance. 


7. Construction of the Symmetrical Periodic Orbits. 


Let us substitute (27) in (5) and equate the coefficients of the various. 
powers of A2. We thus obtain a series of differential equations which can 
be integrated step by step, and the constants of integration are to he 
determined so that the solutions shall be periodic and satisfy the sym- 
metrical initial conditions (14). When these initial conditions are imposed 
on (27), we obtain 


24100) = 0, — Yaj410) = 0 G=O,..., th . (28) 


W2;(0) seals () (7 = 1 seey @ ) 


The differential equations defining the terms in x, and y, are the same 
as the equations of variation, and the periodic solutions which satisfy (28) 


are Peet 
Ly awa AY [eM%-D Bir, eV Bir, | | 


: (29) 
iy = (—1)b, AP [eX Dry, —e- "YB 9g] | 


1 : . . 
where A{” remains undetermined at this step. 
The differential equation for the terms in J Is 


We+ Ww, = W = a?[—24a sint+...|+y{_—6a sin7+...]. (80) 


When the solutions (29) are substituted in (30), the right member W™ has. 


the form 2 
Wo) ay otisy ee seg (81) 


aya : : , a 2 ; 
where So 1s a triply odd series. As series similar to Ss? occur in the 








* Mecanique Celeste, Vol. 1, Chap. I, p. 58. 
Tt Periodic Orbits, § 115. 
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construction of the solutions of the w-equations, we shall define the fune- 
tion so where 2k denotes the step of the integration. The function 
Si: is homogeneous and of degree 2¢ in e-47 and e~“—-Y4", but does 
not include the terms which are independent of the exponentials. The 
coeflicients of these exponentials are power series in odd powers of @ with 
sums of sines and ,/(—1) times cosines of odd multiples of 7 in the co- 
efficients. The highest multiple of rt in the coefficient of a***! is 2k-+1. 
The coefficients of eV)" and e ™“—) 6" ( = 1, ..., 4), differ only in 
the sign of ./(—1). If the exponentials are expressed in the form 


cos 2hG,7 4 4/(—1) sin 2h6,7, 


aes foes) > = SP) ,a*! sin {2h8, + QF) }7, (32) 
Siig = 

where ray , are real constants. If 26, is an integer for some value of 
h =1,..., 2, then some of the multiples of + in (32) are integral. In 
order that 246, may be an integer, we must have 2k =y, or h=v. If 
2h =v, then 2h8,= N, an odd integer, since vy and N are relatively 
prime. Hence, in this case, the integral multiples of 7 in (82) are even 
integers. If h= vy, then 26, = 2N, an even integer, and the integral 
multiples of + in (82) are odd integers. 

We shall now find the periodic solution of (80) which satisfies (28). 
The complementary function of (30) is 


WwW, =n b+n (x +Are], (88) 


where ¢, x, and A are defined in (7). The n™ and x are constants, but 
regarding them as functions of 7, according to the method of the variation 
of parameters, we have 


WM +n [y+Ar¢] = 0 


pevetiry “ RET (34) 
WPP+IP +A p+ H)] = WO 
and since the determinant of n™ and n{ is unity, it follows shat 
nM — —[y4+Arg]We, w= ow. (35) 


Since both x and W“ contain sines of odd multiples of + not multiplied 
by the exponentials ¢*?“—*", the product yW™ will contain constant 
terms which will yield terms in 7 when the integrations are performed. The 


constant part of yW® is obtained from ys” alone, unless »= 1. The 
function S$” contains fractional multiples of + if 26, is a fraction, and 
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even multiples oles ii Delpy 1 then Sy will contain odd 
multiples of +. In any case, the constant part of yW® will have the 
same form ap™, where p™ is a power series in a with real coefficients, 
whether constant terms enter through S! or not. 

When equations (35) are integrated and the results are substituted in 
(33), the general solution of (80) takes the form 


IDS Se By p+ ine [yvtAr¢@]+ (A®)? [ oe Kee apr, (36) 


2 “4 ORs : re (PD : 
where BY (1 = 1, 2) are the constants of integration ; Se isa triply odd 
series, and oe is a function similar in form to Cee If (86) is to be 
periodic, then 
2 ay 1 1 1 
BP = Spare = Lg (arr 


where g™ is a power series in a? with the constant term [16—4(0$)*]/3. 
The constant Be must be zero to satisfy (28), and the desired solution of 
(30) becomes 


Op A | 4 594.50], (37) 


where S® is a triply odd power series. The constant A® yvemains un- 
determined at this step. 

In order to determine AY we must consider the terms in A’. The 
differential equations for these terms are 


Ly— 2/14 (1+0)} Y3— X34 (1+) +1) Xo] =. S (38) 
Ygt2/12(1+6)! e3—ys(4(14+0)+my Yo] = ve) 
where Xe et ee (39) 


and pot” (¢ = 0, 1), is a homogeneous polynomial of degree 2¢+1 in 
the exponentials eY(-) #7 and e~“(—)", The coefficients are power series 
similar in form to w, and ew, and the coefficients of [e”—PF7]* [e~M%— Bir] J 
and [eV Air |) [e~M—DAir)* 74+ = +1, differ only in the sign of 4/(—1). 


Si il ot ’ é , 
imilarly YO =/(—1)[AMoO+ (AM? 6], (40) 


where o'*” (¢ = 0, 1) is similar in form to p{'*”, except that it is the 
coefficients of [e%-DEr]*[—e-M—-)Er]i and [ev(—D8ir]F[ —e- VD Air] ke, 
g+k = 20-+1, which differ only in sign of ./(—1). 

The complementary functions of (88) are the same as (20). The 
terms in e*”-)47 in X®) and Y) give rise to non-periodic terms in the 
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particular integrals since they are multiplied by power series similar to 
wu, and ws. The particular integrals are found in the same way as the 
solutions (23) were obtained. The complete solutions are 


3 3 
i = A® eM(-D Bit yy, + AD e-M-DEt Ug +As cust AD e-Fru, ) 
1 3 Dace 
+A + [Pi CAS 2 pG 4 [ev Bit y, —e- VF Br a4, | 
FAP AO+ OY AP 
= (3) 6v(—1) Bit (8) 5-v(-1) Bir, hie 

Ys =4/(—1) b,[ Ai e v,—Ag e | Sf Ag, 
+0,[A g ebar V3z—A P er Bat y a | 

(1) (3) (D2 p03) aad yak cel 

aisey Ord dey Pe Te ei ey ips a rex Bi tte oD A Vo | | 
$Y(—) AM [24423] 





) 


3} : - ‘ 3 3) 
where Abe (¢ = 1, 2, 8, 4) are the constants of integration ; pe and Pe 
are power series in a” with constant coefficients; and 


Eee ond, oe ae aret al) 


v 


(2i+1) 


are functions of the same form as p} and of'*)) respectively. In 


order that x; and ys; may be periodic, the constants A$ and A? must be 
zero since the terms in e**" do not have the period 2P; also the co- 
efficients of the terms in t must be zero. Hence 


PP +(AM)? PP = 0. 


Now, for m, = 4, the constant terms of AP}? and APY are approximately 
—111 and 9455 respectively. When m, is in the neighbourhood of 4, 


3 38 e ‘ 5 - 
the constant terms of Eee and Py will remain different from zero and 
opposite in signs, provided q@’ is sufficiently small. Therefore 


Area Py Peay aa 7 22) 


where 7 is @ power series in a with real constant coefficients. When (42) 
is substituted in (41) and the conditions 23(0) = y;(0) = 0 are imposed, 


then, since ae Rite 
poe (0) — Geen (0) — 0, 
the desired solutions become 
ipa A®) fee eee pat ne i 1cg|-- AY) | oie pw | 


- . (43) 
ge A/(—1) b,A® [eM Ary, — oY Bir yg] +-4/(—1) A) [oO 4125} 


296 Mr. D. BucHanan [ Dec. 10, 
The constant A” remains undetermined at this step. There are two 
solutions in (43) and also in (29) obtained by taking the two values for 
be The solution for wy, in (87) 18 unique since ws, carries (As? as a 
factor. 

In order to determine A{” it will be necessary to consider the terms in 
Mand \#. There is but one differential equation for the terms in \”, and 
it has the form 


i i: 1 
Wit Ww, = we = AM4® rs) + 94]4 = Det?) (44) 


where ake and ee are triply odd power series, and ee and BS are func- 
tions similar to Spe defined under (81). The undetermined constant Ae 
is written explicitly in so far as it occurs. Where A‘ enters to even 
degrees it is unique, and is absorbed by the functions of which it is a 
factor. - Where it enters to odd degrees if 1s written explicitly. 

The general solution of (44) 1s derived in the same way as (86) was 


obtained, and it has the form 


| [= ~ 4 1 
tog = BY GL BY [yt Arg ]t Te SP+4 SP —| ad? AP DO+ = p? | 79, 
(45) 


Z(4 : 6 A Ne : A : : 
where ie is a triply odd series, and oy is a function similar to Ske 


defined under (81). The functions ie (1 = 1, 2) are power series in a’ 
with real constant coefficients and are derived from the integration of the 
constant terms in yW”. If y= 1, then some of the multiples of + in 


Sp and w{” are odd integers, and constant terms will be obtained when x 
is multiplied by these functions. If» 1, then constant terms will arise 
only from xS? and xo. The solution (45) can be made to satisfy the 


initial and periodicity conditions by choosing 
M9 pou} 4@,@, 1 wo] Lym yo,w, 1 
By = 0, ee | aA Ay py ial 3 ee Lt Ay q+ 5 a 


where g (¢ = 1, 2) are power series in a” with constant coefficients. 
When these values of the constants of integration are substituted in (45), 
the desired solution becomes 


1 19s ose aes alte 
wy = E Ay Ay gy + — a | apoee el ao 


3 . ¢ : : 
The constant 4% remains arbitrary at this step also, and the terms in 
\? must be considered. 
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The differential equation for the terms in \* are 
Lp—Dr/ {8 ee? Y5—2#5(4(1+0)+m,X,] = xO 7) 


(46) 
Yet 2/12 (1+6)} &—y5 [31 +6) +m Yo] = YO] 


5 hae 
where Xe) — Puan p® 
| (47) 





oa ax 1 0 
yo — i) A GO™-/(— 1) sh a 


The functions p+” and o@'*” are similar in form to p?*? and of'*” re- 


spectively. Where AY” occurs to even degrees it is absorbed by the fune- 


tions of which it is a factor. The undetermined constant be. is written 
explicitly in so far as it occurs. 

The complementary functions of (46) are the same as (20), and the 
particular integrals are obtained in the same way as the solutions (23) 
were obtained. The terms in e*”(—)*" in X® and Y give non-periodie 
terms in the solutions. The general solutions have the form 


5 5 5 5 
ip a AM eM(-Dert u,+As Yo-M-DBt y+ AS ) oft 4, + Af ) e-Bay, } 
+7 | AP PP+— BoP? [e V¥(—1)Py7, ee v(— 1) Bit py. alt =a 


ys = V(—-)d, [Ae ire 658] 


. (48 
+b, bis ) oPat yy, ame ) 9 Bat v4 | r ( ) 


Bia Geel 17| 4® PO+S AY 2°] [ev Bit y, +e MCDBITy, 





ae eee to) 
a 5 


The undefined terms in (48) have the following properties : 
A saat ae 8 aA) 


are the constants of integration ; Pp? G=1, 2) are power series in a 
with real constant coefticients ; p°’ and o are functions similar to p° 
and o respectively ; 4 denotes that the constants A%*”, which have been 
determined, enter the function of which 7 is a factor to odd degrees con- 
sidered together. 

In order that the solutions (48) shall be periodic, the constants of 
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integration must bave the values 
(6) — 4(5) — 3) — __ 4(Q) PO)/q2 PG — 40),(3)/q2 
AO ARE ya 1 Oe ey Eee er (49) 


where 7 is a power series in a with constant coefficients. There are 
two values of 1,” differing only in sign according as the + or — sign is 
chosen in (42). The solution for w, is independent of the double sign 
n (42), and has the form 


Co a SO+ (8 Sie Seal (50) 


where S is a triply odd series. 
If we impose the initial conditions (28) upon (48), then A® = Ad”, 
since p®(0) = 7©(0) = 0. Hence the symmetrical periodic solutions of 


(46) are 


t.— a bee 1) Bit Uy +e7 v(-— 1) Bit ay. ol+ a ape | 
Se coats ts 
et /(—1) b, Ae les 1) Bit v1—e —v(-1) Bit yy cpg wo )n x) | 


The constant 4{” remains arbitrary at this step, but the remaining parts 
of the solutions differ only in the sign of » according as the + or — 
sign is taken in (42). 

The remaining steps of the integration can be carried on in precisely 
the same way, as non-periodic terms arise in the subsequent steps of the 
integration only in the same way as in those already considered. ‘The 


constants of integration are determined by the initial and _ periodicity 


1 
conditions, and they are unique for one value of A‘. The constants 


arising from the differential equation in w.; are determined at the stage 
in which they appear, but the solutions for x2;,; and y2j.1 contain the 
arbitrary 2 ’*) which is not determined until the solutions at the step 
27+3 are ect ery 

The presence of the terms in 1/a? and 1/a* in the solutions already 
considered introduces some slight change in the remaining steps, but only 
in so far as the factors 1/a*' are concerned. At the step 2j7-++1 the solu- 
tions are 


(2j)+1) 1)8 oe — (274-1 
srry San Ss Bee tt a BIT ay te MDB | sais tite 


3 (52) 
= | he Pl) FV ae —v(-1 Nhlss V/(— 1) 9-9; i! 
Yojri = V7 )by Le Arg en Pity, | 5; 


gee =2 2j+1 
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where the undefined terms in (53) have the same significance as the 
corresponding terms in (52). At the step 27 the solution is 


1 aaj 1 raeny sen 
Wy = a eS qin? Se + 83; Ai (53) : 


where S®, S® are triply odd power series, and the S$” is similar in form 
to a defined under (81). 

Thus the constants of integration can be determined by the periodicity 
and symmetrical initial conditions. There are two values for each Pe: 


differing only in sign, but each Bees unique. Hence there are two sets 
of periodic solutions for « and y in (5), and the solutions of the one set 
differ from the corresponding solutions of the other set only in sign. 
There is but one periodic solution for w. Since x and y are odd in A}, 
the two sets of solutions are obtained by taking the + and — signs 
before A’. 

Let us denote these two sets of solutions by 


a=a(+r3,7), yo=y(tr,7), w= wi,7), 
B= 2(—A2, 7). yo y(—r, 7), w= w,7). 
If vy is even then 
Pema ) — — wi - NP) — a. (— A), 
y (+A, T+ P) = —y (4°, 7) = y (—A’, 7), 
w(brAt, cr+P) = w(+r2, 7) = w(—A, 7). 


Hence, if v is even, the orbits represented by +A? and —)? are the same 
geometrically, but in the one the infinitesimal body is half a period ahead 
of its position in the other. 

lf both vy and WN are odd, then 


a(+r*, 7+P) =—2(4+r,7) = aw (—A}, 7), 
y(+AY, t+ P) = — y (+7) = y(—A’*, 7), 
w(+r3, r+ P) = —w(+A3, rT) = —w(—Ai, 7). 


In this case the orbits represented by +A? and —A? are not, in general, 
the same geometrically, but the one is the reflection of the other with 
respect to the xy-plane. In the one orbit the infinitesimal is half a 
period ahead of its position in the other. 
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If »y is odd and N is even, then 
a(+r, 7+P)= «(+27 7) = — x (—X}, 7), 
NEN et Pca) ee oa 
w( +r, r +P) =— w(+Xr, 7) = — w(—A4, 7). 


In this case also the orbits represented by +A? and —2? are, in general, 
distinct geometrically. They are symmetrical in the octants, symmetric- 
ally situated with respect to the origin. In the one orbit the infinitesimal 
is half a period ahead of its position in the other. 
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THE CONDITION THAT A QUINTIC EQUATION SHOULD BE 
SOLUBLE BY RADICALS 


By W. E. H. Berwicx. 
[Received December 14th, 1914.—Read January 14th, 1915.] 


1. It is well known that the roots a, 6, ..., 7, of an irreducible equa- 
aye pe ae ae ere hy 


can be expressed in terms of the coefficients in a finite number of steps by 
the four elementary operations of arithmetic, addition, subtraction, multi- 
plication and division, combined with a finite number of operations of 
root extraction, when, and only when, the group of the equation is 
soluble. The group of an irreducible equation being always transitive, 
that of an irreducible quintic is a transitive substitution group of degree 5. 
Such groups are five in number Gy, Gyo, Goo, Gio, Gs (the order being 
equal to the suffix in each case), and of these the last three are soluble. 
‘The group Gy) contains the twenty substitutions 


ie ee Tike Opec I oe D3 4 (1) 
where U = (aByée), V = (aGdy)(), 
so that Ha Ve ee ae 


Gio, a Self-conjugate sub-group of Gyo, containing 


CEA eee Oo AY Deine: (2) 
where G8 se VS (ud) (By) (e) 
is defined by Geos ee UL Wee ee 


whereas G, consists of the single cycle 
Coe URS Cis eee 1S (3) 


In order that the quintic may be soluble by radicals in a field of rationality 
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R, which contains a, b, c, d, e, f, it is necessary and sufficient that some 
rational function of the roots a, 8, y, 6, « which is unaltered in form by 
the substitutions of Gg, but by no others, should have a value rational 
inghe 

The quintic can be reduced to the standard (Bring-Jerrard) form 


y+tuy+o = 0, 


with the help of soluble equations, but, in general, the coefficients wu, v 
belong to a field FA’ of relative degree 6 with regard to R. It is only for 
a certain limited class of quintics that w, v are rational in the original 
field Ff. Adopting this standard form, Runge (‘‘ Ueber die auflosbaren 
Gleichungen von der Form x?+urz+v = 0,” Acta Mathematica, t. v1, 
S. 173-186) takes the function | 


a 1(aB+ By+yd+de+ea—ay— ye—€8—Bd—da)’, 
and shows that W is a root of the sextic 
VW) = Wh—w)! WW? — 6 Wut 25?) —5°o'w = 0. 

When this equation has a rational root in f’, the quintic can be solved by 
radicals in R’ and consequently in R. The object of this paper is to 
obtain a sextic equation P(¢) = 0, satisfied by a function belonging to 
Goo, but with rational coefficients in R. Since two rational functions 
of the roots which belong to the same group are rational functions of each 


other, the equation obtained will be connected with Runge’s, by a trans- 
formation of the type 


d$=ytnvtyw+yy ty tys, 
ok b= aQtag tag tisp+up +29”, 


where y;, 2 are rational in R’. The discovery of roots of &(¢) = 0 
rational in & is, however, a simpler process than that of roots of 
VY (vy) = 0 rational in R&R’. In fact, when a, b,c, d, e, f are ordinary 
rational numbers and R = 1, RF’ is in general a soluble sextic field, and 
the testing of a sextic equation whose coefficients belong to a sextic field 
for roots rational in that field, though possible in a finite number of steps, 
is a Somewhat lengthy operation. 


2. It is readily seen that the function 
oo as [(u— By (B—y)? (y—64)? (S—e)? (e—a)? 
+(a—y)" (y—e)" (e— 8)" (8 8)" (0a) 
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belongs to Gy. This number ¢ is one of a set of six conjugates which 
may be obtained by applying to it the six substitutions 


1, (aBy), (ayB), (By)(@), (ya)(8), (aB)(y), 


0, e being unaltered, and, of course, the group of each of the conjugate 
functions is a sub-group of the symmetric group Gyo, conjugate to Gop. 
Now a symmetric function of the six ¢’s is an invariant of the quintic 


f by € € a K 
ers F(x, y) = av? +batyteryt+dxry tery’ +fy’, 


and the six elementary symmetric functions are rational integral in- 
variants. We may therefore assume that ¢ is a root of a sextic equation 


$(¢) = $°+4,¢9°+42.¢'+4,¢? +419 +A, o+Ae = 0, 


ayuere «Ay A., 4:., Ag 


, are rational integral invariants of respective 
degrees 4, 8, ..., 24. 


38. Using the notation of Salmon’s Higher Algebra, the quintie form 
F(z, y) has four irreducible invariants J, A, L, I of respective degrees 
4,8, 12,18. When the coefticients of F(x, y) are numerical, the values 
of the first three of these are most easily calculated in the following way. 

First, taking the quadratic covariant 


S = 345 | (20ae—8bd+ 8c") x? + (100af—12be+ 2cd) ry 


+ (20bf—8ce+ 3d?) 7” | 
= Axv’?+ Bry+Cy’, say, 


we have J = B°—4AC. 
Next, taking the canonizant 
T =|10ar+2by, 2br+cy, cu+dy | 10° 
202 --cy, cu dy, dz + 2ey 
Cit Oi. dz+2ey, 2ex+10fy 
= De? +Hx’yt+Fay’?+ Gy’, 


K, the lineo-linear invariant of S and the Hessian of 7’, and L, the dis- 
criminant of 7’, are given by 


K = 2A(3EG—F2)—B(9DG—EF) +20 (8FD—E), 
L =1}[4(8EG—F?)(3FD—E?)—(9DG—EF)’]. 
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4. We may now assume the rational equation satisfied by @ to be 
&(d) = 6° +2,J¢°?+(,JS* +23 K) ¢' 
+(2,J?+a,JSK +2,L) +a Jt +aJ* K+ 2, Ke+ay) JIL) 
+ (0, J? +a)? K+a 35K? +2,,J°L+2,;, KL) o 
tity) tay JK +a) 7K rA+2,) KF +2J*L +2, ISKL+2yL° =0, 


where 2, %, ..., Zog are numerical. These numerical coefficients can be 
found by taking a sufficient number of special quintics, whether irreducible 
or not, and comparing the actual coefficients of the ¢-equation with those 
involving the x’s. 


First, taking 2—n = 0, 

we have “(Av-B 0) (0) —7-0)> HD al GeO AO eau 
Je 
Oy = '— 625078 ida = py = 2 ae ee (4) 
so that (6+625n”) (@+125n7)° 
= P+avprtayn'¢?'+tawp ta nie+ayn ptinygn”, 
giving i= i2201) Mg aD eee ee 
Ip ain Silay & cn as 

Again, taking oe — 0; 

we have oo] es () ee 


di = i= 407, gy = Jp =—40i, fy = 5 = 0, 


so that 

p+ 27.57. p42". 54g? = 6°4+2.5 >a h'+ 27.5 4p? 4+ 27.5 Pax 
whence iy = OOS ee ee) ee 

Taking further 
(a, Psy; 0,6 — (1, 1,8, 30) al ely — eee oe 


(Ty 3, =), 0, 0), ie tly P; p’, 0), Le? +p+1 fore 0] ’ 


1915. ] CONDITION THAT A QUINTIC EQUATION SHOULD BE SOLUBLE BY RADICALS. 305 


the remaining coefficients are found without difticulty—beyond that of 
the calculation. A complete verification is given by 


(a. >, vy, 0,.¢) = (1, —1, 2,'—2, 0). 
The final result is 
P(p) = 6942.54 7g? +(5". TI?27+2°. 51K) o' 
+ (27.3.5 FF +4 2°.3 5° SK —2" 5) 6° 
+ (58 .117*+2°.3.5° 7? +2". 54 KA—2" SMI) g? 
+(2.5°°.18F°+28 5es7K +2" 5" 11S K? 
— 219.5% 59F°L —2" 5.7 KL) o 
+ 57°42" 5PPPKPR— 2" SY IPL 
— 9 5° SKE +2” 5° Lh? = 0. 
A simplification can be made by writing 
epee aig, su ar: 
the equation then becomes 
P(d) = $°+107¢'+ (3857? + 10k) 6+ (607? + 30;4 +101) ¢? 
+ (557'+ 807?k + 25k?+ 5071) 
+ (267° + LOj*h + 447k? + 5977+ 14kl) 
+ 57°+ 2077k? + 2077/4 207;k/+ 257 = 0. 


5. We now assume that the quintic equation 
ax? +bat+car?+dax*?+ex+f = 0, 
is irreducible in R. 
When the sextic has no rational root, the group 18 Gyo or Gg accord- 
ing as the discriminant 


= a (a—B)? = 5° (J*—2'K), 


is not or is a rational square. 
The quintic is soluble by radicals in A when, and only when, 
(fp) = 0 has a rational root, and the group is then Gp, Gig, or Gs. 
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Should the sextic have two different rational roots it must reduce to 
the for é 


as in (4) above. For taking the group G to consist of the substitutions 
enumerated in (1), (2), or (3) above, according as it is of order 20, 10, 5, 
the function 


o, = a'[(a—B) (B— yy (y—4)? (6— 6)? (e— a)? 
+ (a—y)? (y—e)? (e— 8)? (8—6)? (6—a)?| 


is unaltered in form by the substitutions of G and therefore has a rational 
value. If also the value of ¢, = (aSy)(6)(e)¢, is rational, this rational 
value must be unaltered by the substitutions of G. Among these, how- 
ever, there is at least one which changes ¢, into each of the other ¢’s, 
3, ps, fs, and gg. Hence do = $3 = dy = $5 = $e as Stated. 

The sextic cannot have an irreducible quadratic or cubic or quartic 
factor, for then a symmetric function of two or three of the ¢’s would be 
rational and the group intransitive. 


6. The group of the function 
X = a (a—) (B—y)? (y—d)? (6— 6)? (e—a)? 
is Gio, whereas that of : 
Vx = a(a—B)(B—-y)(y—6)(6—«©)(e—a) 


is G;, the only transitive Abelian group of the fifth degree. 
Now, if ¢ be a rational root of the sextic, y is a root of the rational 


quadratic 2 — oy +57(J2?—27K) = 0. 


When this quadratic (or each of them when there are two) has no rational 
root, the group of the quintic is Gy. But when a value of y is rational 
the group is Gi), unless one of the roots happens to be a rational square 
when the group reduces to G, and the quintic is normal and cyclical. In 
any case the group reduces to Gy) when R is extended by adjunction of x, 
and a further adjunction of ,/x reduces it to G;. When R=1 and the 
group 18 G;, the quintic is cyclotomic by a theorem due to Kronecker 
(Hilbert, Zahlbericht, § 104). 


There is an extensive range of literature on soluble quintics. Many 
references (prior to 1886) are given in the series of papers by Young and 
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McClintock, American Journal, 6, 7,and8. <A method of obtaining radical 
expressions for the roots, due substantially to Lagrange, but fully developed 
by Kronecker, is given in Weber’s Algebra (Bd. 1, § 191 seq.). Complete 
material for writing down the actual radicals in the case of the standard 


quintic Ji jj eh aaa 


(when soluble) appears in Prof. Mathews’ Cambridge Tract, Algebraic 
Hquations. To the latter named gentleman I am indebted for some 
suggestions as to the method of presenting the results contained in this 
paper. One of the Society’s referees has also kindly pointed out correc- 
tions in two of the references given in the paper, which were inaccessible 
to me at the time of writing. 
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ON THE SOLUTION OF NUMERICAL FUNCTIONAL EQUATIONS 


Illustrated by an Account of a Popular Puzzle and of its Solution. 
By ric H. Nevinur. 


[Received September 22nd, 1914.—Read December 10th, 1914.— 
Received, in revised form, February 16th, 1915.] 


THE object of this paper is to introduce a method of solving simul- 
taneous numerical functional equations which is original and is thought 
to be new. Any process of solution determines the value of each variable 
as the sum of a series whose terms are calculated in succession, but the 
practical value of a process depends not merely on the rate at which the 
several series converge, but also on the labour involved in evaluating 
the terms; in the method proposed this labour is almost beyond com- 
parison less than in the classical method. 

The problem is introduced and illustrated by a particular case, arising 
out of a showman’s puzzle that has interested a large number of mathe- 
maticians, and when the general method has been explained and _ its 
application to two special problems of importance indicated, the equations 
arising from the puzzle are solved and some interesting consequences of 
the solution described. 


ile 


A familiar figure at fairs and shows is the sportsman with a cloth on 
which a large circle is painted and five smaller equal circular discs of thin 
metal, who offers the holiday-maker some considerable reward if he can 
lay the five discs on the cloth in such a way that no part of the large 
circle can be seen, the experimenter of course paying for each attempt. 
At a time when work of a more serious kind was for a few days impossible 
to me, I welcomed the problem of calculating the best arrangement of the 
dises, and the least value of the ratio of their radius to that of the painted 
circle, and the results may interest others. The equations on which the 
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solution of the problem depends were much easier to find, and much 
simpler in form, than I had expected, but the numerical resolution of 
these equations with sufficient accuracy seemed likely to prove intolerably 
tedious, until an original method of dealing with them was devised: 
what I am anxious to put into the hands of mathematicians is this 
method. 

In deciding on the general features of the most efficient arrangement 
of the dises, I was helped by having a specimen of the apparatus actually 
used (belonging to Mr. J. H. Grace, whose kindness in lending it both 
then, and on the occasion of the reading of this paper to the Society, I 
gladly acknowledge) ; it is only to be expected that no great margin is 
left to the inaccurate speculator, and certain types of arrangement were 
seen unmistakably to be ineffective ; such was, for example, the arrange- 
ment symmetrical about each of five diameters, the small circles all pass- 
ing through the centre of the large circle. It is taken for granted that 
there is symmetry about one line, a common diameter of the large circle 
and of one of the small circles. If A is the centre of the large circle, D 
the centre of this small circle, B the end of the diameter DA of the large 
circle which is not covered by the small circle, C the point in which the 
small circle cuts DB, and G, H the points in which the small circle cuts 
the large circle, the arrangements between which decision must be made 
can be enumerated. Two circles must pass through B, and intersect in a 
point Z in DB, which may be identical with C, or may be a distinct point 
in CB; let one of these circles cut the are BG of the large circle in HL, the 
other cut the are BH in F. Of the remaining circles one covers L and 
G, the other covers F' and H. If LZ is distinct from C, the circle covering 
H and G covers also Z and C, and either passes through three of the four 
points H, G, L, C or has the line joining two of them for a diameter. If 
L coincides with C, the circle BCE cuts the circle whose centre is Din a 
point M distinct from C, and the cirele covering H and G either is the 
circle through H, G, and M, or has one of the lines GM, MEH, HG for its 
diameter. It would be possible to apply calculation to each case, but 
actual trial is sufficient to convince that the only arrangement which allows 
success with the apparatus used is of the last type; what remains for 
calculation is the discovery of the smallest ratio of the common radius of 
the dises to the radius of the painted circle which allows this most effective 
arrangement to succeed, and the determination of the corresponding posi- 
tion of the point we have denoted by C. 

Let 5 be the radius of the large circle, a that of the small circles, let 
c be the distance AD, and let the angles BAH, DAG, BCE, KDG be 20, 
¢, ~, 7—x. It is a/b that it is our chief object to find, but (a—c) /b 
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derives considerable interest from being extremely small. The equations 
asinvyy=bsind, (a—c)sinw = bsin(y—20), 
c= bcos¢—acosx, asinx —Osing, 


implicitly determine 0, ¢, y, x in terms of c. The best arrangement of 
the first three discs, a, b being supposed constant, is that in which c has 
the value which makes HG, FH as small as possible, that is, is found by 
making 20+ ¢ a maximum subject to these equations; the condition for 
es sin 2vy sin(y—¢) = cos x | 1—cos 2(~—8)}, 

and if, when the position is such that the five equations involving c¢, 0, ¢, 
vy, x are all satisfied, HG and FA are less than 2a, the last two dises can 
be set down completely to cover what is left exposed of the large circle. 
The least value of a/b which allows the covering is that in which HG, FH, 
found as before, are equal to 2a, and this value of a/b is found by adding 
to the five equations already written down, the equation 


a = b cos (0+49). 


For purposes of calculation, the ratios a: b:c are eliminated from the 
equations, and the resulting equations are taken in a form involving sums 
and differences, not products and quotients, of circular functions; the 
equations are 


2. sin 0—sin (0+4¢+v)— sin (>—0—4@) = 0, 
2. sin é@—sin (0-+4¢6-+ x) — sin (x—O—4¢) = 0, 

2 sin 0+ sin (y+ 6) —sin (xy —@)—sin (+ ¢) 
— sin (Wy— ¢) —2 sin (y— 26) = 0, 


cos (2y~—y + >) —cos (2+ x — ¢)—2 cos x 
+ cos(2y-+ x— 28) + cos (2Y-— y — 20) — 0; 


and what we require is a numerical solution, which can be based on the 
fact that a crude approximation is given by the values 386°, 36°, 72°, 72° 
for 0, ¢, W, x. 

It is evident that these particular equations are algebraic and even 
rational in the tangents of the angles $0, 14, dW, dy, so that an algebraic 
equation could be found for cos (@+4¢), which is the number of createst 
interest ; to calculate by Horner’s, or any other of the familiar methods, 
the root to which cos 54° is a rough approximation is in theory simplicity 
itself. The briefest effort will convince the reader that it is impracticable 
to solve the problem on these lines. The alternative is to regard the 
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equations as functional, rather than algebraic, and to accept suggestions 
from the differential calculus: to a consideration of numerical functional 
equations we now turn. 


Il. 


Of all the common problems of mathematics whose solutions in theory 
are both simple and complete, probably in no other is the application of 
the theoretical solution to a numerical case as tedious, and in no other 
does this application find the mathematician who is not an accountant at 
as serious a disadvantage, as in the problem of solving a set of numerical 


functional equations. Let us outline the classical process in the case 
of three equations 


GN Dis Cll SORE ie TA mens (Uo a Riper) pa mnt OF 
of which it is known that an approximate solution is given by 
ny eS —— a er 
If the corresponding accurate solution is 
C=Qta, yHuty, 2=a4+%, 
an approximation to the values of 2, y,, 2, is given by 


: _—s ! } pein, Lg mec dls 
imH=d, Yeh, 4 = C3, 
where 


04, (a;, 0,, ¢)+05F, (a, 01, cy) +6F (a1, 0:, 4) = —F(a, 01, ¢), 

A3;Gy (ay, 61, 6) +024, (ay, 01, ce) te2G(a, b,, ¢) = —G(a, b,, ¢), 

a, Hy (a, 61, 6) + 02, (ay, 6, ¢) +03 H,(a4, 51, 4) = — H (ay, b,, ce); 
the second approximation to the values of z, y, z is given by 


! ! we a Ah 
C=, YH 2=h, 
where 
’ ’ 
m= 4+, SH bth, b= e+e. 


To obtain a third approximation to the values of x, y, z the process is 
repeated, terms as, 63, c; being obtained from three equations of which 
the first is 

a3F (75, 8, t)+b3F, (75, 89, t) +5 Fr, 2, &) = — F(r2, 82, ¢2), 


and these terms being added to those already known. We may say that 
the exact roots 7, s, ¢ are the sums of series Yai, Sb},, Dc,, whose terms 
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are calculated in successive triads from three equations such as 
! J ’ ray ! wy achebe: | = )» af gt 
fs ee LN Ce les tt Only (7 my Sms bm) + Cm +1 L's (9 my Sms bin) ee di (Fone Sms bm)s 


rns Sn, tm Deing the sums to m terms of the series whose m-th terms are 
Gn, Ons Cm and the first terms aj, 0}, ci being the given first approxima- 
tlONS @y, 01, C- 

This process is open to a twofold criticism. The solution of simul- 
taneous linear algebraic equations is by no means the attractive pro- 
cess in practice that 1t is in theory: if there are only a few equations 
and the coefficients are small integers the solution is not prohibi- 
tively troublesome, especially if a multiplication table or a mechanical 
multiplier is accessible, but given coefficients with three or four significant 
digits, the operation is excessively tedious, and is one in which mistakes 
are easy to make, and if the coefficients are irrational it is troublesome to 
decide the degree of accuracy advisable at each stage. And in the classical 
process, although the coefficients of the variables, the first derivatives of 
the functions, change but slightly from step to step of the approximation, 
the labour of solving one set of linear equations is not in the least 
diminished in virtue of the work done in solving the earlier sets, and, of 
course, increases with the degree of accuracy maintained. In the alter- 
native process which is to be described, use is made of the fact that the 
coefficients vary but little, and subsequently it is pointed out that the pro- 
cess is applicable if the coefficients are actually constant and can be used 
in the solution of a set of linear algebraic equations with effect if the co- 
efficients are complicated or irrational. 

If the coefficients and constant terms in one set of linear algebraic 
equations differ but little from the coefficients and constant terms in 
another set, the values of the variables which satisfy the one set differ 
from the values which satisfy the other by amounts which are small com- 
pared with the values themselves, it being assumed that the determinants 
of the coefficients are not small. Thus, if Aj, m4, ..., v3 are any close 
approximations to 


F(a; b, C1), F(a, b;, C1); one 89 H,(a,, ay, Cy); 


the values of the nine first derivatives of three functions F(z, y, z), G(a, y, 2), 
H(a,y, 2) for values a, b;, ¢, of the variables for which the functions are 
known to be small simultaneously, and if a}, 05, cy are such as to satisfy 


Ay da + my bs +14 02 sD F(a, b,, Cy); 
Ny 2+ My bo + 19¢9 Tel ke G (ay, b,, Cy), 
Ay @s+ My be+3C9 = — H(a, b,, ¢), 


the equations 
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then a,+a}, b, +0), ¢,+c¢), which we may denote by 7%, sj, 4, differ from 
the second approximations 73, s5, t; of the classical solution by amounts 
of oh order gj f;, where f,’ is the greatest of the moduli of the three terms 
a, 05, c; and g/ is an approximation factor* depending on the accuracy 
with which Aj, “,, ..., v3 represent 


te lege Gi eaer ah ee OyseGy er ete 11, (045 Dy, Cy). 


Since Ms so, ts differ from the exact solutions 7, s, ¢ By aU of order 
Ta”, Vo, 85, ty differ from 7, s, ¢ by amounts of order ( jth) anti 18. OL 
a higher order than g/, the approximation furnished - Foy te ISenOke as 
close as that furnished by 79, so, te, but the somewhat arbitrary nature of 
Ay, My «++) Vg enables us to take for them rational numbers which ean all 
be comparatively simple without the value of g; becoming unduly large, 
and so to render the calculation of 75, s;, ¢; a much simpler matter than 
the calculation of 7}, 4, to. 

To obtain a closer approximation than that given by 7, $3, t;, we have 


to solve linear equations which either are Soa such as 


a, Ee ay Bg ts) +b; Bets, See is tek. ( pay Sos ea) he — Fr, 29 ae Aas 


or are equations whose coefficients and constant terms differ little from 
those of these equations. Now it is assumed throughout that none of the 
second derivatives of the functions Ff, G, H are large compared with the 
largest of the first derivatives, and it follows that numbers Ay, m4, ..., V3; 
which are approximations to 


F(a, b; C1), TRUE b, Ci), eseg Jee (dh, b,, Cy), 
are approximations also to 
" " tt / 
Is Core Sos bo), Fy (75; one Ge) LS febites s5 es) 


and indeed to the values of the first derivatives for any values of the argu- 
ments not differing greatly from the values 7, s, t, which we are endeavour- 
ing to calculate. Hence, instead of solving equations such as that last 
written, we may solve equations such as 


” " " “i " '" 
As My Og +463 = — B12, 83, t3), 


which differ only fe the constant terms from the equations of the set 
[/ ° " " ! 
solved to find aj, bj, c; the sums 75, sj, tj, that is, ry+ay, s+), ty 


* On the nature of this factor, see Section III below. 


314 Me. E. H. Nevin [Dec. 10, 


differ from r, s, ¢ by amounts of order (g3+/,) f¥, where f; is the greatest 
of the moduli of a, bf, cy and g5 is an approximation factor differing but 
slightly from gj. 

The process may be continued indefinitely: the solutions are found as 
the sums of series Ya),, 2b", Dc" whose terms are calculated in successive 
triads from sets of equations such as 


" " ”" _— at Py) 
ry Ua eat ter Diy Ce cS aad — Hr, mu? Sm pM 
A ow oe G af # 

PL Maan a ee ee ete” (r", m? Sins “ais 


" " " mre " 
Ng Gna Ms Om 41+ Y3 Cm 41 Pt — H(r, m? Sm t J; 


Wu 


the arguments 7, s”, ¢’ being the m-th partial sums of the series La”, 

2b, De,,vand the aati tonts Ay, My -»», ¥3 being the same at every step ; 

the remainder of each series after m terms is of order (g/,_,+/,) f,, where 
! 

f,. is the greatest of the moduli of a’, b/, c,,, and g’_, depends on the 


accuracy with which Aj, “4, ..., vs represent 


J " 3" ”" Jt " " 
PgPn—1) Sm—1) oe): f, es Ym— Sm—1) pear ae Ja hite 


neem peas 


and so tends as m increases to a definite limit g” dependent on the near- 
ness of the coefficients to F,(7, 5,0, F,(7,s, 0), ..., H,(r, 5s, 0). Since he 
tends to zero, but g”_, as a rule does not, we may say that in general the 
remainder of each series is of order g"f,,, where g” is a fractional approxi- 
mation factor, though in exceptional cases the remainder may be of 
order f,”. 

When we have to solve a number of sets of linear equations with 
common rational coefficients but different constants, the most tedious part 
of the work, and, what is equally important in practice, the part of the 
work in which the greatest care is needed if mistakes are to be avoided, 
can be performed once for all. From the set of coefficients Ay, u,, ..., v3 
a set p.,o,,..-, 7 the reciprocal set with the sign of every member 
changed, can be found such that the set of relations 


NA+ b+y¢ = —U, AgAtMgb+rc = —v, Azsa+ugb+r—c = —w, 


between three variables a, 6, c and three variables wu, v, w is equivalent 
to the set of relations 


" es /! " ”" " " " 
a= prutovttiw, b= pyuto,vt+tiw, c= piuto,vtryw, 


. 7, . " " a 
and the nine coefficients pj, a, ..., 7; having once been calculated, the 
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successive triads of which we are in search are obtained from equations 
such as 


" Bie ON J a " Moet nm” ”" " alli MW " 
in +1 ea Pi vi 0) S ‘md +0; G (7 m? 5 m? be) ae H( m? Sin tals 


m? m? 


A last simplification suggests itself immediately. If A,, m4, ..., v3 are 
rational, the coefficients p;, 0), ..., T, are rational, but they may be com- 
plicated fractions. It is pointless that the relations such as 


”" " " 
@ = p,b+-o,0--7; 


should represent the relations such as 
Ay a+, 0+y,¢ = — 4, 


with greater accuracy than that with which the coefficients Aj, m,, ..., v3 
represent the derivatives F',, f,, ..., H., and therefore we may facilitate 
calculation by substituting for the coefficients p}, o|, ..., T; any coefficients 
Pi, %1, ---» Tz, Which do not differ greatly from them, the effect being to 
substitute for the set of approximation factors g/j, gj, ..., a set of approxi- 
mation factors gj, gg, ... tending to a limit g which may be either larger 
or smaller than the limit g”. So, finally, the solutions 7, s, ¢ are the sums 
of series YA», Vy, Xem, Whose terms are calculated in successive triads 


from the equations 
enh ese Un) 1-04. (lms Sins bm) TT LL (Nims Sens, bn)s 
Cue Oa e Fage sys) toa) Oa Gn Tins Sing bn) te Te LL ins Sit bmn)s 
ee Ag ens Sint lin) te Fg Fans Sins Orn) chy TAL (Tmse Sons ls 


the coefficients p,, 7, ..., 7; being constant throughout and simple in 
form, and the arguments 7», Sm, tm being the m-th partial sums of the 
series Ldn, Lhm, “Cm themselves. The restriction to three equations in 
three variables has been purely a matter of convenience, and, in general, 
we have the theorem : 


If it is known that an approximate simultaneous solution of any 
number n of independent functional equations 


f(x, Ha, sey on) at) (p — iis 2, SOLE N), 
in the same number of variables is given by 
Ly = Xpl (p = 1 2, S0ch n), 


then rational coefficients py can readily be obtained, such that, if sets of 
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Numbers Aym are calculated in succession from the formule 


tL 


—— eS : : A = 
QA», m+1——- — Ponta Tim; Poms +++ Tape (p > LS 2, a) nN), 


7 
where 
i ; 
- Saat i inet 
Tim = 2% Ay (L=1, 2, ..., 0), 
es | 


iv 2) 


then the n series X pm are convergent, and if the sum of the series Yayn 


m=1 
is 1», the functional equations are all satisfied for the set of values 
Is Vo, «+> Vn Of the variables; the series are ultumately dominated by 
geometric serves with a common ratio dependent on the differences between 
the values chosen for the coefficients and the values of the quotients 


~ 
(—)stt+1 our; aN eens Py de as eee Hee SO as i eens packs 

AY ~ . * a s 
OUTER Hy ET a Te Te dO ee ee 


unless these differences all happen to vanish, in which case the dominating 
serves is as in the classical method of approximation a series of the form 


cA +k+h+kh+h5+...). 


Theoretically, the classical method is more powerful than the method 
described, since its dominating series ultimately converges more rapidly 
than any geometric series, but in practice each step of the classical method 
is incomparably more troublesome than the whole group of steps recom- 
mended here for advancing the approximation by the same amount. 

If in any branch of applied mathematics the solution of sets of 
numerical functional equations became a daily necessity, it might be 
worth while to have tabulated sets of rational coefficients py correspond- 
ing approximately to standard sets of coefficients A; ; the undertaking 
would be weighty, for even with only three equations the number of 
entries would be very large if the number of different values, positive, 
zero, and negative, which each coefficient was allowed to assume was 
adequate. 

Before returning to the particular set of functional equations for whose 
solution the method of this paper was devised, let us refer to the applica- 
tion of the method to the two simplest cases; to find that there is still 
something to be said on familiar problems is always an encouragement 
to research. 
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Gi. 


We have already remarked that if the coefficients of a set of simul- 
taneous linear equations are irrational or are complicated, the solution, to 
a preassigned degree of accuracy, is troublesume: we can apply our 
general method to deduce the solution by successive steps from equations 
with simple coefficients. Thus to solve three equations 


Aetgythz=p, fpttmythe=q, fretgsythse =", 


we take any numbers Ay, #4, ..., v3 which do not differ greatly from 
Fis 91s «++» Ag, and find simple rational numbers p,, oj, ..., T3, such that 
the equations 





Re a ye — —— , Agta oe — —v, Age gi/+'42 — — ¥, 


between two sets of variables x, y, z and wu, v, w are approximately equl- 
valent to the equations 


ES PyUtoV+TMW, Y = poltogvtT,w, 2= pgu-to3zv+T,W; 
then, if 


ty = — (py ptoig+7") 
Yi = — (po PFF29 4 Ta?) | 


2, = — (pgp tosq +73") | Po = p—-fAimtnmtn) 
do = F—(Fo®itGo¥itlo2y ; 

Ly = — (Pr Pat 71 dat 7172) % = 1 —(fstitGsyit h3%), 

Yo = — (Po P2to292F Ta") - 

D8 ae Be Mer or) Ps = Pa— Pita t Gye hh 29)) 


As = Ja—(fotat GaYot ho2q) - 
Le ae eae he) 


and go on, the series %,+2%9+..., ys tYot---. 2:+2.+... tend to the 
actual values of x, y, 2 satisfying the proposed equations. The method is 
particularly useful if the original equations have irrational coefficients, 
since it renders it unnecessary to determine in advance how far accuracy 
in approximating to the values of the coefficients is significant in the 
attainment of any required degree of accuracy in the solutions, and it 
renders it possible to make use of any given approximate solution in 
searching for an approximation still closer. So true is it that when co- 
efficients are complicated an economy is effected by this process, that the 
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simplest way of conducting an approximation to a solution of a set of 
functional equations by the classical method is to solve by this method 
the various sets of linear equations that arise: this mixture of methods is 
naturally less satisfactory than a frank desertion of the classical method, 
but when in any case a point is reached from which linear equations would 
complete the solution to the required degree of accuracy, to write down 
these linear equations enables the calculator to avoid further reference to 
tables. 

In the case of linear algebraic equations it is easy to shew the validity 
of the process employed. With the three equations just discussed, we have 


Lin +1 — 


1 sta (pi fitoi fot, fs) | Lm (p1 to, Jat7193) Thar (p4 hyo, hg +7, hs) Ems 
and similar expressions for Ymii, Zm41- The nine coefficients 


1+(pfitoifotti ss); (PGi Fogo tT193)) «++ 1+ (p3 hy +03 hg +73 hs) 


can be made as small as necessary by proper choice of the nine numbers 
Py Ty, ++, Tz, and it is evident that if the greatest of their moduli is not 
greater than 4g, and g is a proper fraction, the series 


04 hots, it Voces ea tee 


all converge not less rapidly than a geometric series with ratio g. In 
practice the method may often be found to succeed even if the greatest 
modulus is not less than 4, for the signs of the various terms do not as a 
rule combine in the most unfavourable manner conceivable. The method 
being proved valid for linear algebraic equations, its validity for equations 
of any form is a consequence of the validity of the classical process. 

The other simple case of which we wish to speak is that of a single 
functional equation. What we say is that if a, is a first approximation to 
a root of a functional equation 


yg Ci emt OF 


and —p is any number not very different from the value of the reciprocal 

of dF'/dx when «x is equal to a,, then the root itself is the sum of the series 
dn Whose partial sums are calculated in succession from the formule 

Ag = pi (a,) a pF (rs) | i= pR (rs) | a; = pF (rs) | 

r [ 

1, = (+4 rg = TotQg} - = Yeats) 1s = Tey) 


and go on. 
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For example, taking 2—2* for F(x) and 13 as a first approximation, 
we naturally take p to be 4, and we have 


oD) —_—__ ‘083, As i ‘0026, U4 = ‘00018, Aa, = ‘000006, 


5 


ee ey, er 41440 oe = 891741492. + 


= 1°414214. 


*The process of solving a single functional equation may be illustrated 
graphically, the relation of the method of this paper to the classical 
method being made apparent. The problem is, given a point N, on the 
axis of x known to be not far from the point P in which a curve eels) 





meets that axis, to construct a sequence of points Ny, No, Ns, ..., having 
P for limiting point. In the older method, from N, is drawn the ordinate 
N,P, to the curve (the line parallel to the axis of y, not necessarily the 
line perpendicular to the axis of x), and the tangent P,N, to the curve at 
P, cuts the axis of # in the second point N, of the sequence; N; hes on 
the tangent at the point P, in which the line N,P, parallel to N,P, cuts 
the curve, andso on. In the present method, P, is found from N,, P, 
from No, and so on, as before, but the lines P,N., P,N3, ... by which N, 
is found from P,, N; from P,, and so on, are not tangents to the curve, but 
are lines all parallel to some direction not differing greatly from that of 
the tangent at P,. If actual tangents are used, tables must be consulted 
for the determination not only of the lengths of the ordinates N,P,, NoPs, ..., 
but also of the slopes of the tangents P,No, P,Ns, ...; if the lines P, No, 
P,N3, ... have a common direction, the triangles N,N, P,, N,;NoP., ... are 
all similar, and when the ratio of N,N, to N,P, has been found it is only 
for the values of the ordinates N,P,, N.Po, ... that reference need be 
made to tables. This graphical consideration brings out clearly another 
point. The rapidity of the approximation depends on the closeness of the 





* The remainder of this section has been added since the reading of the paper; the 
graphical illustration was suggested by one of the referees. 
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common direction of P, Ny, P,Ns3, ... to the direction of the tangent at P, 
the point to be found, but the approximation may be valid even if the two 
directions differ considerably : if PP, is actually a straight line, and N, is 


P 


4 


/\ 
K | / x 


TEE ee SY 
7 


[Fe 
3 
ae N, N, N, 


any point between N, and the image of N, in P, then by drawing No P, 
parallel to N,P,, P,N; parallel to P,No, Ns P3 parallel to N,P,, P3N4 
parallel to P,N., and so on, we can construct a sequence of points con- 
verging to P, the convergence being the faster the nearer Ng is taken to 
P. Similarly in the more general case, there may be much latitude in 
the choice of the common direction of P,No, P,N3, and the rest, and 
because of this latitude a choice may be made which gives a simple value 
to the ratio of N,N, to N,P,, of N,N» to No P., and so on. 

Thus we see a connection between the method of this paper and a 
method used* in a number of problems in applied mathematics. The 
simplest ratio which N,N, can bear to N,P, is unity, and to draw P,N in 
such a direction as to make N,N, equal to N, P, is to evaluate the root of 
the equation F(z) = 0 by the steps 

Ag = —F(a), a =—F(a,ta), a, =—F(a,+a.tas), ..., 


vo 


that is, 
rg =7—L (7), 3 = V— F'(19), ry = 13—LF'(75), 


= 


This process is specially useful when the equation to be solved has the 
articular form 
‘ ir a) 


Fx) = «—f(z) 


for 1f we write 


we see that the approximation then advances by the steps 


"9 = f(r), 3 = f (72); M4 = f (7s), aan S 





* T am indebted to Dr. Bromwich for drawing my attention to this method. 
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which are so simple as to justify considerable slowness in the convergence. 
It can be shewn that convergence is certain (though it may be slow), if 
/'(x) is positive and less than unity in the neighbourhood of the root, and 
since if f~*(x) is the function inverse to f(x), the equation « = f(x) is 
identical with the equation «= f~*(«) and df~'(x)/dzx is the reciprocal 
of df(x)/dx, it follows that the root of the equation « = f(x) can be 
found either by the sequence 


i) — Fry; Vs — pa) "4 ny AUR eee 

or by the sequence 

a ee en Ig eee fie Le ne dee he 

ie) =f (71), rz =f (72), 4=f (7's), oeey 
provided only that f’ (x) is positive and different from unity near the re- 
quired root. 

To more equations than one, even to a set given in such a form as 
t=f@,y,2); y=g,y,2), z=h(@, y, 2), 


this process is not necessarily adaptable, but the knowledge of the process 
may well be an encouragement to the use of very crude approximations in 
choosing the rational coefficients which we have denoted in general by 


Pil Pair +++9 Pan: 


IV. 


In illustration of the general method we have described, we give some 
details of the calculation in the case of the equations connected with the 
covering puzzle. First, a rough calculation, of which no account need be 
given, shows that 386°, 36°, 72°, 66° is a better approximation than 36°, 
36°, 72°, 72° to the solution of the equations. To have only acute angles 
to consider, we substitute 86°—a, 86°—26, 72°+y, 66°—y for 0, ¢, WY, x; 
and the equations solved are 

—2sin(86°—a) +cos(86°—a—68+y)+sin(18°+a+6+y) = 0, 
— 2, sin (86°— 23) + cos (80°—a—B—n) +sin(12°+a+S8—n) = 0, 
— 2 sin (36°— a)—cos(12°—a—yn)+2 sin (2a+y)+sin(30°+ a—n) 
+cos(18°—26-+ y)+sin(36°+26+y) = 0, 
— cos (6°+ 2a+ 2y +7) —cos (6°— 26 —2y-+n) +038 (42° —2a—2y-n) 
+ sin (24°—26-+4 2y-+7)+2 sin(24°-+7) = 0. 


sER. 2. vou.14. No. 1241. NW 
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The equations which the classical process requires us first to solve are 
3°157a'+1°5396' + °363y' mts 
1°478a’+4°7140' — °4787’ = ‘102, 
6°276a' + 2°2368' + 2°500y' —1°074y' = °115, 
1°547a’ —2°0360' +3°165y' + 2°280n' = °026, 


a, 8, y, n being expressed in radians; no attempt is made to solve these 
equations, but the set 


1ga+498 = oH 
6La+ 246+ 24y— 4y—— 0U, 


~ 
~ 
~ 


lda—28 +32y+247, = —w, 
that is to say 
19a+ 9B+ 2y GL, 
6a+198— In =— 4u, 
25a+ 9B+10y~— 47 = — 42, 


18a—248+88y+ 277 = — 120, 


is inverted, not accurately, but to the approximate form 


a=— (#—7;)t Au +35u, 
B tet—Gt¢o)u +350 — gow, 

= (1—i-—-)t —du—(4+35)0 — iw, 
y) (eee ie — gut (s—ye)U—-GtHo) ws 


the form* of coefficient used here being the most convenient. Substituting 
—'058, —°102, —°115, —°026 for ¢t, w, v, w, for a second approxima- 
tion to the values of a, 6, y, 7 (simultaneous zeroes being the first 








* If aset of equations with integral coefficients is inverted accurately, the coefficients in 
the reciprocal set are fractions with a common denominator A, the determinant of the 
original coefficients, and if the set of numbers A, A/2, A/3, ..., 4/(k—1) is written down, k 
being any integer greater than 9, an approximation of any desired accuracy to each coefficient 
in the convenient form 





é) €g 3 4 
E989 + — + —— + 
0 aire ear Oss 100s; 1000s, 


where each of the letters @, €), e:, ... stands for one of the three numbers 1, 0, —1, and each 
of the letters so, s,, So, ... for a positive integer less than k, can be written down at sight. 
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approximation), we have* 





70 
: 84 
29 5 Tae 
- 29 1 
1 17 i 
2 1 i 
26 15 itil 
dg = 029 8, = — ‘004 Yo = — '058 fea AMET 
ae tt and a 19 
ee |; — Tae? | 
Sal a} Sao — 58 
— 21 — 78 


that is, 
a = 008 = 28’, 8, = 021 = 1°12’, y, = 012 =41', m = ‘006 = 21’. 


To find a third approximation, the values of the functions on the left-hand 
sides of the equations for the values ag, Bo, ye, 72 of the variables are found, 
this time to five places of decimals ; the calculation requires only addition 
and subtraction of numbers read from tables, and the values found are 
"004389, °00663, °00516, —°00170. By substitution of thesé values for 
t, u, v, w in the formule already used, the third terms in the approxima- 
tion are found to be 


a; = — ‘00094 =—3', 6, = —:00127 =—4', 
y3= ‘00090= 3’, ny = — ‘00087 = — 3’, 


and these are, in fact, true to a single minute. For continuing the 
approximation, the linear equations to which the functional equations are, 
to seven places of decimals, now equivalent, are written down, the variables 
being expressed in seconds and denoted by a, 0, c, e, and the coefficients 
being found from the difference columns in the tables. For example, the 
term cos (86°—a—$-+y) in the first function is replaced by 


cos (36°— (a+ 8a— yq) — (ag +83—yzs) — (a+ b—c) }, 





* This arrangement of the figures, though not elegant in appearance, is the most con- 
venient in practice: the terms are calculated in order, and each one is placed above or below 
those already written according as it is positive or negative. Separate addition of the positive 
and negative components is desirable on account of the uncertainty of the sign which is to 
prevail. After this we give only the results at the various stages, but nothing is actually 
omitted except such columns as these. 


¥ 2 
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that is, by cos {85°11’/—(a+b—c)!, and this in turn by 
{8178125 -+ (1676/60)(a+b—c) oxal Ones 


‘The equations so found, multiplied by 60 X10’, are 


9137a+ 440564 10538c =a ZEOOU: 
4203a+13879b 14006 —s-_ pono. 
183lla+ 616864 7252c—3085e = — 182040, 
4610a— 55976+9683c+6666e = — 41460, 


equations in which the coefficients of the variables, divided by 2909, that 
is, by 10’ times the number of radians in a minute of are, necessarily 
differ but little from the rational coefficients in the earlier equations con- 
necting t, wu, v, w with a, 6, y, 7. Four equations such as 


9187a+44050+1053c¢ = — k, 


connecting four variables #, 1, m, n with the four variables a, b, c,e are 
therefore approximately equivalent to four equations of which the first is 


2909a = — (4— 4) k+41+5n. 


First approximations to a, b, c, e, or fourth approximations to a, 6, y, y, 
are immediately found to be —9”, —10”, 1”, —10”; these cannot be 
trusted to a second, but to proceed one stage further it is necessary only 
to find four numbers fo, 2, me, Ny by substituting these last terms in such 


equations as 
ky = 9137a,+44056, +1053c,4+121500, 


and then to find the final terms in the approximation from such equations 
os 2909a, = — (4—Ys) ho ttl t+ dome. 
It is found that, to two significant figures, 

kg = — 8700, J, = —6400, m, = — 6300, , = — 1000, 


and that b, 1s slightly less than 3”, while dg, ¢, eg are about 2”, 4”, 4”. 
The conclusion is that the required solution of the given equations, correct 
to the nearest second, is 


6= 35°35'9", p — 33°44’ 19”, Ww — 72°44! be: aS 65°42'10". 


The value of 0+44¢, the angle whose cosine is the ratio of the radii of 
the circles, is 52°27'184", accurate in point of fact to at least 55”, and the 
cosine is 6094183, with an error less than 2 in the last place: we may 
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say confidently that covering is possible if the ratio exceeds *6094185, 
impossible if the ratio is less than ‘6094180. The ratio of a—c to b 1s 
sin 1°38'484"/sin 72°44'1", that is, °028545. 

The smallness of (a—c)/b suggests a supplementary question, that of 
the least value of a/b for which covering is possible while three of the 
small circles actually pass through the centre of the large circle. To 
solve this, we have only to take instead of the equation expressing that 
20+ is a maximum, the geometrical condition that C and K coincide, a 
condition expressed by the equations 


y= VW = 24 = 20. 
The angle 9 must satisfy the equation 


2.cos 0 cos 30 = 1, 
that is, 
1—cos 20—cos $0 = 0, 


so that 40 satisfies the equation 
F(€) = 1—cos 5€—cos € = 0, 


a first approximation to the required root of this equation being 18°. A 
good approximation to 1/(5 sin 90°+sin 18°) is (E—,4,), and the root is the 
sum of a series €,+€&,+..., whose terms are found in succession from 


the formule 
a = 18°, £5 ze —(t— 7) F(&), ee —- — (4-2) F(é,+&), 


It is found that in fact F(é,+£,+€;) vanishes to seven places of decimals, 
€,+£,+6, being equal to 17°28'161", so that the ratio of the radii, being 
the cosine of 20, that is, of 52°24'48#", is °6099579. 

Perhaps the most curious feature of the whole problem is the nearness 
of this ratio, on the one hand to the smallest ratio permitting covering, 
and on the other hand to the smallest ratio which allows the five small 
circles all to pass through the centre of the large circle, this last ratio 
being 4 sec 86°, that is, 6180340. The difference between the smallest 
ratio allowing covering and the last ratio found is just- large enough to 
take effect in practice, but the lack of precision in the painted circle and 
the thickness of the discs prevent the accuracy which would be necessary 
if a distinction was to be made between the first two arrangements dis- 
cussed, and if my readers can perceive the centre of the large circle they 
may proceed to pocket as many of the showman’s rewards as they feel 
themselves to have earned by reading these pages. 


| My brother, Mr. B. M. Neville, to whom I am indebted for the drawing 
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to scale which accompanies this paper, finds that unless the large circle 
has a diameter of about a metre the possibility of the best construction, 
when the construction throngh the centre is inadequate, cannot be made 
evident. To him is due the discovery of a most convenient and accessible 
form of covering dise—the pieces of parchment sold as jam covers: pro- 
vided with five of these, one has only to draw on a sheet of paper a large 
circle of appropriate radius; the transparency of the small circles is a 


creat advantage. | 
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ON THE STEADY ROTATION OF A SOLID OF REVOLUTION IN 
A VISCOUS FLUID 


By G. B. Jerrery. 


[Received February 10th, 1915.—Read February 11th, 1915.] 


THE only possible motion of a viscous fluid which is symmetrical 
about an axis, and for which the stream lines are circles having their 
centres on the axis and their planes perpendicular to the axis, is the 
motion generated by the rotation of two infinite concentric circular 
cylinders about their common axis.* If, however, the motion is slow so 
that the squares and products of the velocity components may be neglected, 
there are other possible solutions. Let aw, ¢, z be cylindrical coordinates, 
and w, v, w the corresponding components of velocity, then neglecting the 
squares and products of w, v, w, the equations of steady motion in the 
symmetrical case are 


A ox +V7u— a aoe we 
v Ow a 
Vv— —3 = 0, 
LEO he Gis 
‘ ay +V w= VU, 
where y is the kinematic viscosity, and x = — V—p/p, where V is the 


potential of the external forces, » the mean pressure, and p the density. 
These equations are satisfied by x = const, «—=w+=0, while v is a 
function of w, z only and 


V20— 25 = 0. (1) 


Writing v = w/sin ¢, 


this equation becomes Tipo O) 





* «<The Equations of Motion of a Viscous Fluid,’’ Phil. Mag., April 1915, p. 445. 
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ee if we have any solution of Laplace’s equation of the form 
f (w, z) sin ¢, a solution of the present problem is given by 


py me 


If the motion is generated by the rotation of a solid of revolution 
about the axis of z with angular velocity », we have to make wv vanish for 
large values of w while, on the hypothesis of no slipping at the solid-fluid 
surface, we have v = ww over the surface of the solid. 

If a, 6, y are a system of orthogonal curvilinear coordinates, and 
w', v', w’ the corresponding components of velocity, and if elements of are 
measured along the normals to the surfaces a, 8, y = const., are da/hy, 
J8/ho, dy/hs respectively, we have with the usual notation for stress com- 
ponents* 


AI IN hg 0 na ia Bs pis AML 
ay =e hy Oy (hyu Nee he oe (haw ) | ’ 


where uw is the coefficient of viscosity. 
Let a, 8 be conjugate functions of w, z, while y = ¢, then 


gal po Ce) ee jae 


\ \Omw Ow] | roy 


If the solid is defined by one of the surfaces a = const., we have for the 
tangential stress on its surface in the direction perpendicular to the axis 


hie “ (=) 


or the total couple exerted by the fluid on the solid is 
aie 
G= Dru. | a om (=| dp, (2) 


the value of the integrand being taken on the surface of the solid and the 
integration extending round the contour of the solid. 
If n, s are measured along the normal and the are of the contour 


respectively 0 
G = anu | ow (2) ae. (3) 


We have a solution of Laplace’s equation in spherical polar coordinates 


n=D 


Ww = sin = {An +Bnr-"—|| Pi (cos 6), 


where P> (cos 6) is the associated Legendre function of the first kind, of 
degree 2 and of the first order. Hence we have a solution of the present 





* Lamé, Coordonnées Curvilignes, p. 284. 


Pe ee 
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problem a 
| pee beter Bra} Pn (Gos O). 
i 
As a particular case take n = 1. We have 
v = {|Ar+B/r’} sin 9, 


which is the well known solution for the motion of a fluid contained be- 
tween two concentric spheres which are constrained to rotate about the 
same diameter. In the case of a single sphere of radius a rotating with 
angular velocity » in an infinite fluid, we have 


3 
ae . ‘ 
(pao Se sin A, G = 8ruwa’. (4) 


The general case of the rotation of an ellipsoid of any shape about a 
principal axis has been solved in terms of ellipsoidal harmonics by Mr. 
Edwardes (Quarterly Journal of Mathematics, Vol. xxv, p. 70). The 
simpler case of an ellipsoid of revolution can, however, be very readily 
solved by the method of this paper. 


Rotation of an Ovary Ellipsoid. 
Take coordinates defined by 
z+i@ = c cosh (€+7y), 
so that z=ccosh€cosy7, w=csinh £siny. 


The surfaces € = const. are a series of confocal ovary ellipsoids, while 
the surfaces 7 = const. are a set of confocal hyperboloids of revolution, 
the foci in each case being z=+c¢, w=0. Well known solutions 
of Laplace’s equation are 


P” (cos n) P” (cosh €) sin m¢, 
P™ (cos n) Q" (cosh €) sin m¢, 
and hence we have solutions of the problem in hand 
v = P1(cos m) Pi, (cosh &), 
and v = P'(cos n) Yi; (cosh §), 


the former is finite when cosh € = 1, 2.e., on the line joining the foci, but 
it becomes infinite with €. The second solution, on the other hand, be- 
comes infinite on the line joining the foci, but vanishes at infinity. It is 


330 Mr. G. B. Jerrery [Feb. 11, 


therefore applicable to the case of an ellipsoid in an infinite extent of fluid. 
We will, however, take the more general case of the motion of a fluid be- 
tween two confocal ovary ellipsoids rotating with different angular velo- 
cities. For this purpose both solutions are required. Put 2 = 1 in the 
above solutions and assume 


v = sin 1 {A Pj (cosh €)+ BQi(cosh £)}. 


It the two surfaces are defined by € = &, &, and if their angular velocities 
ale wy, @, respectively, the boundary conditions give 


AP, (cosh &)+BQi (cosh &) = cay sinh &,, 
AP; (cosh €)) + BQi (cosh €,) = ca, sinh &,. 


We may conveniently write 





Pe bien (oye cosine, 
F() = log coth 3 sinh? é" 
Then P; (cosh £)=sinh€ and Qi (cosh oslo 


Solving for 4, B, we have 


fO-KE) 4, LQ=LE) | 
Fed—f(E) E1) "FE — FED (€) —f( E))° 


To calculate the couple on either ellipsoid necessary to maintain the 
rotations we may use the formula (2), and we have at once 


Demon hhalale sin 7 | 0% 


Ge pe 
ear FE} FQ) —f(Ey 
In the case of a single ellipsoid (€ = €,) in an infinite extent of fluid, we 
have, putting #6," ai, =O: 
fi) 
F (Eo) ’ 


and G = 1870, c7/f (E)). 


Vv = wC¢ sinh € sin 7 —> 


If a, 6 are the polar and equatorial radii respectively, 


a=ccosh&, » b= csinh<;, 
and we have 





where a mest Ip pr AG CL 
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When b> a, c—>0, and 
G = 87po, a’, 


which is the value already given for a sphere. 


Rotation of a Planetary Ellipsovd. 


In the case of an oblate or planetary ellipsoid we take coordinates 
defi ; 
sual ay ztiw =csinh(€+7y), 
so that g=csinhécosy, w= ccoshé sin x. 


The surfaces € = const. and 7 = const. are ellipsoids and hyperboloids of 
revolution having a common focal circle, z=0, w=c. We have as 
solutions of Laplace’s equation* 


P" (cos ) pi" (sinh €) sinmd, =P" (cos n) gi" (sinh €) sin m¢, 


a qi” oe a7 
where pi” (€) = (€?+1)2" den?" (Ge Gn (ym (C* - 1) der 2" (Gy: 


the functions p,, q, being connected with the ordinary Legendre functions 
by the relations 


PalS) =O" Prt), qu) = "Qn (U8). 
Hence we have solutions 
v = P' (cos n) p. (sinh &), 
v = Pi (cos 7) gi (sinh €). 
As in the previous case the former becomes infinite, while the latter 


vanishes at infinity. 
Let the two ellipsoids &, €, have angular velocities w), #,. Assume 


v = (Ap; (sinh €)+ Bq; (sinh €)} sin y. 
The boundary conditions give 
Ap} (sinh &)+ Bqi (sinh €) = cwy cosh &), 
Ap; (sinh €,)+ Bg} (sinh €,) = co, cosh &,. 


Now | p, (sinh €) = cosh €, 








* Lamb, Hydrodynamics, p. 136. 
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and writing AS Nace aa —cot”' sinh €, 
we have q; (sinh €) = cosh € F(€). 
Solving for A, B, 
adel Gilet cy FE)—FE) | 


Dice c cosh € sin y ( F(E)— FE) Tl REVO FE) | . 


Using equation (2) to evaluate the couple which must be applied to 
either ellipsoid to maintain the rotation, we have without difficulty 


W, = Wo 


peers oi 3 Series Fsieta | 127 2) 
perer Malad rare a Sil ey 


If the fluid is not bounded externally, so that we have a single ellipsoid in 
an infinite extent of fluid, we may put w, =0 and é;= ©. In this case 


»v = c cosh € sin nw, F(E)/F(E,), 
and = 1S 7uc%w, F (Ee). 
If a, b are the polar and equatorial radii respectively 


Pema (ph Rome | | pile femeeel sy FANN 
and we have 


= : QAc a 
G = 1270 af | —, —cot—! — 
3 TMM | 32 bale 


where bd eee 


We may note that this is the form taken by the result (5) for an ovary 
ellipsoid when 0 is greater than a for 


1] att/(b?—a") 


mer =) 
BAS a—tra/(b?>—a*) ee 


2 
“a 


some Ui els 
/ (0? — a?) . 


The Rotation of a Circular Disc in an Infinite Fluid. 


The solution of this problem may be obtained by putting €,=0 in 
the solution for a planetary ellipsoid. Hence 


20 


) ai cosh € sin» F(E€), (6) 
and the couple necessary to maintain the rotation is 
te 3 
= 32 Uw) C , 


where ¢ is the radius of the disc. 
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From (6) the normal gradient of the velocity over the surface of the 
dise can be calculated, 


2) eens Ss =) | 
E=0 / €=0 


Oz wr °° og 


= - aay @) 
It appears that, while the velocity is everywhere finite, the velocity 
oradient, and therefore the shearing stress, become infinite at the edge 
of the disc. It is probable that in the neighbourhood of the sharp edge 
the condition of no relative motion between the solid and the fluid breaks 
down. It would be interesting to see whether this infinity disappeared in 
a more accurate solution which did not neglect the terms involving the 
squares of the velocity components. 
Another solution of this problem may be obtained in terms of Bessel 
functions, for we have a solution of Laplace’s equation 


e—* J, (kas) sin ¢, 
and hence a solution of equation (1) 
— | f (kje—” J, (kas) dk. 
0 


In the case of the disc we have 


v—m~o jor 2—0, = <¢, (8) 
ov 
age for z2=—0, w>c, | 7 (9) 


and hence f(x) is determined by 
i f(b) F(kw)dk = woo (ow <0), 
0 
| kf(k) J, (ko)dk = 0 (creer). 
0) 


It has not been found possible to solve these integral equations directly, 
but if we make use of (7), together with (9), and the theorem® that if 


Ov | 
nog ae! fo eee AW 
then (me | ext dative) F(A) J (kA) AdAdk, 
, 0 0 





* Gray and Mathews, Bessel Functions, p. 80. The infinity of F at w =c does not in- 
validate this theorem. 
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we obtain without difficulty 


4 


y= v6 | e—"*(gsin ckh—ck cos ch) J, (ko) ue 
0 


de ’ 
and this will be found to satisfy both conditions (8) and (9). 


The Rotation of Two Non-Concentric Spheres. 


This method may be applied to the problem of the motion of a viscous 
fluid generated by the rotation of any two spheres with different angular 
velocities about their common diameter. If we take coordinates defined by 

Etin = log SS (10) 
in any meridian plane the curves € = const., 7 = const. are the systems 
of coaxial circles about the points z= +a and through these points re- 
spectively. The surfaces € = const. will be a family of coaxial spheres 
having the common radical plane z, € = 0, and we can choose the axes of 
reference and the constant a so that any two given spheres are members 
of this family. We have a solution of Laplace’s equation in these coor- 
dinates of which the following is a particular case* 


/ (cosh €—cos ) © | A, cosh (n+4)E+B, sinh(n+4) €} P: (cos y) sin @. 
It follows that a solution of the present problem is given by 
v = (cosh €—cos 9) Y | A, cosh(n+4) €+B, sinh(n+4) é} P,, (cos »). 


Let the two spheres be defined by € = &,, &, and let them have angular 
velocities w,, w,. Without loss of generality we may take &, positive, and 
£ positive or negative according as the two spheres do or do not lie one 
within the other. We have to determine 4,, B, so that v is equal to wa,, 
when € = &,, and equal to ww, when € = €,. From (10), 


th asin 7 
~ cosh €—cos 7’ 
and we obtain 
A, sinh (2+ 4)(&— &) 
= — 2/2 alo, 67) sinh (n+ 4) £2.—@, e*'*® sinh (n +4) & ], 
B,, sinh (+4) (€;—&) 
= 24/2 alo, et © cosh (m+4) €,—w, e*"t®» * eosh(n+ 4) &], 


* Heine, Kugelfunctionen, II, p. 268; see also a paper by the author ‘‘ On a Form of the 
Solution of Laplace’s Equation,’’ Proc. Roy. Soc., A, 87, 1912, p. 109. 
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where the upper or lower sign is taken according as € is negative or 
positive. 
We will investigate the resultant couple on either sphere 





a (2) = Sembe,, 
o€ ro ~ Qasin y 


+= (cosh €— ¢) > (n+ 3) {A, sinh(n+3)E+B, cosh (n+4) €} Pe (C), 


m= 
where (ee COS 71s 


The couple on the sphere €, is given by 
G, = In| aw <(e =) ay (€ = &) 


+1 1 yd = 
= 37rua*w, sinh €, fe pe : : 


+ 27ua* > (n+4) (Ansinh (n+4) &, +B, cosh(n+4) | Ih, 


al 


uIP TEGO A 
N +1 1 Ge . re 
Now - \. Goate = oy d¢ = $ cosech’* €,, 


and it remains to evaluate J,. Now 


i\ 
pe ee ee oS —(m+2)e1 P 
coe V2 2, ar Se 


Differentiating with respect to ¢, 


J digietes a2 1 AACS) 
Peet (+3) CL m{G) 
(cosh €,— €)? ny a ; anes 
ee) +1 
and so 8 Oh ap DY e-emee | Pag(Cy en (lac 
m=1 al 
he Aa 


_— D e-~(tayé 
Fehr’ Deny (n—1)! 


A n(n 1) e7 (m +3) € 
Nae ea 2n+1 
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Hence 


G, = 47a, cosech® & 
(a) 


+44/2 rua? Y n(n +1){A, sinh (n+4) €,4+-B, cosh (n +4) &} et ®, 
1 


n= 
or, inserting the values of the constants, 


G, = 47pua*w, cosech® €, 


+167ua2 LD n(n+1) {o,e7@"*Y% coth (n+) (€,—-&) 
m=1 
— e+ DG F&) cogech (n-+4)(E,— a) } . 
The two series multiplying », and @, are convergent, whatever € may be, 


provided that €, is positive; they may therefore be summed separately. 
Now, when € > 0, we have 


cosech? € = 8e~*/(1—e-*)? = 4 


n 


n(n) Ee Arte. 


| Ms 


1 


and so the terms containing , in G, can be written 


8rud%w, cosech® £,+16rua8w, = n(n-+1)e72"* 4 { eoth(n+4) (€,—-€) —1 L 
1 


n= 


Also coth (n+4) (€,—&) —1 = 2 E e Ort DmGi-h), 


n=1 


and so = n(n+ le" @"* 98 | coth (w+) (E; -—€,) - 1} 
i 


~ 


= > : Pn (m+ 1) e~ 22D) (mtd) Ermey 


The terms in this double series are all positive, and the series is convergent 
when summed in the present way; we may therefore interchange the 
order of summation, and we have 


ia 


x cosech® {(m+1) €;—mé,!. 


m=1 


bol 


We now see that the terms containing w, in G, can be brought into the 
single sum > 
Siam,  cosech® {(m+1)€,—mé,}. 


m=0 


The terms containing , can be transformed similarly, using the identities 


x n(n+1) e~ *) CF) eosech (n+4) (E,—£) 
‘qa 


— > > 2n(n+1) e—~(2nt+1) m+) &—(m £343) 82] 


nh=1 m=0 


== 3 cosech® | (m+ 1) €,—(m +444) &]. 


m=0 
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On combining the results we readily obtain 


G, = 87a? ce > cosech®[ (m+ 1) €,—m€,] 
0 


m= 


—, > cosech® L(m+1) €,—(m+4+ 3) é] |. 


m=0 


If one sphere encloses the other, €, is positive, and the lower sign must 
be taken, and 


Gy, = 8rua?(w,—o) = cosech®[(m+1) €&,—mé,]. (11) 


nm=0 


If, on the other hand, €, is negative, the spheres are separate and the 
upper sign must be taken. In this case 


ie 2) 
G, = 87rnua? E = cosech?[(m-+1) €,—m&,| 
m=0 


Sia > Gearadam ANG —&)|. (12) 


m=0 


Suppose that the sphere &, is constrained to rotate with a given spin 
w@,. There will be a certain value of w, for which G, vanishes. This is 
the steady angular velocity with which the sphere €, would rotate if 
allowed to move freely. From (11) we see that in the case when one 
sphere encloses the other this gives w,=o,. In this case, then, if one 
sphere be allowed to move freely it will acquire the same angular velocity 
as the other sphere, and the fluid will move as a rigid body. In the case 
of two non-enclosing spheres, if €, is constrained to rotate with angular 
velocity :, while €, is left free to move under the fluid stresses, it will 
rotate with angular velocity 


~ cosech?(m-+1) (€,—€) 


‘lta! m=0 
POS Serer cece ot : 
= cosech®[(m+1) €,—mé,] 
m=0 
In the case of two equal spheres €, = —&,, and from (10) we obtain 


diameter of either sphere 
= + = gech & 
distance apart of centres 


The character of this influence of one sphere upon the other is exhibited 


SER. 2. vou. 14. No. 1242. Z 
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in the following table :— 


Two Equal Spheres—One free. 





Diameter 
‘Centre Distance 


é 


| 


ONODAKRNODOKDND 


WNDNDHH HHH 


*9803 
*9250 
*8435 
"7477 
*6481 
"5523 
*4649 
“3880 
°3218 
2658 
"1631 
"0993 


(S 


£ 


9 
4 








1978 
1023 
‘0759 
"0524 
‘0340 
‘0211 
0126 
‘0073 
‘0042 
"0023 
"0005 
‘0001 





It appears that even when the distance between the spheres is as small 
as one fiftieth part of the distance between their centres, one sphere com- 
municates only one eighth of its spin to the other sphere. 

If we put €,=0 and w, = 0, we obtain the solution for the rotation 
of a sphere in a viscous fluid in the presence of a fixed infinite plane per- 
pendicular to the axis of rotation. 


The plane will cause the sphere to 


experience an increased resistance to its rotation, and we may compare 
the resisting couple with its value in the absence of the plane. 


The Increase to the Resistance to the Rotation of a Sphere owing to the 
Presence of an Infinite Plane. 





Radius of Sphere 
Distance of Centre from Plane | Couple due to Plane. 





‘9808 
‘9250 
8435 
‘T4TT 
6481 
5523 
| 4649 
| -3880 
| ‘3218 
| ‘2658 
1631 
0993 


ORODOEHYODOHN 


wWNNHH RHEE 


Ratio of Increase of 


1°171 
1°126 
1:087 
1°057 
1°036 
1°022 
1°013 
1°007 
1°004 
1°002 
1°0005 
1°0001 





Here again the effect is surprisingly small. 
brought so close to the rotating sphere that their distance apart is but one- 
fiftieth of the radius of the latter, the couple required to maintain the 


rotation is only increased by 17 per cent. 


These 


If the fixed plane is 


results, it will be noted, 


are independent of the degree of viscosity of the fluid. 
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A PSEUDO-SPHERE WHOSE EQUATION IS EXPRESSIBLE IN 
TERMS OF ELLIPTIC FUNCTIONS 


By J. R. Witton. 


[Received March 4th, 1915.—Read March 11th, 1915.] 


As the general form of the pseudo-sphere has not yet been obtained 
there is some interest in the determination of simple particular cases, such 
as that of Serret’s surface, in which the two radii of curvature are equal, 
the common value being yu. <A pseudo-sphere whose equation in its most 
general form contains eight arbitrary constants, of which six are due 
merely to change of position and orientation in space, may be obtained 
very simply, as follows. i 

If we attempt to find the developable surfaces which satisfy the equa- 


po TE var (1) 
we shall have to determine the functions ¢ and vw in 
g= het pA y rw), 
- O=2ete'y+v', 

so that (1) is satisfied. On eliminating 2 this is easily seen to lead to the 
felation 8 = "YAW GOPEVOIY, I, 
which, for general forms of f, can only be satisfied by taking ¢ = )q’, 
and therefore @" = 0. 

Thus, putting ¢ = bd/a, we obtain a particular solution of (1) in the 
form VES ee bay 
where aby" = fib, aw’, bry’). 

In the particular case of the equation s =m~*sin z, which, in con- 


formity with the notation of Forsyth’s Dzfferenteal Geometry, § 54, we 
shall take in the form 


Cw 
_ Op og 





Lae 
— — 7 51 ®, 
Mh 
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the solution of this type may be expressed (i) in the form 
uk(—ab)?p=aptbhqte, | 
singw = snd (mod 4), 


the arbitrary constants being a, b,c and k; (ii) in the rather more con- 
venient Weierstrassian form 


wu = aptbat+e, ! (a) 
9(u) = é, cos? 4w+e, sin® de, 
with the relation wab (€,—e3) = 1. ; (3) 


For the sake of definiteness we may assume that the roots of ’ are 
real and that e, > e, > és, so that 


Goa (€3— és) (e,—#)? gin 2. 
We proceed to the determination of the Cartesian form of the equation 
of the pseudo-sphere defined by equations (2) and (8). 
With the notation of Forsyth, loc. cit., § 87, the equations for X and 
x are 
2 (€,—9)* (9 — es)? X,— (€; + 29) Ly+ (€,— és) U9 = 0, | 
2+ 2am (e,—#)! X, = 0, ' (4) 
[ (6g — €3) X19 = 2(€2—#)? (9 —e)? X; 
Zu (€,—§)? (9 —es)° Xo+(¢.— és) £1 — (€, + 29) Xo oa 4 


In equations (4) we regard q as constant, the dependent variables 
being X, 7, and a. Putting 


X = (e,—9) f'@), 
so that a, = pa} A—2(e,—e) f'—f}, 
Lo = wf, 
where A is an arbitrary function of g, we find 
pf" + 2(e + ey e3+ 2e, 9—@") f' + {e, +29 —(e,—es) b/a} f = A (e, +2), 


in which accents denote differentiation with regard to p. 
The particular integral of this equation is easily seen to lead to a 
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solution of (4) and (5) in the form 


uX = 2C(e,—#)}, 
vy = aC {e, +2 + (e,—es) La (6) 
ty = bC {e,+29+(e.—e5) a/b, 


where C is an arbitrary constant. 

To complete the determination of the pseudo-sphere we require the 
complementary function of the equation for f/, which may be taken in 
the form 

ef 4 
die ' gt 


Af 
(e,—9)(¢, +20) F + +24 (qe) bla} f=0. 7) 

It is easy to verify that both integrals of (7) are uniform functions of 
wu over the whole plane, and therefore that we may assume a solution in 


the form 
fw =— eves clans) eldA-$ (a) —$(B)] uw. 
a” (2) 


Substituting this value we readily find, as, for instance, on pp. 469-70 
of Vol. 1v of Forsyth’s Theory of Differential Equations, the relation 


4X 9, aa 
89+ SF (0), +20) +| V+ = (0) (6, +29) | ae 
2, a Os 
+ [tot Se —ei+20) |B +340) 
+)? + €;+ (€,— es) bla == Al} (8) 


where the subscripts 1 and 2 denote the arguments a and § respectively, 
] 

ae v = 3(+93)/@,—2)). 

The apparent singularities of (8) are w= 0, w, w ; these lead, after 


reduction, to the equations 
8 =a+a, 





1 a 
be = — (€— és) 75 = 9, + ote, = 4 (9) 


(@,—®) PL 


A= — 2 a 2 
; +03 a tral ane Ba 


Thus, putting k= O+tG-—A, 
we have fu) =He+ky, 
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iat cura) oUFate) |e 
crs Psalter ©” 
: (10) 





_ .cu—o)c(u—a—o) ..,, | 


i (a) o(a+w) o?(u) 


and H and K are functions of q, which by direct substitution in equa- 
tions (5) are readily found to be 

eA eo eee 
where 4 and B are arbitrary constants. 


Hence the general solution of (4) and (5) is given by 


fi = Ae + Bi e™ + C; (29 —9,—®,), 
nana Fem Atypon}, 


Fo Ses Ty 


where use has been made of equations (6); while y and z are given by 
precisely similar equations with different constants. Let subscripts 2 give 
the value of y and subscripts 3 the value of z. 

The equations connecting the nine constants A,,..., C; are most 
eastly determined from the relation 


e+y+z =1, 


which leads, after rather a long reduction, to 





AL; Ao As Hh eosee 2 (cos DO MSioNa, 











rv 
ieee, tet ie) aid yap Oi, 9: gin y, 0) 
1) 29 3 rk 2 ’ ’ ’ 
Ww. ister x ( Pans Otay sas 
ORM Ue * cosec —5—" (cos 5, sin 5", « cos a)? 


where k, 8 and y are arbitrary. 

This is, by Bonnet’s theorem, the complete tale of relations satisfied 
Wye ebb Ay EFS | 

From the value of ¢ in (10) we pet deduce 


61 — 9 9’ (u+a) 


ees raph ?(u+a)—e, ?> 


2(e,—”) dp 
? du 
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and the integral of the right-hand side is readily found to be 


Boole tao ee, 
Ao eae 


Hence, making use of (9), and putting 


0c 
pe BUT LAO 5ens 
o (2a+w) o(u) i 
—— o(u— 2a— w) ex" Av 
ie o(2a+w) Pls ban (11) 


R= 2¢(u)+ { (aes) _ Geen I) V 
Sep Eom lp, +9,+e, | U—V) + (P,+ #4) v, 


we find the most general form of the pseudo-sphere given by (2), namely, 





*@—) sin 2 = KP 00s B+ Q cos y+iR cos PEY , 
eae 








X ym) sin 5% = bP sin B+ > @ siny+cF sin 


27 Re al oe ae te hy ay 
Ae n) sin 5 come Pio 2: +4 @ FR cos ae 








where a, 8, y, k, l, m, n and the periods w and o’ are arbitrary constants. 
The radii of curvature are 


(é—e(u))*  —_— (P(u)—es) ? 
* ewes) ’  e—@(u)) 





By change of origin and rotation of the axes the pseudo-sphere just 
obtained can be reduced to the form 


* (ey) = —P, 


Qu. 

r 
oNays 8 qd tt 
Mh 


The explicit form of the equation can be obtained by actual elimination 
of the parameters wu and v from equations (11). 
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Using cylindrical coordinates 
C9 COS ey sit, 
we have N77? /4u? = — PQ = (wu) — 9 2Qa+o) 
= #(w)— (8), say, (12) 
giving was a function of r; and 


AAG), coal Bh o(8—uw) w) eck + 2du 


é =S —_ ——_-_ = 
P o(B+u) ay Pa ; 
giving v as a function of 7 and 0. 
After some straightforward reductions the explicit equation of the 
pseudo-sphere is found to be 





[eee a) ey cote) 
Fons ay (E(w) —[# (8) +e] u} —¢(8) w+ log (Bau) 1 (18) 
pe _  *( P(8)—e, (8) —e,) * 
where Co ae 2a ee 
6 is an arbitrary constant, and w is given by (12), z.e., 
pont tip ia PAD Gat |? (w)—9(8)}. (14) 


(ee) (e1—e,) | 
Dr. Bromwich points out that, as equation (13) is of the form 
ee) aco 
the pseudo-sphere might have been obtained with considerably less 
analysis—once the form is ee means of the equation 


i+ S+(¥) =(444) . (15) 


dr 


in which ¢ and A are arbitrary constants. 
Substituting the actual value of z given by (13), we readily verify that 
equation (15) is satisfied if 
ee {@(8)—e, |? 


= (¢,.— €y) Gee €3) 


Thus equation (13) must be regarded as containing only two independent 
arbitrary constants. 

Owing to the occurrence of imaginary quantities in equation (18) it is 
perhaps of interest to note that the surface may be real. <A particular 
ease, found by putting e, = é, is that of the pseudo-sphere 


z= f/(W—?7)—a log | {at (a —?*) | /r] +008, 
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in which | w= a?+c’, 


the constants a and ¢ being otherwise arbitrary. 


Added May 19th, 1915. 


It is easy to verify that a surface of constant mean curvature 2/a, of 
the same form as the surface in (13), is given by the equation 


= GG) + jae 








+e! u— {p(a)—e,}3 3 log ce ~Gu+i), 


Sa(u— 
where (a) = 4(1—e,)?—e9 es, 


r= a’ {e(a)—(u)}. 


Note by Dr. T. J. ’A. Bromwich. 


When the equation to a surface is written in terms’ of cylindrical 
eoordinates z, 7, 9, in the form 


= F(r, 0), 
it is known that the measure of curvature (Gauss’s) is equal to 
{7 Fy (Potrf) —-V bly — fi.) tr 4)2R + F)?, 


where the suffixes 1 and 2 indicate partial differentiation with respect to r 
and 0, respectively. 
Ii we take the surfaces of the type found by Dr. Wilton 


z= fr)+ed, 
where c¢ is a constant, the condition for a pseudo-sphere becomes 


ee tha Ju —C 
ie Ca etl Fen otal Ni 


Then, writing g =1+/7+¢'/r", we have 
d 
= = 2 (Afu- cy), 


so that the condition for the pseudo-sphere becomes 





tesla lies 
i Dror 
= 1 
leading to a lil —9 
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where 4 is a constant of integration. This is the equation quoted in (15) 
of Dr. Wilton’s paper; it leads at once to the formula 


: 


fw = | | rt Ape j? 


and thus f(7) can be evaluated, by using Dr. Wilton’s substitution (14), in 
the form given in equation (13). 
The special case A = 0, gives 


Fo) = | Wd), 
reducing to the elementary integral 


f(r) =f (W—?2") —a log | jatJf(e—r*)| /r], 


where G3 —c. 
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I. 
Introduction and Summary of Results. 


1. The number d(N) of divisors of N varies with extreme irregularity 
as N tends to infinity, tending itself to infinity or remaining small accord- 
ing to the form of N. In this paper I prove a large number of results 
which add a good deal to our knowledge of the behaviour of d(N). 

It was proved by Dirichlet* that 


d(1)+d(2)+d(3)+...+d(N) _ 


= = log N+2y— 140 ( 


yn)" 


where y is the Eulerian constant. Voronoi} and Landau§ have shown 
that the error term may be replaced by O(N7~**‘), or indeed O(N- log N). 
It seems not unlikely that the real value of the error is of the form 
O(N-#**), but this is as yet unproved. Mr. Hardy has, however, shown 
recently|| that the equation 


d(1)+d(2)+d(8)+...4+d(N) 
N 


is certainly false. He has also proved that 


d()+dQ)+...+d(N—1) +4d(N)—N log N—(2y—1) N—} 


= logN+2y—1+0(N-*) 


ae 5 a [Hy {4ar/(nN)} —Y, {dora N)} J, 





* Werke, Vol, 2, p. 49. 

| f = O(¢) means that a constant exists such that |f| < Ko: f=0(p) means that 
fi¢ >0. 

ft Crelle’s Journal, Vol. 126, p. 241. 

§ Géottinger Nachrichten, 1912. 

|| Comptes Rendus, May 10, 1915. 
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where Y, is the ordinary second solution of Bessel’s equation and 


Boy ee te 
H, (7) = — anaes GELS 


T 


and that the series on the right-hand side is the sum of the series 
N= 2 Q(n) 
7/2 > ni 68 {4ara/(n V) —4xr} , 

and an absolutely and uniformly convergent series. 
The “‘average”’’ order of d(N) is thus known with considerable 
accuracy. In this paper I consider, not the average order of d(N), but 
its maximum order. This problem has been much less studied. It is 








obvious that d(N) <2/N. 
It was shown by Wigert* that 
(i UN) < gist 
for all positive values of e and all sufficiently large values of N, and that 
(ii) d(N) > gieten’-? 


for an infinity of values of N. From (i) it follows in particular that 
d(N) < N° 


for all positive values of 6 and all sufficiently large values of N. 

Wigert proves (i) by purely elementary reasoning, but uses the “ Prime 
Number Theorem ’’+ to prove (ii). This is, however, unnecessary, the in- 
equality (11) being also capable of elementary proof. In § 5 I show, by 


elementary reasoning, that 
log N log N 


d(N) <a Ylog log N Soe log N)? 
for all values of N, and 
log N log N 


d (N) > Ylog log We 2 (log log N)* 


for an infinity of values of N. I also show later on that, if we assume all 
known results concerning the distribution of primes, then 


d(N) —t pol (log N)+ O [log N e~ ev (log log Ny 





* Arkiv for Matematik, Vol. 3, No. 18. 


tT The theorem that nm (x) a 


™ Tog a’ 


a (x) being the number of primes not exceeding x. 
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for all values of N, and 
dN) > QLi (log N)+ 0 [log Nemav lon lob ®)| 
for an infinity of values of N, where a is a positive constant. 
I then adopt a different point of view. I define a highly composite 


number as a number whose number of divisors exceeds that of all its pre- 
decessors. Writing such a number in the form 


Nata re aes ert es 
I prove that Agi, > On ote ules 
and that 3 ale 
for all highly composite values of N except 4 and 36. 


I then go on to prove the indices near the beginning form a decreasing 
sequence in the stricter sense, 2.e., that 


bo = A; > on > eee Pare 


where A is a certain function of p. 
Near the end groups of equal indices may occur, and I prove that there 
are actually groups of indices equal to 


ty 2, 3, Ah veey My 
where u again is a certain function of p. I also prove that if A is fairly 
small in comparison with p, then 


log p, 
log 2’ 





a, log AX ~ 


and that the later indices can be assigned with an error of at most unity. 

I prove also that two successive highly composite numbers are 
asymptotically equivalent, 7.¢e., that the ratio of two consecutive such 
numbers tends to unity. These are the most striking results. More 
precise ones will be found in the body of the paper. These results give 
us a fairly accurate idea of the structure of a highly composite number. 

I then select from the general aggregate of highly composite numbers 
a special set which I call “superior highly composite numbers.’ I deter- 
mine completely the general form of all such numbers, and I show how a 
combination of the idea of a superior highly composite number with the 
assumption of the truth of the Riemann hypothesis concerning the roots 
of the ¢-function leads to even more precise results concerning the maxi- 
mum order of d(N). These results naturally differ from all which precede 
in that they depend on the truth of a hitherto unproved hypothesis. 
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II. 
Elementary Results concerning the Order of d(N). 
2. Let d(N) denote the number of divisors of N, and let 
(1) Nip ep nape; 
Where Pj, Ps, P3, ---, Pn are a given set of m primes. Then 
(2) d(N) = (1+4,)(1+a,)(1+a,) ... d+a,). 
From (1) we see that 
(1/n) log (py pz Ps --- Pr N) 
= (1/n) (1 +a)) log py + (1a) log py +... + +a) log pa} 
> {(1+a,)(1+a,)(1+as,) ... 1 +n) log p, log po... log pn}! 
Hence we have 


id /n) log (D1 Po Pg ++. DnN)}*. 


(3) d(N)< 
(NV) log p, log ps log pz... log pn ’ 


for all values of N. 
We shall now consider how near to this limit it is possible to make 
d(N) by choice of the indices a, ay, a3, ..., dn. Let us suppose that 


_ log pn era 
(4) Era — U log Pn ates (™m = Liss 2, 3, trey n); 


where v is a large integer and —4 <e,<( 3. Then, from (4), it is evi- 
dent that 


(5) Cues 


Hence, by a well known theorem due to Dirichlet*, it is possible to choose 
values of v as large as we please and such that 


(6) Repl —are tel ea) < ¢;. | en) <<ics ev sya Cnet << &, 
' where e<v7"-), Now let 

(7) BLOM Dre elo ms Cw OL Dane 

Then from (1), (4) and (7) we have 


(8) log (1 Po Ps --- Pn N) = nt+ 2 ine 





* Werke, Vol. 1, p. 635. 
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Similarly, from (2), (4) and (7), we see that 


9) dN) = eH SDE HA) (EF) 
log p, log pz log pz ... log pn 


- (DSonueo on ee 
t” exp hare >= 


, of 1 Be) 
log p, log py log ps ... log Dn 





baa | — ndon— One it Nd On— on)” bis 
(.4 222)" ie Te a Se 
log p; log pz log ps ... log pn 


{ - 
— 1A /mlog(prpoeps-.-PuN)}"-4 4 Boy pastsa ys a) 
—_— log p, log Do Ra log Dn iat + (log N) \ WV x07 n(d On) ) a ee hs 


in virtue of (8). From (6), (7), and (9) it follows that it is possible to 
choose the indices ay, dg, ..., An, $0 that 


eo {(1/n) log (pi pops... Pn N) |” \—2n](n—1) 
(10) diy = logwalona teenies {1—O(log N) i 


where the symbol O has its ordinary meaning. 


The following examples show how close an approximation to d(N) may 
be given by the right-hand side of (3). If 


Ne aie: 
then, according to (38), we have 
rid) d(N) < 1898°00000685 ... ; 
and as a matter of fact d(N) = 1898. Similarly, taking 


N — 9.568 ‘ Bee 
we have, by (8), 


(12) d(N) < 204271°0000003872 ...; 
while the actual value of d(N) is 204271. In a similar manner, when 


NOs ae 
we have, by (8), 


(13) d(N) < 74620°00412... ; 
while actually d(N) = 74620. 
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3. Now let us suppose that, while the number 2 of different prime 
factors of N remains fixed, the primes p,, as well as the indices q,, are 
allowed to vary. It is evident that d(N), considered as a function of N, is 
greatest when the primes p, are the first m primes, say 2, 3, 5, ..., p, 
where p is the n-th prime. It therefore follows from (8) that 


i(l/n)log (2.8.5 ...p.N)}" 
(14) INN VSS ST area ese tote oe eis | 


and from (10) that it is possible to choose the indices so that 


{(1/n)log (2.8.5... p..N)}” 


(15) d(N) = log 2 log 3 log 5 ... log p 


{ i — O(log TN akan ha, } 2 


4. Before we proceed to consider the most general case, in which 
nothing is known about N, we must prove certain preliminary results. 
Let ~(x) denote the number of primes not exceeding x, and let 


S(z) = log 2+log 8+log 5+...+log p, 
and miriua0o 2.lor 5 .log 5.5... loop re 


where p is the. largest prime not greater than x; also let ¢(t) be a 
function of ¢ such that $'(¢) is continuous between 2 and x. Then 


(16) { a(t) d' (hdt = | fp’ (b) a+2) yoats| p' (6) dt 


+4| #ddit...F2)| plat 

i p 

= {$(3)—(2)} +2 {4(5)—¢(3)}| +3 { 4(7)—4(5)} 
+4 /{A1D)—¢(7)' +... 4 r(x) 1 o(x~)—¢(p)} 

= r(x) o(x)— | 6(2)+-4(3)+¢(5)+...+¢4(p)}. 


As an example let us suppose that ¢(4) = log¢. Then we have 





(17) x(x) log 2—9(x) = (3 soe, 

Again let us suppose that (4 = loglog¢t. Then we see that 
coi Pete Pero ny Po eal ee 

(18) 7 (x) log log x —log mie) = | Ae zt. 








¥ ar (ty: Oe eh) 1 7 (t) 
a | t log hiss Eelooca | t at+| a u)" ae IMU 


srR, 2. vou. 14. No. 1243. eh 
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Hence we have 


(19) w(x) log | ue =| —log w (x) 


ee ev uri 15am) ; 1 a(t) | 
= (a) log | tae eal a+|) ae ica hee at) du. 











E UG) ROT Beat pare) lop aan oe 
But a (a) log ae tees 7 (x) log 1 alo Eee 
ye pee pam ee 
Sr ERE w(x) log x | t at = log a ee 
and so 
{ SHegh | 1 (* x(t) 
(20) 7 (a) log ( r(x) log x ) af coe dt <0. 
Again, 
iy 5) 6a, So 2a a(x) log 7—S@) ) 
7 (x) log Bee. = 7 (x) log it Tie ace 
BAS “a{t) 5). a (a) (” w(t) 
= — 7(x) log ; +55 (3 dt > eae Le 
and so 
? [  ABed Ae ES 1 me . w(x)loga—3(x) [ =, 
(21) (x) log ena Une thee HS (lone Bee 
~ Oe 
S(x) log x | = as ; 


It follows from (19), (20) and (21) that 


x 1 u 7 (t) (S(a@ ) \ 7 i 
J, Gtogan |, 77° dt) au > x ertog | Ti | oe me) 


“4 1 a(t) ed 1 ((” x(t) 
>| Gi u)* | Ris at) se S(x) log x | | at 


Now it is easily proved by elementary methods* that 


rim o(ees) gh 0(2): 


and so {2 TO a= 0 (= Ie 
2 0g x 











* See Landau, Handbuch, pp. 71 et seq. 


- 
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Hence 


(ce ester (8) =|) he oar ts lee ore 
| Gane u)? \ t ha Me ; o \ (log w)? | tA bo be: i (log x)? ) ’ 





a 





and 
it (t) 1 ge oy of I. 
S(x) log x \ t at, } —~ 3(x) log z a (log x)? ae (log a)? 
Hence we see that | | 
(22) {9 @)/r I". ,0 tr10089)3, 
Ty AC) 


5. We proceed to consider the case in which nothing is known about N. 
Let 


Then it is evident that d(N) = d(N’), and that 
(23) Sp) < log N' < log N. 
It aden from (3) that 

(24) 


: ; oN? ) 7@) 
Fe = dee Plog N | : 








w(p) | Tip. 23) 
log N | * {9(p)/m(p)}* 
{1 ASS oT T I LB 
T S(p) S(p) ) w@ (p) 
— ! log N | 7 (p) O [p/(og p)?)] — so. lo N baw m (p) + O [p/ (log p)?) 
eae Spy Ih 8S {1+ 


3 (p) } 
in virtue of (22) and (23). But from (17) we know that 


a(p) log p—J(p) = O ea : 
andso  S3(p) = 7(p) {log p+O(1)! = x(p) {log $(p)+ O(1)}. 


Hence 


1 
2 = Tre eet Wt 
It follows from (24) and (25) that 
3 (p) 
d(N) < 114 282! Oe: O Tog 3 wT, 


SAGO 
Rie heey, 
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Writing ¢ instead of 3(p), we have 


t 


ES. 
(26) an) < (1+ “4 yeah nt 
and from (28) we have 


(27) b= NC HY: 


Now, if N is a function of ¢, the order of the right hand side of (26), con- 
sidered as a function of N, is increased when N is decreased in comparison 
with ¢, and decreased when N is increased in comparison with ¢. Thus 
the most unfavourable hypothesis is that N, considered as a function of ¢, 
is as small as is compatible with the relation (27). We may therefore 
write log N for ¢ in (26). Hence 


logN_ | g__log N 
(28) d(N) <i QloglogN  ~ (log log N)* 


for ail values of N.* 
The inequality (28) has been proved by purely elementary reasoning. 

We have not assumed, for example, the prime number theorem, expressed 

by the relation 


“ry 





T(t) ~ : 
log x 

We can also, without assuming this theorem, show that the right-hand 

side of (28) is actually the order of d(N) for an infinity of values of N. 


Let us suppose that 
INC 2 eben (eee 


t 


t 
0 
Then d(N) = 27°?) = Qlogt ~ (log i)? 








* If we assume noting about (x), we can show that 


log N_, glog N log log log N 





log log N (log log NV’)? 
GUN) so x 3 
If we assume the prime number theorem, and nothing more, we can show that 
doe ttl+0 (yy ee 
og log og log N)* 
d(N) <2 : 
x x 
If we assume that x(x) = —— —-“_, 
log x (log x)” 
ere va = a pee oe 
og log I oglog N)* ‘log log N): 
we can show that a(.N) = 255 fon 


Tt o(x) ~ W(x) means that » (2)/y (x7) >Llaswoou, 
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in virtue of (25). Since log N = S(p) = t, we see that 


log N +0 log N 
d (N) — QYiloglog N (log log Ny 


for an infinity of values of N. Hence the maximum order of d(N) is 


log N O log N 
9), log log N (log log NV)? 


iON 
The Structure of Highly Composite Numbers. 


6. A number N may be said to be a highly composite number, if 
d(N’) < d(N) for all values of N’ less than N. It is easy to see from the 
definition that, if N is highly composite and d(N’) > d(N), then there is 
at least one highly composite number M, such that 


(29) N<M<N’. 


If N and N’ are consecutive highly composite numbers, then d(M) < d(N) 
for all values of M between N and N’. It is obvious that 


(30) d(N) < d(2N) 


for all values of N. It follows from (29) and (80) that, if N is highly 
composite, then there is at least one highly composite number M such 
that N< M<2N. That is to say, there is at least one highly composite 
number N, such that ; 


(81) ee aN 


N 
if Ler ik, 


7. I do not know of any method for determining consecutive highly 
composite numbers except by trial. The following table gives the con- 
secutive highly composite values of N, and the corresponding values of 
d(N) and dd(N), up to d(N) = 10080. 

The numbers marked with the asterisk in the table are called superior 
highly composite numbers. Their definition and properties will be found 
in §§ 32, 33. 
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8648640 = 2°, 
10810800 = ie 


14414400 = a8 9 
17297280 = 27. 
*91621600 = 2°. 
32432400 = 2!. 
36756720 = 2!. 
43243200 = 2°, 
61261200 = 2'. 
73513440 = 2°. 
110270160 = 23. 
122522400 = 2°. 
| 147026880 = 2°. 
| 183783600 = 2!. 
| 245044800 = 2°. 
294053760 = 2". 

| *367567200 = 2°. 
| 551350800 = 23. 
| 698377680 = 2!. 
735134400 = 2°, 
1102701600 = 2°. 
1396755360 = 2°. 
2095133040 = 2'. 
2205403200 = 2°, 
2327925600 = 2°. 
2793510720 = 2°. 
3491888400 = 2'. 
| 4655851200 = 2°. 
| 5587021440 = 27. 
*6§6983776800 = 2°. 
10475665200 = 2'.34 
*13967553600 = 2°. 
20951330400 = 2°. 
27935107200 = 27. 
41902660800 = 2°. 
48886437600 = 2°. 
64250746560 = 2°. 
73329656400 = 2'. 
80313433200 = 2'. 
97772875200 = 2°. 
128501493120 = 27. 
146659312800 = 2°. 
160626866400 = 2°. 
240940299600 = 2', 
*391253732800 = 2°, 
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dd (N) d(N) | N 
AS” STCOS= BES <a Here oislus Seeks 7.411 131 Pero ae 
194 61449435 642507465600 = 2".83.5?.7.11.138.17.19. 28 
56: -6720 saa Bebe 96876 LI98400 8 94 577 Fle Po ee 
36 6919— Bee | 1124888064800 =.2° 3° 57.77.11 18917 aoe 
| 00, 71 GS ay 1606268664000 — 2°.3° 5°'7.11.18.17.19.93 
154 7200 — 2°.3?.5? | 1686582097200 = 2*.3*.5?.72.11.13.17.19. 23 


40> 7680: 222355 99 1927522396800 = 2". 3*_5?.7.11.18.17.19.23 
AS 8064 9". 87.7 91" 9948776129600 2782.5. 71 1 ae eee 





eld 8199 E28 3212587828000 99" 89.5" 7 hls Toa yee ee 
56) 980403 Bees $373164194400 = 2? 3* 5°77 A138 palo ae 
3592.1 Gee ade 4497552259200 2103? 95° 77 1 LS el ee 


7210080 ='2°.'87.5.. 7) 6746828888800 = 2° 8° 757.772 ie bon plone 





8. Now let us consider what must be the nature of N in order that N 
should be a highly composite number. In the first place it must be of 
the form D2 3% 5s 7% ves pee, , 
where 


(32) gee Og ee an 


| 


This follows at once from the fact that 
dUwPoasay ... oi) = d(2?.3%.5% ... pir), 


for all prime values of wo, w3, W5, ..., Dp, 
It follows from the definition that, if N is highly composite and 
N' < N, then d(N') must be less than d(N). For example, 2N < N, 


and so d(2.N) <d(N). Hence 


(te aa 


provided that N is a multiple of 3. 
It is convenient to write 


(33) a =0 (A>>p)). 





5 


Thus if N is not a multiple of 5 then a; should be considered as 0 
Again, @», must be less than or equal to 2 for all values of p,. For let 
P, be the prime next above p,. Then it can be shown that P, <p} for 
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all values of p,.* Now, if a,, is greater than 2, let 


hi pues 
Py 





Then N’ is an integer less than N, and so d(N') < d(N). Hence 
(1+-ap,) > 2(ay,—T), 

or 3 oii ad ft 

which contradicts our hypothesis. Hence 

(34) pee 2, 


for all values of pj. 
f . ° . . 
Now let p1, p1,~1,P1,Pi be consecutive primes in ascending order. Then, 
if p, >), a, must be less than or equal to 4. For, if this were not so, 


we could suppose that Mesa 
Pitals 
But it can easily be shown that, if p, >5, then 
(a ae 
and so N'< N and d(N'’)< d(N). Hence 
(35) (1+ apy) i (ay — 2). 
But since a, > 5, it is evident that 
(1+ dy’) & 2 (ap — 2), 
which contradicts (35); therefore, if p, > 5, then 
(36) Ayn St. 


Now let i SS . 
PP 





* It can be proved by elementary methods that, if x 21, there is at least one prime p 
such that « <p < 2x. This result is knownas Bertrand’s Postulate: for a proof, see Landau, 
Handbuch, p. 89. It follows at once that P, < p,’, if p,; >2; and the inequality is 
obviously true when p,; = 2. Some similar results used later in this and the next section may 
be proved in the same kind of way. It is for some purposes sufficient to know that there is 
always a prime p such that x < p < 3x, and the proof of this is easier than that of Bertrand’s 
Postulate. These inequalities are enough, for example, to show that 


log P, = log p, + O (1). 
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It is easy to verify that, if 5< p, < 19, then 
Pipi Sites ; 
and so N’< N and d(N’)<d(N). Hence 
(pee +p’) (1+ ay”) > 2d», Ap’ he. 


malORe roll Sv esa) 
Ay, an ame ae is Ay’ 
But from (86) we know that 1+ ay <5. Hence 
(37) (14+ +) (1+ =) > 2: 
i, pf 


From this it follows that a,,= 1. For, if. a,, > 2, then 


(+z) (1+ g,) <2 


1 





or (1 + 


obo 
° 


in virtue of (82). This contradicts (87). Hence, if 5 <p, < 19, then 
(38) Ay, = 1. 
Next let N' = NP, Pi/(p1p1 pp: 
It can easily be shown that, if p, > 11, then 
P, Pi < py pi pi; 
and so N’ < N and d(N’) <d(N). Hence 


(1+ ap) (1 +ap) (Lay) > 4ap, Ap Apr, 
or 


a» (+2) (+2) (042) > 


PA P, 


From this we infer that a,, must be 1. For, if a,, > 2, it follows from 
(32) that i 
= 3 
(1+ = (1+ a (i alia as 3h 


which contradicts (89). Hence we see that, if p, > 11, then 
(40) ay, = 1. 

It follows from (88) and (40) that, if p, > 5, then 
(41) ie als 
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But if p, = 2 or 3, then from (84) it is clear that 
(42) Ap, = 1 or 2. 


It follows that a,, = 1 for all highly composite numbers, except for 2”, 
and perhaps for certain numbers of the form 2".37. In the latter case 
a>2. It is easy to show that, if a > 8, 2”.3? cannot be highly compo- 
site. Tor if we suppose that 

NS Spas ie ay 


then it is evident that N’ < N and d(N’) < d(N), and so 
3(1+a) > 4a, 
or PEGS Y, 


Hence it is clear that @ cannot have any other value except 2. Moreover 
we can see by actual trial that 2” and 2?.3? are highly composite. Hence 


(48) Ay, = 1 
for all highly composite values of N save 4 and 36, when 
Bp, =) 2: 


Hereafter when we use this result it is to be understood that 4 and 386 
are exceptions. 


9. It follows from (82) and (43) that N must be of the form 
(44) DAS 4 Dee has vere. Pr 


eeeees 


where py > Po > P3 > ps >... and the number of rows is dy. 
Let P, be the prime next above p,, so that 


(45) log P, = log p,+ O(1), 

in virtue of Bertrand’s Postulate. Then it is evident that 
(46) Cpe tye gy <P a ls: 

and so 


(47) ; Ap << Onl) 
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It is to be understood that 


(48) ap, = 0, 


in virtue of (88). 
It is clear from the form of (44) that 7 can never exceed ay, and that 
(49) Di =A. 


10. Now let No ay ia y{NOE Al 


where vy <p, so that N’ is an integer. Then it is evident that N’ < N 
and d(N') < d(N), and so 





| 
I+a)d+a) >a (I+a+| P28 |), 
Ce) 
or 
logy 
(50) (1+ a) ae Ay log x = 





Since the right-hand side vanishes when » > p,, we see that (50) is true 
for all values of A and »p. 


Again let N’ = Nu dW) Hog wllog al, 


where [log u/log\] <a, so that N’ is an integer. Then it is evident 
that N’ < N and d(N’') < d(N), and so 





(51) (1-+a,)(1-+a) > -+a,) Cine ). 


Since the right-hand side is less than or equal to 0 when 
< [log u/log NJ, 


we see that (51) is true for all values of X and wu. From (51) it evidently 
follows that 





log (A 
(52) Fa) < @+-a)| 2 | 
From (50) and (52) it is clear that 
log y log u 
(53) a, | ee |S Oo tO tay | oes | 


for all values of A, uw and ».. 








* [x] denotes as usual the integral part of @. 
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Now let us suppose that » =p, and «= P,, so that a,= 1 and 
a, = 90. Then we see that 
log Py log P 
(54) log X N S log X 


for all values of A. Thus, for example, we have 


Df =) ee gy es 
Pi = 9, 2S 4% <4; 
et eee een: 
a=ll, 3qau<K6; 


and soon. It follows from (54) that, if A<p,, then 
(55) ad logA = O(log p,), alogrA #~o (log pj). 


11. Again let 


N’ — Nylviatanta,) log w/log At] yt WA +a, +4,)log A/log a5) 


and let us assume for the moment that 
a, > / {1 +a+a,) log A/log u}, 


in order that N’ may be an integer. Then N’ < N and d(N’') <d(N), 
and so 
(56) (ta)d+a,) > {1+a+ly{d+a+a,) log u/log A} ]! 
x [an—Lv {A +a, +a,) log A/log «} 1} 
> {atv {(Lta+a,) log u/log} | 
x | dy—V/ {(1-+a,+a,) log A/log «| 


It is evident that the right-hand side of (56) becomes negative when 
Ay </{(1ta,+ua,) log A/log u}, 


while the left-hand side remains positive, and so the result is still true. 
Hence 


(57) a, log u—ady log X < 2/j (1+a,+a,) log A log u}, 
for all values of A and uw. Interchanging A and mu in (57), we obtain 


(58) a, log A—a, logu < 2/)(1+a,+a,) log A log u}. 
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From (57) and (58) it evidently follows that 
(59) | a log A—a, log u | < 2/{(1+a,+a,) log X log ut, 


for all values of X and uw. It follows from this and (55) that, if X and u 
are neither greater than p,, then 


(60) a, log A—a, log wu = Ov {log p, log(p)}, 
and so that 7f log X = o(log p,), then 


(61) ay log 2~ az log 3~ a; log 5~...~ ay log X. 


12. It can easily be shown by elementary algebra that, if x, y, m, and 
n are not negative, and if 


|a—y |< 2/(ma+ny+mn), 
then 
[| Metn—/yt+m) |< /(m+n); 


(62) : 
(| J (te tn)—/(m+n) | << /(y+m). 


From (62) and (59) it follows that 


(63) | / {(1+a,) log A} —/ {(1+a,) log uw} | </ {log Au)}, 
and 
(64) | / {A+a,) log A} —/ {log Au)} | </ (1 +4,) log u}, 


for all values of X and uw. If, in particular, we put « = 2 in (63), we obtain 
(65) 4/{(1+<a,) log 2} —4/ {log (2A)! < 4/{(1+a,) log A} 

< /{ (1+) log 2} +4/ {log (2A)}, 
for all values of A. Again, from (63), we have 


(1+. a) log A < (o/ {(1+4,) log v} +-/ {log (Av) })?, - 
or 


(66) a, log < (1+4,) log y-Flog y+ 24/ {(1+4a,) log v log (Av) } 
Now let us suppose that AX <u. Then, from (66), it follows that 
(67) a, log A+log uw < (1+a,) log y+ log (uv) + 24/ | (1+4,) log v log (Ay) } 
< (1+ a,) log v-+log (uv) +24/ |(1+a,) log v log (uy) } 
= |/((1+4,) log v} + /log (ur) }*, 
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with the condition that X\< mu. Similarly we can show that 
(67') axlogAX+log wu > {//(1+a,) log v} —V/log (uy) }?, 
with the condition that \ < wu. 


13. Now let 


N flog fe o 4 s 
N= se 9 \log A/{m (x) log 2} ] 3 [log A/{m (mu) log 3} ; [log A] {m (w) 08 ET) 


Leaf 


where 7z(u)logu <logA < log p,;. Then it is evident that N’ is an 
integer less than N, and so d(N’) << d(N). Hence 


(1+ pay) (+a) elegii\em eeires 








{ log Aue Lop Nee ( loo Neer 
ie (ae a(n) log 2) Poa a(u) log 3) °" oe (un) Jog mu) ’ 
that is 
Xr ) log 
| a, log 2+ ae tte ae es | ay log w+ = ‘| 








<(1 a. =~) log 2+ log 2) (a; log 3+ log § 3)... (a, log u+log u) 


<(1+ =) a log 2+log u) (ag log 8+ logu)... (a, log uF log 1). 
In other words, 
ws) (1+ =) 
Ay 


logaA log A 

















es] } a4 oe 
Ny aed rig Mal ty ay 8" | 
| log 2-F log x | | ag log 3+ log » | | a, log w-Flog x | 
| ca Sian Mi 
Ss fat 7 


[| 1 A +a4,) log v} +/log(ur))” | 
where y is any prime, in virtue of (67). From (68) it follows that 


log A 
me 





—logu | 


(69) J ((1+a,) log v} +4/log (ur) Pte 


provided that 7(u) log u< logA < log py. 
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14. Again let 
N! = NX Q71 Mos ate (u) Jog 2] 3-1 og Alte (u) 1og3}) ||| y-1—[og tm (4) log aS] 


where uw» <p, and A >w. Let us assume for the moment that 

log A 

T(t) ” 

for all values of « less than or equal to u, so that N’ may be an integer. 


Then by arguments similar to those of the previous section, we can show 
that 


a, log n> 





] ™(«) 





| 
hae a 
: sou ar i) ae 
(70) ae (/{AFa,) log v} —a/log (ur) 





From this it follows that 
log» 


= eth y thog | 


provided that u <p, and «<2. The condition that 
a, log x > {log A/a (u) } 





(71) IV {(L+a,) log vf —Vlog@u) < 





is unnecessary because we know from (67’) that 


(72) |/ | (1 +a,)logy} —y/log (ur) |< /(a, logx-+log u) <y {Be 


when a, log ce < {log A/w(u)}, 





and the last term in (72) is evidently less than the right-hand side of (71). 


15. We shall consider in this and the following sections some important 
deductions from the preceding formule. Putting » = 2 in (69) and (71), 
we obtain 








log A 
ieee ta log u 
(73) / ((1+az) log 2} ee oe a + —v/log (2), 
((1+=) °-1) 
Ay 
provided that w(u) log u <logA < log p,, and 
at =e r a ota | 
(74) / {(1-+ ay) log 2} < ‘ - + 4/log (2m), 
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provided that u<p,, and «<A. Now supposing that A = p, in (78), 
and A = P, in (74), we obtain 


(75) -o/ {(1-+.ay) log 2} 08 ee —v/log (2n), 


provided that a(u)logu < log p,, and 





(ee +log x 
(76) / {(1-+ aq) log 2} < (eae | + /log (2u), 


provided that u < p,. In (75) and (76) u can be so chosen as to obtain 
the best possible inequality for a. If p, is too small, we may abandon 
this result in favour of 





(77) log Py 9 logek: | 


log 2 igihi. log 2 


which is obtained from (54) by putting A = 2. 

After having obtained in this way what information we can about dg, 
we may use (73) and (74) to obtain information about a,. Here also we 
have to choose « so as to obtain the best possible inequality for a,. But 
if X is too small we may, instead of this, use 


(78) J/ {1 +a.) log 2} —/log (2A) < 4/ | (1+a,) log A} 


</{(1+d,) log 2} +4/log (2a), 


which is obtained by putting « = 2 in (68). 


16. Now let us consider the order of ay. From (78) it is evident that, 
if w(u) log uw < logA < log p,, then 
log x 


(79) (1+ ay) log 2+ log (Qu)+ 2r/ {(1+a,) log 2 log (Qu)} > ete 


7a 1\ro_,” 
(+ z-) 





—log u 


But we know that for positive values of x, 


1 1 1 1 
eae a oer One ee, =0(-). 


sur. 2. vou. 14. No. 1244. ye gt 
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Hence iu aed ae tp UN | een hee + 0(1) 
T(t) (144) 1 aT (u) [1 M +=) 
(CaN ne aN 
oe fence +01) 
0g 7 
oO 7 ] f 
and ke =O | ae = O(uay) 


(1+ teal (log (1+ =| 


Again from (55) we know that a, = O(log p,). Hence (79) may be 
written as 


(80) ay log 2+ Ov/(log p, log u)+ O(log mu) 


log A (log A ) 





Fae a eae 
log (1+ —) Saale) 
aN 
But log uw = O(uay), 
eee ss ae u log a 
iio en (a, log A) = O ( rev 
log A (log A log u | 
= = 0 ;, ——— | . 
a (wu) fh ) 
Again ORAS OF te HOR TS ea eee 
‘S) lh log r SP g ) 
| logA log u , wu log: 
and so VW iloe py log) ao) aes a eee) 
Hence (80) may be replaced by 
log A ve Alogi oe log ba) 
(81) Ag log 2 = 0 ub a= log oN ’ 


(ed 


provided that w(u)logu <logA <logp,. Similarly, from (74), we can 
show that 


] o . oO oO / 
(82) dg log ®2< ss WOR Ag +0 PeAtes ye BPA), 


1 logA 
me (1+ are z ; 
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provided that «<p, and «<2. Now supposing that \ = p, in (81), 
and A = P, in (82), and also that 
mu = Or/(log p; log log p,), a = Ov/(log p, log log p,),* 
we obtain 
] 
a log 2> ee +O /(log p, log log p,), 
(83) . 


| log2< Tes + Ov/(log p; log log p,). 


From (83) it evidently follows that ~ 





] = 
(84) a log 2 = ar + O/(log p, log log p,). 


And it follows from this and (60) that if \ < p, then 





(85). a, log A = 108 Pa +0 {/(log p, log \)+/(log p, log log p,)}. 


log 2 
Hence, if log A = o(log p,), we have 
log 
(86) ay log 2~ ag log 8 ~ as log 5 ~...~anlogd~ 7049 - 


17. The relations (86) give us information about the order of a, when 
d is sufficiently small compared to p,, in fact, when. A is of the form pj, 
where e—0O. Such values of A constitute but a small part of its total 
range of variation, and it is clear that further formule must be proved 
before we can gain an adequate idea of the general behaviour of a. From 
(81), (82) and (84) it follows that 





(87) 

logs log ps sg {WK AMEH 4 HIOEPs + /logp,loglog DP»)! 
1 S Tog 2 bh log A 

log (1+ 

{ 

NS Seo +0 BATE H | HOE PL + /logp,loglogp)|, 

F Tog 2 2 M log x J 

Hoe (1+ aa) 


provided that z(u)logu< logA < log p,. From this we can easily show 








* f£0() is to be understood as meaning that |f| > Ko, where K is a constant, and 
f # O(¢) as meaning that |f|/p—>a. They are not the mere negations of f =0(¢) and 


f = 0(¢) 
2 Bp 2 
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that, 1f w(u) log u< log A < log p,, then 


Wii e = (logu , wlogp, , W(log p, log log p,) | 
logA/log p, 1 fed ol pe! fsdideet Aw ed i a fee 
ja<e BD One oaaiaeent een | 
(88) | 


Jlog a/log », __ 4\—1 (1 108K plog P1 / (I OS Pi log log P1)) 
An > (28 A038 #1 — 1) — ITO ers ewe ro <a 15 [- 


Now let us suppose that 
. log p, ) 
log A #o / ees le NE 


Then we can choose u so that 


log lo 
rN Tog d / ( ree 


Now it is clear that log u« = O(log log p,), and so 


loge _g (28 log Ps) mg V (log p; log log pi) |, 





ls lt log » Re 
wlog Pi _ G | ¥log p log log p)) | 
and that TENE O | en f 


From this and (88) it follows that, if 


ey Oo 
logA = Oy (—B2), 


log log p 
then 
4 /(log p, log log p,) ) 
log Xx 


| Ay = (Die 2 keer ere : 
se | ( V(log p, log log py) | 
AN ee a (log 8 Pi 108 108 Py 
log Aflog p, ses 4 Riad need a it dU 
Ay D> (QEMlosP: — 1) 1+0 | mee fe 


Now we shall divide the primes from 2 to p, into 5 ranges thus 






RANGE I 





2 . | “=P 


(log pi) ek (log p,)3 eXV (log p, [log log p,) eXV (log p, log log p,) 


We shall use the inequalities (89) to specify the behaviour of a, in ranges 
I and II, and the formula (85) in ranges [IV and V. Range III we shall 
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deal with differently, by a different choice of « in the inequalities (88). 
We can easily see that each result in the following sections gives the most 


information in its particular range. 


18. RangeI:  logdA# Ov/(log p, log log p,).* 


Let A = [ (gies Alog1— 1-1) | 
and let (QlosANogin —])~14 @), 
where —4 <« < 4, be an integer, so that 

(90) (Qhes As) J)—-1 = A+1—e, 
when e > 0, and 

(91) (Qloe Alogi —1)-} = A —e, 


when e <0. By our supposition we have 


(92) v/ (log Pi log log Pi) 


log vr ee oy 


Yirst let us consider the ease in which 


>] 


{ 7 (log p, log log py) | 
ie log \ ) 
so that 


(93) ee Se a 


It follows from (89), (90), and (93) that if e, > 0 then 


(a <A+1—a+ol@), 


(94) j | 
| a aN = A—e +0 (e)). 


Since 0 <e, <4, and a and A are integers, it follows from (94) that 


(95) Ge<an, a > A—1. 
Hence 
(96) jem IN 





* We can with a little trouble replace all equations of the type f = O() which occur by 
inequalities of the type | f| < K®¢, with definite numerical constants. This would enable us 
to extend all the different ranges a little. For example, an equation true for 


log a  O V/(log py) 


would be replaced by an inequality true for logA > Kv (log p,), where K is a definite constant, 
and similarly log A = 0 (log p,) would be replaced by loga < kv/(logp)). 
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Similarly from (89), (91), and (93) we see that if e, <0 then 
i a, < A—ea+o(e), 
au ler ote)) 


Since —4<« <0, it follows from (97) that the inequalities (95), and 
therefore the equation (96), still hold. Hence (96) holds whenever 


(97) 


( / (log p; log log py) | 


(98) a0} log A 
In particular it holds whenever 
(99) e, # o(1), 


Now let us consider the case in which 


_ pn (A (log p, log log py) | 
Ce eared es aE 


REDE, log X je 


so that e, = o(1), in virtue of (92). It follows from this and (89) and (90) 
that, if «, > 0, then 


| @ < A+1+o0(1), 


(101) ; 

Ge ey aly 
Hence a@<Atil,- a SA; 
and so 
(102) G = Aor: A 1: 


Similarly from (89), (91), and (100), we see that, if e, <0, then 


( Gy <a ec OUL): 


(103) \ 

ad, > A—1+0(1). 
Hence ay <A, a >A—l1; 
and so 
(104) a =A or A—1. 


For example, let us suppose that it is required to find a, when \~ p,”. 
We have 
(Qlos A/log 1 __ 4) —1 — Cee She SE al) — i117 048.. +o0(1). 


It is‘evident that “A°=—"1l and “ec =2011) sence — sae 
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19. The results in the previous section may be rewritten with slight 
modifications, in order that the transition of a, from one value to another 
may be more clearly expressed. Let 


log (1+ 1/2) 


(105) em esa, 


and let x+e,, where —3 <e, <4, be an integer. Then the range of x 
which we are now considering is 


(106) i ete (oe), 
log log p 


and the results of the previous section may be stated as follows. If 


{ / (log log Mi) ) 
(107) et O 124) react i 
then 
(108) Ge |e 


As a particular case of this we have 


= [«], 
Wot ero L jem Sues 
log log 


(109) Beles, {2 ay ( ae OE OB Ps) | 
then when e, > 0 


(110) dy — |e or |a--1ts 
and when ¢«, <0 
(110’) a, = [a] or [x—1]. 


log A = OA/(log p, log log py), 


20. Range II: i( lop, 
Sr et V ie log al 
From (89) it follows that 
log p, log log p,) | 
l log A/logp; 1) -1 | V (log p1 log log py) 
(111) = (2°5 Lect. OC) log a: 
But (Qioe Aflog pr_ 4) —1 = log Pi Emily: 


log 2 logA 
Hence 


] 
(112) a, logA = aa + Ov/ (log p, log log p,). 
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As an example we may suppose that 
A ~ ev(los pi). 


Then from (112) it follows that 


(log 
aA = ae + O/(log log p,). 


| tog Vidoes O\/ oe). 
21. Range III:  - log log p; 
log A = o (log py)’. 


Let us suppose that ~ = O(1) in (88). Then we see that 


(118) 4, = ee Gayo eee es ele ele ivoea eae 








~ log 2 log X | (log A)? log A ie 
or 
(114) loov\ = log py +0O (log w logr , logy, (I ] ] 
PS Se cS Carer Re Te ees og p))| 
Now : i, O(log A) = o ee) 
log py _ = 0 (pee , 
log A / log A 





V/ (log p, log log p;) = O (2 EPs) 
08 





Hence 
ay eel OO Di (28 1) 
(115) a,logA = Tomo +0 idan 
For example, when 
X ~ ellognr)’®, 
(log (oe By 
we have ihe + 0 (log p,)*. 


log 


log A = O(log p,)’, 


22, Range IV: ; 
| log AX # 0 (log log p,). 


In this case it follows from (85) that 





hee: 
(116) a logrXA = oe + Ovr/(log p, log d). 
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As an example in this range, when we suppose that 


aN ~ clog pit 


we obtain from (116) 


St , 
1h aaa + O(log p,)**. 
oD 


23. Range V: log X = O(log log p,). 
From (85) it follows that 
(117) a, logA = uae +0 /(log p, log log p,). 
oD 


For example we may suppose that 


VN w evilog log rr). 


log Pi 
Then Blog Persea en + O/(log p). 


24. Let ’ be the prime next below X, so that \’ <A—1. Then it 
follows from (68) that 


(118) V |(1+ay) log A’ } —/ { (1+ ay) log A} > — /log (AX’). 


Hence 


(119) /{(1+ay) log A—1)} —/ {A +a) log rA} > —4/{2 log r}. 
But log A—1) <log\— + <logd (1— +.) ; 
u og 2 X og BIGe Ne 


and so (119) may be replaced by 





ap ae V(L+ ay) _ 
But from (54) we know that 
log Pr] x log PS my 
Ibay oo 1+[ eet] > Peet or- 
From this and (120) it follows that 
log 
(121) ERG aula a) eee 79, 


2X (log A)! 
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Now let us suppose that A” (log \)?< d log p,. Then, from (121), we 


hav 

we J/(Lta)—/Ata) > 0, 
or 
(122) Gamer 


From (122) it follows that, if \? (log A)? < Flog p,, then 
(123) Og Sg Oe rt 
In other words, in a large highly composite number 

De BSD ei eee Dy 


the indices comparatively near the beginning form a decreasing sequence 
wn the strict sense which forbids equality. Later on groups of equal indices 
will in general occur. 

To sum up, we have obtained fairly accurate information about a, for 
all possible values of A. The range I is by far the most extensive, and 
throughout this range a, is known with an error never exceeding 1. The 
formule (86) hold throughout a range which includes all the remaining 
ranges II—V, and a considerable part of I as well, while we have obtained 
more precise formule for each individual range II-V. 


25. Now let us consider the nature of p,. It is evident that 7 cannot 
exceed G3; 2.€., 7 cannot exceed 


log p, 
(log 2)? 





(124) + 04/ (log p, log log py). 


From (55) it evidently follows that 
[ %, log p, = O(log pr), 


(125) \ 
Wp, log p, a= O (log p,) ; 


| (1+ap,) log p, = O(log py), 
(1+ap,) log p, # 0 (log pj). 


(126) 
But from (46) we know that 


a, log pr > r log pr, 
(127) py 108 Pr & 8 P 


(1+ap,) log pr < 7 log py. 
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From (125)-(127) it follows that 


(128) | r log pr = O (log py), 
; r log py # o(log py); 
an 
(129) (eet 
| Ap, F 07). 


26. Supposing that 7A = p, in (81) and A= P, in (82), and remem- 
bering (128), we see that, if ru =o (log p,), then 








log pr | log u ru \) 
130 S : el es 
a log (1+ 7-) > = talow | Hole ru. ance) 
and 

| 1 log P, logu , 7m \) 
a We (1+ cea) = dz log 2 a ah ( ru T aes) j 


But, from (47), we have 


log (1+ =| zalog (1+ a) 


r 


Also we know that 


log P, = log p,+O(1) = log p, /1+0( ; }} =10 08 P p-{1+0(50 |. 


log p, 


Hence (131) may be replaced by 

















jog pr | (ese he )} 
nA?) 8 (lee i) < dz log 2 | ware log p,/) 
From (130) and (182) it is evident that 
=) = _ logp, { @ by ge aN 
(133) log (1+ =) cage Orla te meee 
In a similar manner 
log Dr_ { log u re 
2) ng (UE an) = ey (140 (+) 
ieee aot 1+ dz log 2 eeuse ru Ba lone 


Now supposing that 
(Te = 0 (log p,), 


(135) ( 
(ru O(log p), 
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and dividing (184) by (133), we have 





log (1+ Tera = 140 (BH 4H ) 

















la. 
log (1+ b =) Ss secs 
Ay, 
Longe eagle | (Se / | 

rs Wien aig Lerma vec | wane? oe 

1 Lt log u re h 
| =1ly4o (eee mY), 
that is, Roe \1+0 F + ie | 
Hence 
As log u ru ) 
136 ny —— C i O (285 Ti hee 
(136) Ay, = Aap +1+ 7 = Waa 
in virtue of (129). But ap, <r—1, and so 

log u ru 

(137 a 0 (#88 7H), 

) sae e MW | 
But we know that a, >~7. Hence it is clear that 

log u ru 
eae siemens Carian Gy 
From this and (186) it follows that 
log wu ru 

139 , =r—1+0 ( 7), 
( ) ap, } 6 Uh ae log p, 


provided that the conditions (135) are satisfied. 
Now let us suppose that * = o./(log p,). Then we can choose u such 
that 77x = o(log p,) and «+ O(1). Consequently we have 


log mu _ ry 
1 ’ ee OL) 
B= 00, pee = od 
and so it follows from (188) and (189) that 
(140) Uyp,. — 1+ap. pet bs) 


provided that r= 0/(log p,). From this it is clear that, if r= 0 »/(log p)), 
then 


(141) Pi> Po > Ps > Ps > os > Pr. 
In other words, in a large highly composite number 


ra) 3 KG 
Oa nseenit) woe D4; 
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the indices comparatively near the end form a sequence of the type 
nod Cache eee Ware OPERA 


Near the beginning gaps in the indices will in general occur. 
Again, let us suppose that 7» = o(log p,), rs or/(log p,), and w = O(1) 
in (188) and (139). Then we see that 


7 





(142) 





Y 
i a ark (ry, 


provided that » =o (logp,) and r-o/(log p,. But when r #0 (log p)), 
we shall use the general result, viz., 


Gp, = O(r), ~ ‘dp, = 0(7), 
(143) | 


ap. ee O(?r), ap, + o(7), 


which is true for all values of 7 except 1. 


27. It follows from (87) and (128) that 





(144) 

| Ph Peg RP 4G {20D OB y+ o/(log gp, log log p,) | » 
loo (1+ +) log 2 Th 

| 3 Cp, 

‘| ] o oO (1 los 

Posey ee” ee  p, log log p) | 


with the condition that ru = o(logp,). From this it can easily be shown, 
by arguments similar to those used in the beginning of the previous sec- 
tion, that 


log p, — _ log py log p, log u esate 
ee log A+1/r) log 2 nde Vu get teatevau le Bis 08 Pi j ; 


provided that mu = o (log p)). 
Now let us suppose that *» = o(logp,); then we can choose mu such that 


p=o(\,  w#0U) 


, 
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Consequently ru = o(log p;) and logu = o(u), and so 


log p, log mu 
ey eae = 0 (log p,). 
From these relations and (145) it follows that 7f 7 = o(log p,) then 


; __logpr slog py. 
ee log(1+1/7) log 2’ 





that is to say that if r= o(log p,) then 





a47) 8p _logp, _ _logp, dog pe 
log2 logd+3) loga+ °° logQ+1/n’ 


Again let us suppose that » = O,/(log p, log ten in (145). Then it 
is possible to choose « such that 


(148) {7 = Ov (log p, log log py), 
ru + Ovr/(log p, log log p,). 


It is evident that log u = O(log log p,), and so 


log p, logm _ 6 (Pee log log p, 


7 = = Ov (log p; log log py), 


in virtue of (148). Hence 





| log pr — log py ‘ 
(149) Rreisniloy = ew: + Ox/(log p, log log p,), 


provided that r = Onv/(log p, log log py). 


Now let us suppose that 7 = 0 (log p,), r # ow (log p, log log p,), and 
wu = O(1), in (145). Then it is evident that 


log p, = O77),  /ogp, log log p,) = 0), 


log pi logm __ O (SP) Sos 
Tu Y 9 


and 


Hence we see that 


logpr —__ log py 
=4 Sr ag ele eee 
ee) oe (yy sels 





if r=o(logp,), r-onr/(log p, log log p,). 
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But, if » 0 (log p,), we see from (128) that 





(log pr 
Pt = Ollog p), 
(151) log (1+1/7) 
| log p, p 
log A-+1)n) 7 0808 Pa): 


From (150) and (151) it follows that, if r= 0./(og p, log log p,), then 


F log pr _ log py 
1 eee A ae »\ 
( BO) | ] ( | Ir) == ] D O (7) 5 


and from (149) and (152) that, if » = o(log p,), then 





logp, log py 
log (1+1/r) log 2’ 





in agreement with (147). This result will, in general, fail for the largest 
possible values of 7, which are of order log 7. 

It must be remembered that all the results involving p, may be written 
in terms of N, since p; = O(log N) and p, # o(log N), and consequently 


(153) log p, = log log N+ O(1). 


28. We shall now prove that successive highly composite numbers are 
asymptotically equivalent. Let m and n be any two positive integers 
which are prime to each other, such that 


(154) log mn = o(log py) = o(log log N) ; 
and let 
(155) = = 93% 5%... op, 


Then it is evident that 


(156) mn == 2! 81 gl8! 5185! gel, 

Hence } 

(157) 6, log A = O (log mn) = o(log p,) = 0(q log d) ; 
so that On ONCy) 

Now 











25) a(t N) a aN) (1+ a (1+ is) 2 (1+ eae): 
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But, from (60), we know that 
ay, log X = az log 2+ 0 Vv (log p, log A). 














Hence 
Oy 6, log X ( (WesA)" 
(159) oT ieee anal 5 +O 71 4 | ene 
= dalog A log x ‘(Ree)) 
= Br Seana fl oslipeae log p,/ ) 





ay log 6, log A\? 
ae ie JOaX 4 0 (Liar Geen enol 0g )} 
i 


Sa gaoal Gin log 2 log py log p, / 3 
Cr a LOGE ld, | log Xx 7 mn) ) 
ae dy log 2 zee log p, Sapam 


It follows from (155), (156), (158), and (159) that 


Slog 2-teVslon8 ame sea ope 
(160) le N) PRT ON CS Tae a eT 
n ( dy log 2 


aye | log 2+|63|log 8+...+| 0% log 9 / fe a } 
log py log p,/) 


BUA EE 0 (eeun pee 
— d(N ) e “2 log 2 log p, 


et Pine rat log mn 
= d(V ) et2!os2 Richey SE / log p ) ; 
Putting m =n-+1, we see that, if 


log n = 0 (log p;) = o (log log N), 
then 


O og 2 ee 
(161) d In (1+ =\= d(N) ez aS 2 {1 g (1+ )+0( Matas 


| 
1+0 { n log WW (roetoew) } 


= ae (4 2) 


Now it is possible to choose » such that 


n (log n)?  onr/ (log log N), 


Pie, ( log n )} 
and 1+0O _nlog ny/ ae Goan Sats 


that is to say 
(162) di (1+=)! > aN) 
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From this and (29) it follows that if N is a highly composite number 
then the next highly composite number is of the form 


({ N (log log log N)? } 


(163) N+0O  /(log log N) | t 


Hence the ratio of two consecutive highly composite numbers tends to 
unity. 

It follows from (163) that the number of highly composite numbers 
not exceeding « is not of the form 


, {log x/(og log 2) |) 
( (log log log x)? J ° 


29. Now let us consider the nature of d(N) for highly composite values 
of N. From (44) we see that 


(164) A(N).= 27 Od0— (m2) Br 2)—m (Ps) Au (P)—r(P) | (1 +4q,). 
From this it follows that 

(165) SEO BY a= Ar i I ee ao ta 

where w@ is the largest prime not exceeding 1+a,; and 
(166) ay = 7 (Pr) +0 (py). 


It also follows that, if #,, 2, 3, ..., @, area given set of primes, then a 
number ~ can be found such that the equation 


A(N) = 00. P73... Phu... OP 


is impossible if N is a highly composite number and 8, >. We may 
state this roughly by saying that as N (a highly composite number) tends 
to infinity, then, not merely in N itself, but also in d(N), the number of 
prime factors, as well as the indices, must tend to infinity. In particular 
such an equation as 


(167) AN) es oe 


where k is fixed, becomes impossible when mm exceeds a certain limit de- 
pending on &, 
SER. 2. vou. 14. No. 1245. rd a8 
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Jt is easily seen from (153), (164), and (165) that 


ig O(a) = O(log p,) = O(log log N) = O {log log d(N)}, 


(168) 
= 0 (aq) = 0 (log p,) = o (log log N) = o {log log d(N)}.* 
It follows from (147) that, if 7X = o(log p,), then 


(169) loga,___—_ilogas logas;) log ay 
log (1—4) log (1—4) ~ Jog (1—2) pu Velog (e31/in 
Similarly, from (149), it follows that if A = O»/(log p, log log p,) then 


logician) mee ie 





Again, from (152), we see that if AX 4 0,/(log p, log log p,) then 


log(l+a,) __ 2 EPL OO Q). 


re ippagesieies: = alge 


In the left-hand side we cannot write a, instead of 1+a,, as a, may be 
zero for a few values of X. 
From (165) and (170) we ean show. that 


log d(N) = aglog 2+O(ag), log d(N) # ay log 2+0(as) ; 


and so 
log (3/2) 


(172) log d(N) = a, log 2-+e !°8? 
But from (168) we see that 

log log d(N) = log p,+ O (log log p)). 
From this and (172) it follows that 


log p, + OV (log , log log Pi) 





log (3) log (3/2) deteei log log log d(N)! 
+0 AV | 


(173) a, log 2 = log d(N)— {log d(N)} 82 “Tnglog d@) I, 


30. Now we shall consider the order of dd(N) for highly composite 
values of N. It follows from (165) that 


(174) log dd(N) = log (1+ a,)+log (1-+a3)+...+log (l+a,). 








* More precisely w ~ a;. But this involves the assumption that two consecutive primes 
are asymptotically equivalent. This follows at once from the prime number theorem. It 
appears probable that such a result cannot really be as deep as the prime number theorem, 
but nobody has succeeded up to now in proving it by elementary reasoning. 
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Now let A, A’, A", ... be consecutive primes in ascending order, and let 
A = Ov/ (log p, log log p,), 
A # 0 AV (log p, log log p,). 
Then, from (174), we have 
(175) log dd(N) = log (1+ a.) +log(1-+a,) +...+log (1+ ay) 
+log (1+ a,)+log(l+ay)+...+log (1+ a,). 
But, from (170), we have 


(176) log(1+a,)+log(1+a3)+...+log(1+a,) 


BOE Pie sayy ea Pap lay 
= — jap log {A—HA—=HA Dee ) 


| 1 
+ Ov/(log p; log log py) lox | (1-9) (1 ~) 


It can be shown, without assuming the prime number theorem,* that 


(177) —log sie hae ae (1— =.) Lal og log pty +0 (; 


Ga ea 


where y is the Eulerian constant. Hence 

log | (1—4)(1—4)(1—}) .. (1 =| = O(log log p). 
From this and (176) it follows that 
(178) log(1+ a,.)+log (1+ a)4+-...+log (1+ ay) 


— __ log p; oO { sere po ( —=) | 
= Tog 2 18 | Wie pare) eae lj 





+ 0 {r/(log p,; log log p,) log log XN} 


ee aa ae Loh pae | 
eras 2 (cone 2h A) ( | 


+0 |/(log p, log log p,) log log log p;}. 





* See Landau, Handbuch, p. 139. 
2s Ma 
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Again, from (152), we see that 
(179) log(l1+a,)+log(1+a,)+...+log(1+a,) 


_ _ log (1— SU ea =) ( te, —) | 
“Begloe2 log | oo) (1 NETS) 


+0 dN’ log (1 =) +2" log (1— ~ 5) 1... +e los (1— =) ) 





= — PEL tog | (1 5) (155) (1 2)! +0 (e@—z00)} 


BE PDS Tia {(a—=) 1-5) (1— =)! (ee 
ee Jose log | : NA Ree eee : ™ ia log log p,/ 


From (175), (178), and (179) it follows that 





(180) 
log ddWN) = 


__ log 


108 Pi x! ee stata eel 3 
ena! log |) Hs (2 


NE 


+ 0 {/(log p, log log p) log log log p,} 


_ log p, | —+) (1-5) arlene oe Pe) 
ay eee: ae rN! : rN" ...(1 =) eames 





_ _logp , Bea eet ici log p, 
=~ (82 Plog (1—)—))... (1 =| +0 ee oa 
2 log BDi a qe ns ) (Oe Pe log p, eee) 
cs log Day LOB AOS a ta (re =), +O log log p 

log p 


— eh IE | { y0 loo loo 1 oman Pr ) 
log 2 | 198 log log pity ae log p =) TO log log p, 


log log N ( 


it 
noe | log log log log N+-y+0O (orice) | ; 


log log log N 


in virtue of (177), (168), and (163). Hence, if N is a highly composite 
number, then 


(181) dd(N) = (log RAE { log logloglog N+y+0 Garr! 
31. It may be interesting to note that, as far as the table is constructed, 
A WE AMOS Pe MeL iis AiR SIMON DEO (ns Bin 


5 ) " C 0-2 
TD? ip Oe eet [Or OBR Sane) S) O7 Sle cee AE 
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and so on, oceur as values of d(N). But we know from § 29 that k.2” 
cannot be the value of d(N) for sufficiently large values of m; and so num- 
bers of the form 4.2” which occur as the value of d(N) in the table must 
disappear sooner or later when the table is extended. 

Thus numbers of the form 5.2” have begun to disappear in the table 
itself. The powers of 2 disappear at any rate from 2’* onwards. The 
least number having 2”° divisors is 


DOs een esl) ele 4 
while the smaller number, viz., 
Oe Brabois le 18k pel 


has a larger number of divisors, viz., 185.2". The numbers of the form 
7.2” disappear at least from 7.2" onwards. The least number having 
7.2" divisors is 

eee is Oe leo er hI, 3 
while the smaller number, viz., 


Jes BS Fat tae if Or Obs 3 a 


has a larger. number of divisors, viz., 225.2°. 


IV. 
Superior Highly Composite Numbers. 


32. A number N may be said to be a superior highly composite nuim- 
ber if there is a positive number e, such that 


dN) — aN’) 
- Né =a (N’) ’ 





(182) 


for all values of N’ less than N, and 


a(N) . dN") 
Né (N’)< 
for all values of N’ greater than N. 








(183) 


All superior highly composite numbers are also highly composite. 
For, if N’ < N, it follows from (182) that 


d(N) > d(N") (=) Sr atN)3 


and so N is highly composite. 
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33. Now let us consider what must .be the nature of N in order that 
it should be a superior highly composite number. In the first place it 
must be of the form 


(184) Pes Wetec ta P; : 

or of the form 2 sia Sat) lane eee Di 
X20 no ees 
KAO Olde apa 
erect se 


i.e. must satisfy the conditions for a highly composite number. Now let 
NG NIN, 
where A\<p,. Then from (182) it follows that 
-Il+a, Ay 


A = y«(a,—1) ? 














or 
1 
(185) NE (1+ —). 
Ay 
Again let Nie NaN 
Then, from (183), we see that 
1+a, 2+ ay 
Btu Aft D? 
or 
186) | ie (1+ ears ) 
: +a)" 
Now supposing that A = p, in (185) and A= P, in (186), we obtain 
log 2 log 2 
(187) pees << GEe aay 
Now let us suppose that e = 1/x. ‘Then, from (187), we have 
(188) cee oa 


That is, p, is the largest prime not exceeding 2”. It follows from (185) that 
(189) a < AVe—I1)h 

Similarly, from (186), 

(190) ay > (AV*—1)-1—1. 
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From (189) and (190) it is clear that 

(191) ay, = (A"—1)71]. 

Hence N is of the form 

(192) ete Nektar pete Uo one. 


where p, is the largest prime not exceeding 2’. 


34. Now let us suppose that A = p, in (189). Then 
Cr yeh AB ate: 
- But we know that r<a,. Hence 


P< (p—1)- 
or 
, ey 
(193) Gee (1+ —) . 
Similarly by supposing that A = P, in (190), we see that 


(ix adh Ee Wiel ay 


But we know that r—1 Dap. Hence 


1 > (Pe 1)-4 
or 


Ai 


ate, 
(194) P.> (1+ “| | 


From (193) and (194) it is clear that p, is the largest prime not exceeding 
(1+1/7)". Hence N is of the form 


(195) PASE Resi Yi 


where p, is the largest prime not greater than 2", p. is the largest prime 
not greater than (3)”, and so on. In other words N is of the form 


(196) eS Q)+IGY+IGY +... » 
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and d(N) is of the form 


191) Pia EA gC a4 ae 


Thus to every value of « not less than 1 corresponds one, and only one, 
value of N. 


d(N) d(N’) 
Ni z= (Nu e ; 


for all values of N’, it follows from (196) and (197) that 


35. Since 








or (2”) (By (4)7 


198 d MTS AaeG? GuasaF 
( ) (N) < N ella) (2°) elas Gy ele) + Gy" : 








for all values of N and x; and d(N) is equal to the right-hand side when 
(199) N = eh Qt 39 @*+9 G+... 


Thus, for example, putting « = 2, 3, 4 in (198), we obtain 


AN) < V/(3N), 
(200) | AN) < 8(8.N/35)', 
d(N) < 96(3N/50050), 


for all values of N; and d(N) =/(8N) when N= 2?.3; d(N) =8(8N/35)3 
when N = 2°.37.5.7; d(N) = 96(3.N/50050)? when 


Nie A ee 


36. M and N are consecutive superior highly composite numbers if 
there are no superior highly composite numbers between M and N. 

From (195) and (196) it is easily seen that, if MW and N are any two 
superior highly composite numbers, and if W > N, then M is a multiple 
of N; and also that, if M and N are two consecutive superior highly 
composite numbers, and if M > N, then M/N is a prime number. From 
this it follows that consecutive superior highly composite numbers are of 
the form 


(201) MT yy Wy Tyg Tg TOS 9) Aa Tag FOG TAs ee as 


where 7, 7, 73, -.- are primes. In order to determine 7, 7», ..., we 
proceed as follows. Let x; be the smallest value of x such that [2”] is 
prime, #5 the smallest value of « such that [(3)*] is prime, and so on; and 
let x, Z, ... be the numbers x}, x2, ... arranged in order of magnitude. 
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Then 7, is the prime corresponding to 2,, and 
(202) N = Ty 9 73 eee Tn» 
if Ln = Hb <= Un+1> 


37. From the preceding results we see that the number of superior 
highly composite numbers not exceeding 


(203) oe? Q)+3 G43 G+... 

is 7 (2) +a Ba (bee 
In other words if 2, < % <(an4, then 

(204) n= 7 (2")+7(3)’+7(9)'+.... 


It follows from (192) and (202) that, of the primes 7, 7, 73...) 7, the 
number of primes which are equal to a given prime @ is equal to 


(205) [(o*—1)-1], 


Further, the greatest of the primes 7, 7, 73, ---) Tn 18 the largest prime 
not greater than 2”, and is asymptotically equivalent to the natural n-th 
prime, in virtue of (204). 

The following table gives the values of 7, and %, for the first 50 values 
of n, that is till x, reaches very nearly 7. 




















log 2 
7, = 2 i em a 
log 8 
wT, = 8 m= a = 15849 ... 
©) 
losgage ee 
+, = 2 be = tog @ = 11095... 
mr, = 5 ty = ess = 23219... 
ti eee OGeeee 
tT, = 2 ’s = Tog = 241094 -- 
log 3 
T;, = 3 xy, = ioe = 2°7095 ... 
™] =7 a ae = 28073 ... 
Bee Pe OS 81062 





—d 
© 
JQ 

Kiar 

— 


394 


710 


Wy 


719 


19 


720 


Woy 


95 


94 


726 


11 


13 


hy 


19 


23 


29 


31 


37 


41 


43 


AT 


Mr. BS. 


“10 


Hy 


Log — 


RAMANUJAN 


log 11 
log 2 


log 13 
log 2 





log 2 
log (3) 
log 3 
log (4) 








log 5 
log (3) 
log 17 

log 2 
log 19 
log 2 

log 2 
log (§) 
log 28 
log 2 











log 7 


~ Jog (3) 


log 29 
log 2 
log 3 
log () 











3°4594 ... 


3°7004 ... 


BUREN cr 


DLO Omer. 


DiV0dome 


4°0874 ... 


4:24 (9%. 


4°4965 ... 


4°5235 ... 


PAIL. 


ALS a Te. 


AOD Doe 


A°9541 ... 


DS LOU SE 


SUAVE ER 


58575 ... 


54262 ... 


5°5540 ... 
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798 


738 


739 
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53 


59 


11 


61 


67 


fal 


73 


79 


13 


83 


89 


97 


101 


103 


log 5 
log (3) 
log 53 

log 2 























log 2 
log (4,2 
log 97 
log 2 
log 101 
log 2 
log 108 
log 2 








== 55945 ... 


SELAH ee 


5°8826 ... 


5°8849 ... 


5°9189 .. 


D938 3% 


6°02.56 ... 


6°0660 .. 


6°1497 ... 


be LSUSr x. 


6°3037 ... 


6/3209 = 


= 63750... 


64757 ... 


= 65790... 


615999 ... 


GO OG Arcs: 


= 667.24 ... 
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m1, = 107) ty = as = 67414 .. 
ty = 7 ye ae = 67641 
Tate acs se = 6°7681 .:. 
m4, = 113 w= ear — 68201... 
mi ee it — 69875 

Tr = 127 = “eae = 69886 ... 


38. It follows from (17) and (198) that m8 d(N) Pe F(x), where 


ar (t) (3) 7 (t) 
t t 


2 


(206) F(e) = = log N+ — | =e dt |" dt... 
for all values of N and «. In order to obtain the best possible upper 
limit for log d(N), we must choose z so as to make the right-hand side a 
minimum. 

The function F(x) is obviously continuous unless (1+1/r)” = p, where 
ris a positive integer and pa prime. It is easily seen to be continuous 
even then, and so continuous without exception. Also 


2° Gy 
(207) F@) =—4logn—+ || 7 a+| mo att...} 
L free GP t 2 t 


+— {a (2) log 2+ (8) log $-+...} 


+13 9 (234258) ie) ae 10 


unless (1+ 1/7)* = p, in virtue of (17). 
Thus we see that F(z) is continuous, and F(x) exists and is continuous 
except at certain isolated points. The sign of F’ (x), where it exists, is 


SS: §(2)45(3)"+.9(4)"-4,.. —log N, 
and $(2)+98-+9(4)+..., 


is a monotonic function. Thus F’(x) is first negative and then positive, 
changing sign once only, and so F(x) has a unique minimum. Thus F(z) 
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is 4 minimum when @ is a function of N detined by the inequalities 


; l Oy] g 
(208) $(2 +38" +5 (4)74 ie 2B eau 


= LOW N= (yt at) 
Now let D(N) be a function of N such that 
(209) DW) = 2° egy Eyre 


where w is the function of N defined by the inequalities (208). Then, from 
(198), we see that 


(210) d(N) < DN), 


for all values of N; and d(N) = D(N) for all superior highly composite 
values of N. Hence D(N) is the maximum order of d(N). In other 
words, @(N) will attain its maximum order when N is a superior highly 
- composite number. 


WP 
Application to the Order of d(N). 


39. The most precise result known concerning the distribution of the 
prime numbers is that 


[x@) = La@)+ Owe, 





(211) 
|3@) = « +O0(me>ov8”), 
ee Remo (e reClL 
vhere Lif) = | feaee 


and wis a positive constant. 

In order to find the maximum order of d(N) we have merely to deter- 
mine the order of D(N) from the equations (208) and (209). Now, from 
(208), we have 

loz N = $(2)+0(8)* = 9(2%) +0 (2"") ; 
and so 
(212) $(z") = log N+o0 (loz N) ; 
and similarly from (209) we have 


_. log D(N) 


(213) (er) or 2 +o(log N):. 
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It follows from (211)-(218) that the maximum order of d(N) is 


(214) QLi(log N)+O [log Ne~ “Vlog Pee 


It does not seem to be possible to obtain an upper limit for d(N) notably 
more precise than (214) without assuming results concerning the distribu- 
tion of primes which depend on hitherto unproved properties of the 
Riemann ¢-function. 


40. We shall now assume that the “ Riemann hypothesis ”’ concerning 
the ¢-function is true, 7.e., that all the complex roots of ¢(s) have their 
real part equal to 3. Then it is known that 





(215) Shae -- + O(x), 
where p is a complex root of ¢(s), and that 
(216) 
a(x) = Li(x)—4 Li(/x)— Li(x’) + O (2°) 
4 (ip) on ES PA LSS: Sea ee ( Vaz | 
aca log’ lop 2) aw lon 2 p (log a)? ais 7 +0 | | log x)" )’ 


Fan 
since & = is absolutely convergent when k > 1. Also it is known that 


(217) na “ = 0 {V2 (log x)”} ; 
and so 
(218) S(@a)—x = O1V/2 (log x) }. 


From (215) and (216) it is clear that 








(219) r(x) = Lite) + =" —Rw+0 | 5), 
where 
Yas 
O/“e+ = EU 


Bat it follows from Taylor’s theorem and (218) that 


& oe 
log 





(221) LiS(x2)—Li(z2) = at O (log )°, 
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and from (219) and (221) it follows that 





(222) ees eh ee OL Te ae 
( (log x)? 


41. It follows from the functional equation satisfied by ¢(s), viz., 


(2.23) (Qer)-§ I'(s) €(s) cos 37s = ¥C(1—S), 
that (l—s) 77?” T (=x) (=) 


is an integral function of s whose apparent order is less than 1, and hence 
is equal to 


4) (2) ern se 
SOI Tes Some phan ee 
From this we can easily deduce that 
ies 
(224) e(etsr eal (=) Gace ayer (hes +), 


Subtracting 1 from both sides, dividing the result by s, and then making 
s > 0, we obtain 


(225) B= Tee ey ah 
where y is the Eulerian constant. Hence we see that 


= ya2 gag = verbs +7) 


oP 
wD 
P 





(226) 24 Za 











A ee = = /a (2-+-y—log 47). 
It follows from (220) and (226) that 
(227) (log 4a—y)/a < R(x) (log x)? < (44y—log 47) V2. 


It can easily be verified that 


log 4a —y = 1°954, 


(2.28) 
| 4+y—log 4 = 2°046, 
approximately. 
— LAS E+ D} 
42. Now fi (x) as (log x)? ’ 


Wy ad 
where Sa) as : 
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so that, considering R(x) as a function of a continuous variable, we have 








a /x (log x)? x (log x)? (log x)” 
is) pee 
»loe7) ras (A/a (log x)? ) ’ 


for all values of « for which S(x) possesses a differential coefficient. 
Now the derived series of S(x), viz., 


is uniformly convergent throughout any interval of positive values of x 
which does not include any value of « of the form « = p”; and S(z) is 
continuous for all values of x. It follows that 


S(t) —S (x) = if S (a) da 


for all positive values of x, and x, and that S(x) possesses a derivative 
Shy ns 


whenever « is not of the form p”. Also 








a. ( (log w)? | 
S (a) * 0 ( A/ x ) 
Hence 
a+h oO 2 
(229) Rete Re +| a! ae | at 
loo 
a R(x)+0O | tak Mee j 


43. Now log N = 9(2*)+3(3)*+ 0(%)" 
= $204)" +0 (2)"} +047 
= $(2°)4 @’+ 02"). 
Similarly log D(N) = log 2.7 (2) +log (8) Li@y' +O"), 
Writing X for 2°, we have 
[slop N= 3 (Xe Ae 


(230) 
(log D(N) = log 2.7 (X)+ log (3) Li { X's O's?) 4+ O (A), 
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It follows that log N = X+ O[ X18 Gites?) ; 

and so 

(231) X = log N+ O [(log N)!es @/los 2) 
Again, from (230) and (231), it follows that 

(232) log N = 9(X)+ (log N)!8@)824. CO | (log N)*| ; 

and 


(283) log D(N) = log 2.7(X)+log (3) Li (log N)s@/s2-+ O { (log N)*} 


og 21 Li 9(X)— RO) +0[ Wes a8 || 
+ log (3) Li | log Ny’ @) 82) 4.0 | (log Ny}, 
in virtue of (222). From (231) and (233) it evidently follows that 
(234) log D(N) = log 2. Li$(X)—log 2. R(X) + log (3) Lz | (log N) 8 108? | 


(_/(og N) ) 
((log log N)? ) 


= log 2. Li {log N—(log N)!°8 @/°s2 4+. O(log N)# } 
—log2.R {log N+ O(log Ny! @/!08 2! 


( (log N) ) 
| (log log N)? ) 


ar, 


+log (3) Le | (log N)losG 3)/log 2) +0, 
in virtue of (281) and (282). But 
Li {log N—(log N)'°8 8? + O(log N)** } 


_ 7; (log N)'°8 @) les 2 ( dog N)* ) (log N) (oe bos a} ) 

= Ln(log N) Woke © +0 (log N 

and 

R {log N+O (log N)"8®82) = Blog N)-+0 {dog Nykes@s-# (log log N)?} 
= R(log N) + O(log N)™, 


in virtue-of (229). Hence (234) may be replaced by 
(235) log D(N) = log 2. Li(log N)+log (8) Lt | (log N)8 es 2 | 


eee Oe Whar iP (_v(logN)_ | 
log 2 eae log 2-2 (log N) FO) ez toe 


sER. 2. vou. 14. No. 1246. rae 1 
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That is to say the maximum order of d(N) is 





(236) gli (log N)+$ (N), 
where | 
— log () ee oO log (3)/log 2) __ (log N)'°s Glog 2 =e ] : 
PN Be 2, Lt (log.N)™ log log N Fi (log.N) 
(_ /Gog N) -} 
att (log log NY?) ~ 


‘his order is actually attained for an infinity of values of N. 


44, We can now find the order of the number of superior highly com- 
posite numbers not exceeding a given number N. Let N’ be the smallest 
superior highly composite number greater than N, and let 


N= eS 2)V+9 GPF FGF oe 
Then, from § 37, we know that 
(237) QIN rx IN” <= D7N, 


so that N’ = OWN log N); and also that the number of superior highly 
composite numbers not exceeding N’ is 


n= 1 (2) +7 (3) +7(S)'+.... 


By arguments similar to those of the previous section we can show that 


(log N) log (3)/log 2 


a (loo a(loe log ($)/log 2 __ 
(238) n= Li(log N)+Li(log N) [ee loeaNe 


— Rilog N) 


( raJ/logN } 


ae ( dog log Ny?) ° 


It is easy to see from § 87 that, if the largest superior highly composite 
number not exceeding N is 


2" 8% 5%... pr, 


then the number of superior highly composite numbers not exceeding N is 
the sum of all the indices, viz., 


(inate Goat Ona alae 


45. Proceeding as in § 28, we can show that, if N is a superior highly 
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composite number, and m and n are any two positive integers such that 


log mn = o(log log N), 


then 
log Grn) log mn \2 
; 0 Oh ————— 
(239) d (= N] metiys! (N) Ylog log N log log N/ | 
0 


From this we can easily show that the next highly composite number is 
of the form 
( N (log log log N)? ) 


40) N+0 log log N fo* 


Again, let S’ and S be any two consecutive superior highly composite 
numbers, and let 
S = eS O49 G49 4 +... 


Then it follows from § 35 that 


Novas 
(241) dN< (=) d(S), 
for all values of N except S and S’. Now, if S be the n-th superior 
highly composite number, so that 


Lin < XL <2 Hn+1 5 
where x, 18 the same as in $ 86, we see that 


; N 1/z,, 
(241') UN) <(z) “as 
for all values of N except S and S’. If Nis S or S’, then the inequality 
becomes an equality. 

It follows from § 36 that d(S) < 2d(S'). Hence, if N be highly com- 


posite and S' << N < S, so that d(S’) < d(N) < d(S), then 
4+d(S) <a d (N) ae d(S), d (S’) <A a(N) < 2d (S'). 


From this it is easy to see that the order (286) is actually attained by 
d(N), whenever N is a highly composite number. But it may also be 
attained when N is not a highly composite number. For example, 1f 


Wet come p) X.(2.040-..- Do) s 


where p, is the largest prime not greater than 2", and p, the largest prime 
not greater than (3)’, it is easily seen that d(N) attains the order (2386): 
and N is not highly composite. 


bo 


ihe 


404 Mr. 8. Ramanusan [June 11, 


We 
Special Forms of N. 


46. In $$ 33-88 we have indirectly solved the following problem: to 
find the relations which must hold between x, 2, x3, ... in order that 


Om) | (B)7 2) (eyes es 


may be a maximum, when it is given that 


is a fixed number. The relations which we obtained are 











‘This suggests the following more general problem. If N is an integer of 
the form 


(242) e J (@ 1) + C29 (%2) + ¢3 F (@3)+ ve, 


where ¢j, Cy, C3, ... are any given positive integers, it is required to find 
the nature of N, that is to say the relations which hold between 
X1, Lo, Lg, ..., When d(N) is of maximum order. From (242) we see that 


Lbacbes\"* " (- Tot ot ss) ae 
1+¢, 1+¢,-+ Cg ee 


If we define the “ superior’ numbers of the class (242) by the inequalities 


d(N) _ d(N’) 
NE oe (N’)s ’ 


(242) d(N) = (1 +e)"@™ (- 








for all values of NV’ less than N, and 


d(N) = d(N") 
NE (N's ’ 





for all values of N’ greater than N, N and N’ in the two inequalities being 
of the form (242), and proceed as in § 33, we can show that 
| (eate): see 
1 cy"! 
(248) d(N) < Nue (acne ea Ua tt 


e wal wle; ales Ll+e,+¢2)\*/¢2 
ell) dA +e)" seal — ) 


for all values of z, and for all values of N of the form (242). From this 
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we can show, by arguments similar to those of § 38, that N must be of 
the form 


x 1+¢,+¢o\2/¢e 1+¢)+Co+63\ es 
ey $(14+ ey)" +¢2 9 (ate) +¢3 4 (+ *) +... 
eC" : ) : 1+¢; = 1+¢1+0¢o 


(244) 


3 


and d(N) of the form 


: we, (L+e,+¢. ae) 1+ ¢,+¢)+6,3\ 7 (Hates aeons 
(244') (14+¢,)ratay® (i Pate): {i uke ‘" Tesch 
4 1-+¢, Petrie 


From (244) and (244’) we ean find the maximum order of d(N), as in § 48. 


47. We shall now consider the order of d(N) for some special forms 
of N. The simplest case is that in which N is of the form 


eo. eee ts 





so that log N = Y(p), 

and d(N) = 27), 

It is easy to show that 

(245) d(N) = Q!00gN)-R og N)+0 | aetoc tp f 


In this case d(N) is exactly a power of 2, and this naturally suggests the 
question: what is the maximum order of d(N) when d(N) is exactly a 
power of 2? 

It is evident that, if d(N) 1s a power of 2, the indices of the prime 
divisors of N cannot be any other numbers except 1, 3, 7, 15, 31, ...; and 
so in order that d(N) should be of maximum order, N must be of the form 


e” (2) y+2 4 (9) +49 (%3)+8 $ (#4) coass : 
and d(N) of the form = QV ¥eD#OD+., 


It follows from § 46 that, in order that d(N) should be of maximum order, 
N must be of the form 


(246) e? (4) +2 3 (Vuv)+4 53 (a) +8 9 (ws) + 1 


and d(N) of the form 


(247) Om (a) +m (vn) +m (v4) +m (08) +. 


Hence the maximum order of d(N) can easily be shown to be 





eN 4vV(log N) { v(og N) 
o Li los I ere oe Ny — Rog N)+0 {qe yy Wie 


(248) 
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It is easily seen from (246) that the least number having 2” divisors is 
(249) .2.8.4.5.7. 9-11. 13016. 1ie 19 82 4b) 20e es to iectoue 


where 2, 8, 4, 5,7, ... are the natural primes, their squares, fourth 
powers, and so on, arranged according to order of magnitude. 7 


48. We have seen that the last indices of the prime divisors of N must 
be 1, if d(N) is of maximum order. Now we shall consider the maximum 
order of d(N) when the indices of the prime divisors of N are never less 
than an integer x. In the first place, in order that d(N) should be of 
maximum order, N must be of the form 


ee + (21)+ 9 (@2)+ 3 (%3)+.. 
’ 


and d(N) of the form 








ay +) 7 (tia) (2 +) (48) 
7 (x1) 
(1+n) ie Pra es 
It follows from § 46 that N must be of the form 


a 


n+(1+ay" meg (Sen) +9 
7 Fr) 





(250) 
and d(N) of the form 





nea “(ay (Gt) ew 


Then, by arguments similar to those of § 48, we can show that the maxi- 
mum order of d(N) is 


(251) (1--nyratm ( 





(252) (n+ 1)EitG/m log N}+b) 
where 
( log (7+ 2) ee gel seas 
—a oe OS : et oO og (n+1) L 
BLN) ( log (n+1) : a | = log.V : 





1 _ log (+2) _ cae 
(ca log w)" log (n+1) 
ie 


n log (= log N ) 


V (log N) ) 


a eee ( _4/ (log N) | 
ft (es log N)+0 ( (log log N)* ) 


If n > 3, it is easy to verify that 


| logs (0 eae 2 
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and so (252) reduces to 


(258) (n+ 1) 
provided that » > 3. 





Li (Jn) log N}—R{C1n) log N} +0 | “CoH N)_ | 


(log log N)3 j 3 


49, Let us next consider the maximum order of d(N) when N is a 
perfect n-th power. In order that d(N) should be of maximum order, N 


must be of the form 
el 3S (41)+ 1 5 (a0)+n 4 (@3)4+... 
b>] 


and d(N) of the form 








1+ a) a APs) @ + zn) (ws) 
1+n 1+2n 


It follows from § 46 that N must be of the form 


(1-2)? ( 





4 1+2n\" | 14+31\% 
(254) oho dtartns (TE) +19 te) iy 


and d(N) of the form 


« (A 2n\ » A222)” (1-820) = (E82)? 
e 1 7 (1+7) Gang 1+n ( ee 1+2n fe 
(255) (1-+-72) iar ie, " 





Hence we can show that the maximum order of d(N) is 


{ v(logN) } 
‘(og log Nj3) : 





(256) Gch Li {Qn) log N}—R {(1/n) log N}4+0 


provided that n> 1._ 


50. Let 7(N) denote the least common multiple of the first N natural 
numbers. Then it can easily be shown that 


(257) 1(N) — gllog N/log2] gflog N/log3} 5 [log N/log 5] oye 


where p is the largest prime not greater than N. From this we can 
show that 


(258) UN) = e2 M+9(VN) +9) FIND... , 
and so . 
(259) d {1(N)} = 97@) 8)" (Ayr cn be 


From (258) and (259) we can show that, if N is of the form /(1/), then 
(260) d(N) = 22togN)+o(N) 
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where 

an _ log (2) a/(log NY) ge) vlog Ns ois, { s/(ogN) | 
Dies log 2 log log N te 2 (log log N)? fi (log N)+ 0 ((log log N)®) ° 
It follows from (258) that 

(261) LON) re Oa cael 

and from (259) that 

(262) d{U(N)} = Q24O)+0 (vN log N), 


51. Finally, we shall consider the number of divisors of N!. It is 
easily seen that 


(263) DN oe MER eat: 


where p is the largest prime not greater than N, and 


- BERRI 


It is evident that the primes greater than 3N and not exceeding N appear 
once in N!, the primes greater than 4N and not exceeding 4N appear 
twice, and so on up to those greater than N/[,/N] and not exceeding 
N/({,/N]—1), appearing [,/N ]—1 times.* The indices of the smaller 
primes cannot be specified so simply. Hence it is clear that 


9 (N)+9 (AN) +9 (GN) +...49 (atc) 


(264) py tee GP Aes ORS gan ey 


where w is the largest prime not greater than ./N, and 


N N 
a-itivey=[5 Lait elt 
From (264) we see that 
(265) d(N!) = 27) (8)"G¥) (4)"@%) ||, to [,/N] —1 factors 
% EO {log (1+ a2) +log (1+a5)+... +log (1+ ogy)} 
= 27) (3)F GN) (4)"@N) |. to [4/N] —1 factors 
x oO iw log (1+ a2)} 
SP GAN ED HAC LOMESTASL DATA iro eng Patra rey: 


x 60 (VN log N). 








* Strictly speaking, this is true only when N > 4 


1914. | HIGHLY COMPOSITE NUMBERS. 409 


N (ey NGe 


Since ; feces” doa | ; 


we see that 


a Re 
(266) d(N!) = cles N ‘(og WN 2) 
where C = (1+1)' (1+: 4)? (14+4 (1+ 
From this we can easily deduce that, if N is of the form M!, then 
log V 42 log N log log log N | g N } 
(267) d(N) — (ieos log Ne (log log V)3 ae vy! 


where C is the same constant as in (266). 


52. It is interesting in this connection to show how, by considering 
numbers of certain special forms, we can obtain lower limits for the 
maximum orders of the iterated functions dd (n) and ddd(n).. By supposing 


that N = 92-1 33-1 Re ores 


we can show that 
v7 (2 log 7) 


(268) dd(n) > 4 leglosn 





for an infinity of values of n. By supposing that 


— 92%-1 93%s-1 pP—} 
N — 2, A03 AS 3 


where Fi rome ek a2 
we can show that 
(269) ddd (n) > (log )!°8!08 198 tes” 


for an infinity of values of 7. 
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A CLASS OF DIFFRACTION PROBLEMS 


By H. M. Macponaup. 
[Read January 14th, 1915.—Received, in revised form, February 19th, 1915.] 


In the solution of the problem of the diffraction of electric waves by a 
perfectly conducting right circular cone, the constants of the requisite 
series were determined from the fact that these constants must be identical 
with the constants in the series which represents the solution of the 
corresponding potential problem, where both series are expressed in terms 
of the appropriate harmonic functions.* The solution of the problem of 
the diffraction of electric waves by a perfectly conducting wedge was also 
obtained in the same way.t The object of the present communication is 
to exhibit in analytical form the argument which demonstrates that the 
constants are the same for the solution of the diffraction problem as for 
the corresponding potential problem, and also to apply the method to the 
solution of the diffraction of waves of sound by a rigid wedge. Solutions 
of the corresponding potential problems are obtained in the form suitable 
for comparison with the diffraction problem. 

The solution of the diffraction problem depends on the solution of 
linear partial differential equations of the form 


Ew+nrw = 0, (1) 


where H is some operator, and w satisfies certain boundary conditions, 
while the solution of the corresponding potential problem depends on the 
solution of equations of the form 


Hw = 0, (2) 


with the same boundary conditions. When the space for which the solu- 
tions of (1) and (2) are required is the space bounded by €= é,, €= &,; 
n=, n=; (=O, 6=G; where €, y, ¢ are coordinates determining 


* Hlectric Waves, p. 90, 1902, 
+ Electric Waves, p. 187. 
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three families of surfaces, if the equations (1) and (2), when they are 
transformed to the new variables, take the form 


D,w+ Dywt+Dyw+w[fOtAM+h(O] = 0, (3) 
D,w+ D,w+Ds,w =i} (4) 


where D, involves only € and operations with respect to €, D, involves 
only 7 and operations with respect to 7, and D, involves only ¢ and opera- 
tions with respect to ¢, the solutions of (3), when the boundary condition 
is that w or Ow/on is given over the boundary, will be of the form 


Vr VE Na (5) 
and the solution of (4) will be of the form 
i= SUMN, (6) 


where L’, M’, N’, L, M, N are harmonic functions, and L’, WM’, N’ assume 
the values L, M, N when « vanishes. 

The function L’ satisfies a linear differential equation involving €& 
only, W/’ satisties a linear differential equation involving 7 only, N’ satis- 
fies a linear differential equation involving ¢ only, and when only one of 
these three equations involves « the value of w which satisfies (3) can be 
immediately obtained from the value of w which satisfies (4) with the 
same boundary conditions. If the equation which is satisfied by L’ is 
the one that involves x, then 


TV Vas rN nN 


for the differential equations, and the boundary conditions are the same 
in both cases. Hence the solution of the problem is reduced to finding 
the solution of the linear differential equation satisfied by L', which satis- 
fies the boundary conditions, and takes the value L when « vanishes ; 
therefore, when the solution of (8) and (4) are expressed in terms of the 
appropriate harmonic functions the constants in the two series are identical. 
This applies when the space is that bounded by two concentric spheres, 
two coaxial right circular cones, and two planes through the axis. 

In order to apply the method to the solution of the problem of the 
diffraction of waves of sound by a wedge it is necessary to obtain the solu- 
tion of the corresponding potential problem in the appropriate form. 
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Green's Function for a Wedge. 


Choosing polar coordinates 7, 0, ¢, the potential V at any point satis- 
fies the differential ae 


OV ae oy, | 1 


Or clases a 7 “a- + sin O a) oF ai eat =) (7) 


7 


where wu is cos 0, p is the density of the inducing distribution at the point, 
and the condition to be satisfied at the boundary is that V vanishes. 
Writing 7 = ae~*, equation (7) becomes 


eo” ov,oa Rs een be ye 8 Bi 
mE ay +5, 7# 5, + ane ri Op +4rpare = 0, 
and, substituting Vi Ue, 


the equation satisfied by U is 


Onamar 0 ston t i= eee 1 ps 
Dz ne ee ita peelerana a +39 Op +4rpare 0. (8) 
When the space for which equation (8) is satisfied is the space bounded 
by the spheres 





f(b, Te a 
and the planes p¢=0, p= 
the harmonic functions of \ and ¢ which vanish at the boundary are 
7X . Td 
Hive ein 
Xo Po 


where / and m are positive integers, and the harmonic function of « is the 
function which satisfies the equation 
Oy men 


5 Sales — pu) Ou pe 


where n is determined by the condition that y is finite for all values of « 
in the space, that is, when 








pa tmnt y = 0, (9) 


LS 
Writing m7/¢) = m’, the solution of (9), which is finite when u« = 1, is 
y= A Bk (u), 


and 7 is restricted by the condition that P7™(u) is to be finite when 
u=—l. Now 


— nv a 1 ey” eT, yy meek al tee 
P>" (u) = Meee ACE F[—n, n+1, 1+m’, 30—»)], 


1915. | A CLASS OF DIFFRACTION _ PROBLEMS. 418 


and F|—n, n+1, 1+m’, 4}1—»)| 
= {F(1+y))™ F[n+tm' +1, m’'—n, 14m’, 41 —2)]; 


(1— — u”) am 


A ea Wa fea 
Tam) F{ntm' +1, m'—n, 1+m’, $0 7 w)|, 


whence P,™ (u) = 
therefore, if P,"(—1) is finite, M(v+m'+1, m’—n, 1+m’', 1) must be 
finite, and since the series diverges, it must consist of a finite number of 
terms, that is, either n-++-m’+1 or m’—n is a negative integer. Again, 
P=" ,(u) and P>"(u) are not different solutions of (9), therefore it is- 
sufficient to take the positive values of » for which 2—m’ is a positive 
integer. Hence the solution of equation (8) 1s 


”n Dn io’) l r 
zi od hie 
eae PPE, As Stn 


sin m'd@ P7" (u), 
=e n=O ri No 


where n— 0’ 1s a positive integer, and 





; , Pear 
+o Po Amn | F Lex ss (2) | ; du. | +4)4 2 | 
x 0 





Xo bo 1 , 
= 47a’ \ | | pe ** sin dan sin aD PP," (u)drdddu, 
0 J0 Xo Po 


and therefore 


16 7a? 2 ©: -- |aX.--.! Mw ro (0 (1 = 
Ce yy S > Sint sin ? ja By _, pe aN 
No Po t=O 1 =0, n= Ao Po 0 











if ‘ t Pe 9 Ss 
x sin sin MEE Dem (u') aN’ dg dn! [| (n+3)*+ Se =H [Pom (ul) du!, 
0 0 245 
(10) 
and for the case of a point charge g at the point Ay, @1, #1, this becomes 


167 em 2 ag! ee a law lrAg MED. M7 Dy, 25 
pat >) sin ——_s1n. sn Le gin EPA Parr, 
Xo fo @ l= wy; m=0 n=’ No No Po po 


Par? 1 
[Loto Se] [Bere oitaw'. a 
Aelia 


i fev ayT ay: 





It is known that* 


1 
| P Pee tu) Peet) ate 


Ho 


1 a je a eres (to) ee THe m' a) 
pee Cara [es (M9) 4 lee (49) Stes 


* Proc. London Math. Soc., Vol. xxx1, p. 265, 1900. 
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therefore 
1 § GPR (in) aPp-™ (u) Been 
l= it | 2 1 m’ n =the n nu : 
| Gate ene a i PA" (wu) dudn du dn Wea 


Now 


IL {3(—m' — 
IL, 4(v+m’)} W(— 


xX F[s(n—m' +1), —3(n+m'), 3, ue? | 


Il {3(n—m')} 


P>™ (u) = 2-™ cos 4(n—m') 3 7 A py 


9-m od 4 buna? fia 2) — din’ 
4 sin 3 (7 8 iar ane ree Ta eee eran iT Ta" ) 
x F[4 (n—m' +2), —3(n+m'—1), 3, wv], 
whence, when « = 0, 
Bee, Bee IL; 3(2—m'’—1)} 
P Mr 0 — ») an 1. ey Adee ! hac SUE Pee or Eee 
ed) COS x (20 mi’) TF (heb )) ILO)? 
aP—™ (u) pe ee Il{3(2—m')? 
nv — 9-m 4 ae (2 ) F 
du. Baa IT 4 @-- mm’ —1)t IT) 
ASD TY he Le (—m’ Il) 3(r—m'—1)' 
hat ake a pee ee Ue IL }3(a-+m’) : IL(—4) 


d Ili 4(n—m'—1)} 


gm 4(n— SF CRTC Eo 
at, cos 4 (2 —m') ar —— dn 11! d(n-+m’')! TQ) 


oe (u) a 
dudn 


IL} 4(n— 1m’) ' 


1 =i 1 ! 
dar 2 C08 ss (tt ha = ee 
2 2 ) Ti 3(m+m'—1)! I) 


d IL) 3(u—m')! 


— Maan Me ge nl Ll UD aI Ps | 
+2-™ sin 3 (1 — mi) m dn IL{4 (n+m’—1) ! IL(3)’ 


and, since n—m’ is an integer, 
B ty idan am’ dB Mt) a LP. dP," (1) aR, mn’ dP," (u) 
jee nv 
[ fp idudiiee 2 eee age poe 
Sees IL} 3(n—m’)} IL} 3(2—m'—1)} 


IT (4(n-+ m') IT} UpRTo, —1)} W(—4a) 1)’ 


1 W(r—m’) 
Qn +1 I (n+ im)” 





1 
hence | Bee in, = 
0 


Again, when 2—7m’' is an integer, 


P"(—p) = cos(n—m’') 7 PZ” (un), 
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u 1 
therefore | { Cae (u) ' du — 9 | ge m’ (u) du, 
aot 0 
2  Il(2—’) 
) —m | 2 ee 
mes Lee ee ae In+1 W(n+m’) 


The value of V is therefore given by 


_ 87q LAG) SY SS In +1 IL(v+m’) 
oT : 7 me Ea Win—m’) 


ANo po : 1=0 m=0 n=n' (a+ 4)? 2 
‘i i) 


. larX . lardA, . mr MT 
< sin ——sin Pah ak sin ua p 





oP Pa a); 


and effecting the summation for the values of /, this becomes 


= 4r¢q ghQ+A) S S II (2+ m’) cosh (n+ 4)(Ap—A+Ay) — Cosh (+3) Ay —A—Ay) 
Ady m=0 nam’ LL(2—m’) sinh (2+ 4)A, 


map mT i — 
TP gin MEPL Pm’ (yu) P=” (u4,), 
Po Po 


Ne 


when A> a and 


ape eae ep £(A+A) 5 S II (2 -++ m’) cosh (+4) (Ag —Ay -A) — cosh (2 + 3) (Ag—A—Ay,) 
Ady m=0 nam LL(n—m’') sinh (72 +4) Ao 


. mrd . mr i 

X< sin - ee. sin Peeps 1239 LAGT§ see met) 
Po Po 

when A < A. 


When the space, for which the solution is required, is the space inside 
the sphere 7 = a, bounded by the planes ¢=0, $= qy, the value of A, 
is infinite, and the corresponding expressions for V are 


- NN 


v= 4iq S S IT (a+-m') Mees 
Po m=0 n=m’' Il (n—m’) ae ant) | 


Mirp . MTP 1p 








x sin eet 1 Lt — in’ (mu) P i Beira) (r ee r), 
Po Po 
vs Ss, CELE Gea eae 
a Po 1 =O =n" /W(n—m’) { pe+1 az” * 
mip 


sin ee eee a (teal > 17%) 
Po Po 


For the wedge, the space outside it being bounded by the planes 


X sin —— 
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¢ = 0, = dp, the value of V is obtained by making a= © in the 
above, and therefore 











: 4 ee ae n+m ewig . mM 
V= TY sis 5) (n+ m’) fy 5 TPR Manas 


rae) 


fo m=0 n=m’ II (n—m’) my rer Po po 2 ata er “(u) (<1), 








4g < Uin+m') 7 mrp . mrd ; | 
3 v 1 ° 2 1 —m —m . 
a sin ——* sin —— P ie (r>7;). 
po Pe yee IL(2—m’) mu’) prtt do do n (u) n (14) \ a 


ea 


These expressions can be simplified by observing that the origin of the 
coordinates can be chosen so that the point charge is in the plane 0 = $7, 
then u, = 0, and the expressions for V become 





a nq > 5 Te so Vista ieee ee BU eA cos 4(m—m’) 7 i 

Po m=0 n=m’ IT $(n—m')} Ni) 2 ret 

. mM ent 
X< sin ED sin EE Pee) at resaen 
n 1) 
Po 0 : 
V a 4arq > — Qi Il iF (n--m' — 1) t cos + 1) vat 
—_ pa, aay, ER aS uESY See y We Aas fie ees ee 
Po m=0 n=in' Il 13 (n—m’) ; If(—4) 
- NTP. MTP ae 
X sin — sin ——-“ Po™ (uw) (r>7)3 
Po Po 

or 
a 4g S \ Om’ Il =e +-# i) cog ko ie \ 

Po m=0 k=0 IL (A) Il(— 4) ee fe 

-. Mr Ler 
xsl ae sin ie roth) ear 
0 
Sel ee 

ee SS z 2m an iD zm arene ha nds 

Po m=O k= II (A) Il(— 4) es ee 


4 Jédhorp : MUTT 1 i 
xX sin LE sin Eas Dot) ahead) 
Po Po 3 
These expressions give V in terms of the harmonic functions appropriate 
to the space; the results can be obtained from them in the form pre- 
viously given by the writer* as follows. 


It is known that 


2” TT (m’ —4) IL (2k) 


Ie ply = Tones es 


(i— u)yam Ce +3 2(u) : 





* Proc. London Math. Soc., Vol. XXVI, p. 160, 1895. 
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where O%.**(u) is the coefficient of 2 in the development of 
(1—2uaetayt2 
in a series of powers of 2, hence 


ILQn'+hk) 





4 oa) oo ~\ mvt+2k oe 
Pet > > (+) (1—p?)?” cos kr 


al Po m=0 k=0 \Vy 





. mrp . mr re 
X sin ? gin EP Gree eae ee 
Po fo 


where 7 and 7, are interchanged, when 7 >7,. Writing 


2 (ar \* I (m' —a4) W(k—4) ae 
Sno fae ) ToT aCe eee ka. Cyt? (u), 


it follows that 


1 


ee = > \ 
k=0 


(1—w?)”—2 uw?" @** cos kar .C™ +4 (u) du, 


where 7 = 7/7,, hence 


rads (1—w?)"—* du 


1 (1—2iuxu—ax?u?)™ +2’ 


and, substituting 
1—2iuru—27u? = (1—w’?) x sin 0.67%, 


this becomes 


Ahr . ms to +y el’se dé 
Sn = 2 (w sin 6) [- _, / (2x sin 8 cos €—1—2")’ 


where the path of integration lies wholly in the upper part of the ¢-plane 
and passes between the origin and the branch point ¢¢,, where 
cosh ¢) = (1+2”)/2.c sin 0 


of the integrand which lies on the imaginary axis in the upper half, but 
none of the other branch points +:(,+2n7. Now 








Ae ee age DY eGR ka oy Nt 
V= Be os (~) Sim sin™ 6 sin EP sin era (<a); 
T1Po m=0 \T1 Po Po 
therefore 
7 oes if 1. AC eS A Cea 
beamed) os, /(2rr, sin 0 G08 Ciel) do go, ’ 


SER. 2. vou, 14. mo. 1247. _ 24 
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Qa es Oe OR eee a 
ie ed 2h i yA (277, BI0 O.COS GT) 
( sin uss sin uss 
fy a i 
| TC T TO T 
cos — —cos— (d—¢,) cos-.> —cos— (d+ g,) 
| Po Po Te Po Po Fang 
that is, writing for ¢, «¢ and (75) /2rr, sin 0 = cosh y, 
ps 7s i‘ scrtsie USSEaeee 
dy/ (277, 810 8) J, »/(cosh ¢—cosh 7) 
| sinh - uns sinh xs 
x. : Po a ~0 pis eC Le) 
| cosh cos —=(b— 0)" cosh 2 cosh toe 
Gals eins 0 (5 See | 


the result in its previous form. 

The velocity potential of the motion of liquid, in the space bounded by 
the planes ¢ =0, » = ¢, due to a source of strength g at the-point 
r, 47, $;, is immediately obtained in a similar way, and is given by 





Qarq (+) "7 Il(k—4) ‘ Tq 
Sy (a | pee ge teres Sai NS) ahs 
Po k=0 \"y T(z) I (— 3) ae w+ 11 Po m=1 k=0 


I (m'+k—3 ( r eet ay, mrp mary 
COS 167 re BR a Sea pire Uk: 
cos ka TO Was m’ +21 (Me) COS i COS Fs (r <7), (14) 


and the corresponding expression with y and 7, interchanged, when 7 >7;. 
These expressions can, as above, be transformed into 


q \ . dg 
doV (2r7, sin 8) J, 4/(cosh ¢—cosh y) 
| | sinh as sinh — ) 
x] Ey 
| cosh = —cos — (¢—¢,) poshiese=c ne ae ie 
| Po Po eee, Po Po dT Hs 
where cosh y = (9? +7°)/2rr, sin 0. 


The solution of the problem of the diffraction of waves of sound due to a 
source at the point 7), 37, ¢, 1s obtained as follows. The linear differential 
equation that involves x, where 27/x is the wave length, is 


Clive, aL f 2 _ n(n+1) | 
y 


pA r ap ple 0: 





— 
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and the solutions of this equation are required which tend to the value 
r'/ri*}, when 7 <7, and to the value 7{/r"*?, when ry >7,. Since L 1s 


finite when + = O, the solution, when 7 < 7, is 
p= Are ian), | 
and, since the waves are all travelling outwards at infinity, the solution, 
when r > 7, 18 TARP Re ie 
and, since the two solutions are identical, when 7 = 7, 
{ip Cr? Fn +a (kr) NiGree ((K7'y) Va ry); 
Li — Cr FF n+ (1) Kinga (tx?) r> 11) 


Now, when « = 0, 


C re ay 
SSeS) (Se oe, ik, Us 2m . . 
a 2n-+- 1 por © an tae Te <a 
1 
C Tee eres ae 
therefore Se Se ae te ne 
retell he eae 
whence CO = (Qn+1) etd p23, 


and, if the velocity potential due to the source alone is e*“~/R at a 
distance / from it, where a is the velocity of sound, the velocity potential 
of the wave motion is Ue'*"’, where 





eee S (4-41) 2h) aly by 8 Jor a (cn nage Py,(u) 
dy Re Z 1 %2k+4 2h+4 1 Th’) I(—4) 21\fA 
47 cee = ' : Ste ye 1 1 Y 
a te 2 a 2" (2! 4-44 + 1) ee a ear at Sis con ae (xr) Kon +2e-+4 (ik7'y) 
0 n= c= 
— Wn'+k—4) phy mrp  mrd, | 
X cos Ponte a feat) COS a cos a (when 7 <7,), (15) 


and the corresponding expression with 7 and 7, interchanged, when +> 7. 
Now* 


¢ m’+2k+3 (KT) nies +4 (ix7'y) 





9 ~ 
+c — *, . ‘Oe is pha ois 
Poe NET LS ( S Tie 


C— Ot 


0 
=— Le — n't ak+4) mt | 





* Proc. London Math. Soc., Vol. xxx11, p. 155, 1900. 
25 2 
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Poa 1 tps ) ; 
and* I Bape UL ean eee oe ert s/s «COS ¢ + (me + 2k + 3) Se dé, 
‘ SS or nuery 
where 27 = ty oT, 0>y' >-—7, 


hence, writing 


Sa om > (Qm’+4k+ 1) el + 2k-+4) bare 


k=0 
| IL(m'’+k—4) _,,. 
X GOS ka Joni 49-44 (x7) Kon +on44 (1K7;) Tl (—4) Rie Oe (u), 
that is, 
Sai — sin OD (Qm!’ +4k4+1) elt 24+2) am 
k=0 
IL (m’ —$) T(A—4) Ayia 
wes X 608 ht Sin 0%43 (1) King ong ay (uxry) ere a Bias 1973 
it follows that 
y 1 soi if S ' 
Sm = 5 sin” 8 Y (Qm'+4k+1) 
Aa k=0 
fe ) Ne 4 
x cos kr Il (m'—4) I (k—$) \ | ay ex — 7/28 (7? + 71? —2r7ry COS 6) + (1m! + 2k +4) 
ILon'’ +k) jae peety 
Ksmetods GF ie), 
or, integrating by parts with respect to ¢, 
in ets im IL (m’ —4) T(kA—B) es Brn aia 
Sin = —z sin" 8 XY cos kha ———— 0" 27" 
271 k=0 ie IL (m' +k) ae ys ; t—NtJoity 


x eee 28 (72+712—2rr, COS $)+(m’ +2k+4) Ce sin Cd S ; 
Now, by the above, 


ic ICE ons) 
008 kor Ton’ Eh CoP ah) 


= 4. (e% sin #)5” | 


i Ms 


I 
ee ee < 
wout+yr est’ dC. 
1 

I. ¥ 


ni-y, (2e% sin 6 cos ¢; —1—e**')? 


where the extremities of the path of integration lie in the upper half of 
the plane, and the path encloses the branch point of the integrand that 
is continuous with the branch point of the integrand on the positive 








* Klectric Waves, p. 191, 1902. 
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imaginary axis when ¢ is a pure imaginary, therefore 


2) 0 nity’ fouty,’ 
K 1 es 7/28 (PF +r? —2rry cos ¢)+10’oye 


oe 47” 





G—ADtiJnit+y Jnt—y] 


~2 (sin 6 cos ¢,—cos €)~? sin¢dgd eae 


whence, changing the order of integration, and integrating with respect to ¢, 


4 aie . : 
Ae = (Qar)-3 cory) | | ens — K?/2s (72+7)2—2r7r, sin 6 cos 61) + 10'¢ye sede ds, 
C—ADtIJDI—-¥ 
! 
where Dire re Na Bees Ie Te eg food 


or, replacing the integral with respect to s by its known value, 


1 nt PEecLyT" mt ‘ € , ] Rl an! é . 
Sin — —_ (73) eT KM? +P 27} sin 6 cos ¢1) +m $14 (7-2 r2— rr, sin @ cos Glades 


At—Y¥Y1 


and, substituting this result in the expression for U, it becomes 


1 ins 2 yp orp j ’ € . 
U — __ 3 ea Kv +7)2—27r7, sin 6 cos ¢)) O2- 7 —2rr, sin é cos Cia 
0 Jwetyy’ 
We \ 
MT MT B 
4 (1 +92, > emmsielbo cos ae eos oo) dG; 
1 0 0 
that is, 
l ASE 9 2—9rr, sin @ ¥ 2 9 ; ° 
U — oy eK (7 Si ia —27r7) 51 cos ¢)) (7 ar se 2717, sin 0 Gos G) me. 
0 amuty,’ 


mo 7 


| Si s1n 


x or AS er ae eg * 
Oy | 


{cos 28 208 F(p— py) Cape. — 208 (P+ $1) 


When ¢) = z/n, where n is an integer, the result agrees with that 
obtained by the method of images, for 


n sin ie ee ea oe sin ¢ 
cosn€—cosn(pt¢,) 4-0 08 €—cos(Pp+o,—2k7/n)’ 





* In the particular case when ¢,) = 27, this result is equivalent to that given by Carslaw 
Proc, London Math, Soc., Vol. xxx, p, 139, 1898. 
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and each term of the sum is immediately integrable, giving 


= 
U= > (ener sin 8 cos(p—1—2km/n) 


p 


x P+r—arr, sin 6 cos(p—p,—2k7/n)| —4] 
+ ek Vit re 277, sin 0 cos (¢+¢ —2kn/n)} 
xX (PP +r5—2r7, sin 6 cos(p+¢,—2kr/n)) 2. 


For the case of the straight edge or half plane ¢, = 27, and 


Mi—y1 
l nd * 9 . 
poh —ukVv (7? +712—27r71 Sin 6 Cos a} $7) ve —t 
U7 | Ma aE et ) (2+ 7? —Qr7, sin 0 cos ¢) 


outyy’ 
sin $¢ 
(cos $¢—cos $(f— 4,) 








sin 4¢ 
+ 26 r dé, 


cos $¢—cos (+ ¢,) } 


which can be expressed in terms of integrals between real limits in a form 
suitable for approximation as follows. Writing 
Ai—y 
fi _— Sie | eT kV (P+ re —2rry sin 8 cos ¢) 
47 Jncty’ 
q ate 
Biys 32 ge eae sin 9f¢ 
xX (r°+r{—2rr, sin 0 cos ¢)~ PREY Pes era dé, 
it follows that 


cdl ieee @ We inic 
lT=- dec(2n)-4| | e2s—K?, 2s (r?+71?—2rry sin @ cos ¢) SI 26 d¢ ds 
2 ered Raden cos 4¢—cos4(@—¢)) s?’” 
and writing 

Ov—y) a lt 

W — | er rrals sin @cos¢ slit ag dé 

Bat cos 3¢—coe 4(p—G) ~” 

this becomes, on substituting 


G 


cos $¢ = tcos $(A—¢)), 


a Se dt 
W = 2 enn" s sin 6 [2/2 cos? $(¢—¢})—1] aoe 
to t—1" 
; re ieee oe 
where, when cos 4(¢— ¢)) 18 positive, 
lp = ConmL i, =—c'— 1, 


and the path of integration crosses the positive real axis to the right of 
the point ¢ = 1, since, when ¢ is a pure imaginary ¢ is greater than unity; 
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when cos $(¢—¢,) 18 negative, 
ty = —c'— 1, t, =c’+o1, 


and the path of integration cuts the real axis to the left of the origin since 
tis negative when ¢ is a pure imaginary. Hence, when cos} (pP—4¢,) 18 
positive, 


—C'—@t 


earns |s t* sin 6 cos” } (b—+)) at 


? 


W =_ De7e rr s sin 6 | 


d+ane 


that is, deforming the path so as to make it coincide with the imaginary 
axis, since it passes over the singularity ¢ = 1, 





—-D Lt 
W —_— _ Art ener /s sin-6 cos ($—$1) 1 Qe-Krri/s sin 6 \ ew rns st? sin @ cos? 4(¢6—4¢)) dt 
At am 
Tita per aeay 
now writing eee | ie eee 
JY HL t— i 





an bP 2 ht 
it follows thas  W’=— 2| Cae aA eat 
0 


f= o &+1’ 
or ie 2: | | Cee eee ia | e~"(h+u)—?du, 
0 J0 0 
that is, writing h+u = w?/2s, 


since the real part of s is always positive, 


iv’) 


Vie i2n)*| e285 5-3 dap, 


Wo 


us 
where Wy = (2sh)? ; 
therefore 
. 2) 
w= Amie rus sin @ cos (b—91) 1 91 (Qr)2s2 errs sin 8 cos(p—¢1) | eo 28 days. 
Wo 
where Wy = 2x(77, sin 6)? cos 4(P— ¢)). 
Hence 
0 
l=—- (Qar)~2k | eps 7/28 Ue st at | sin @ cos ($—$1)} oF ds 
C— Ot 
0 0 
+ (27) —1, | | eis Ki/28 seas sin @ cos (p—$1)}—w4/28 6-2] day, 
C—Kt JWo 
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and writing R? = +7r{—2r7, sin 6 cos(p— gy), 
where RF is the distance of the point (7, 0, ¢) from the source, this becomes 


enh ~# Ky {PR +?) | 
wy MWeR?+w’) 








R im dw, 








that is i Plan el K,(«R cosh €) d€, 

where sinh €) = 2R7!(rr, sin 6)! cos 4 (6—4)) ; 
aay KAU CRACCRH ey aE gee 

now =o) ie 1 (tk. Gos DRE Ro? 


therefore the result can be written in the form 


lk 


£0 
c= “| K, (xR cosh €) d€. 


Again, when cos $(¢— gj) 18 negative, 


: c+ a dt 
w= De rrils sin 6 eee rri /s sin 6 cos? $(4—¢) 
1 i 


and, deforming the path of integration so as to make it coincide with the 
imaginary axis, since it does not pass over the pole of the integrand 


? 


W — 9 a ezerri/s sin 6 cos? 4 (6—¢)) # na 


=—GO 


whence, by the above, 


W = — 21 (Qar)t g~Betrrvssin} cos (6—dy) iL edu, 
where Wy = — 2x (77, sin 6)? cos$(P—4)) 5x 
and therefore ee = ie K,(uR cosh €)d€, 
where sinh £5 = — 2R~' (rr, sin 0)? cos 4(¢— gy), 


and this can be written 


&o 
pas | K, (ucB cosh dé, 


where sinh €) = 2R~1 (v7, sin 0)? cos $(¢— gy). 
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Similarly, writing 


aAt—-y 
La i| 1 eT + re —2rry sin 6 cos ¢) (7 +7? — Arr, sin 6 cos Clee 
: 4a netyy : 
sin $¢ dé 

cos $¢—cos $(@—¢) ~ 
, lK 1 S a 
it follows that i ax Ky (t«h’ cosh €) dé, 

/ aed 

where RR? = 1° +r —4rr, sin 6 cos (6+ ¢)), 


sinh €, = 2R’~! (rr, sin 0)? cos $(¢6+ ¢)), 


and #’ is the distance of the point (7, 0, ¢) from the image of the source 
in the plane ¢ = 0. Hence 


& 1 
U= “| K,(t«R cosh €)dé+ =| Ky (uR' cosh €) dé. 


The corresponding expression for the velocity potential of the liquid 
motion in the space due to a source of unit strength is obtained from this 
by substituting « = 0, and gives 


1 E wed say ripe val dé 
ak }_.,, coshé 7h _» cosh €’ 


Sieg 2 iL ipa 


i oy oA pg ne Aaa ae 12) | 
that is = cer 4° = tan~~ (tanh 4) + pi i” rs tan~* (tanh $€;) 


) ’ 
and the corresponding expression for Green’s function is 


iS eak ee 


pigs? 2 i pee Gt 2 
R12 — tan” (tanh 4 260) ; — 


Nees i. i 
R12 hee tan~* (tanh 3 46) | 


a known result. 

The expression given above for U is in a form suitable for approxima- 
tion. When f is small, that is, when the point (7, 0, @) is near to the 
source, € is very large and tends to infinity as # tends to zero, hence the 
value of the first integral tends to e~*"/R. When the point (7, 0, ¢) is 
not near to the source, A is finite and Reosh€ is not small within the 
range of integration, hence [,(««H cosh €) can be replaced by its asymptotic 
expansion, and the principal part of the first integral is given by 


Eo & 
tK = re Lee —iReosh ¢ / ee = 
[=— | Ki (cR cosh €)d€ = x? (27 BR) ‘| e~*kcosh (cosh €)—?2 d€, 
US 


OO) 


that is, writing (2cR)? sinh 4€ = u, 
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b , —& R-1 oite—uxR \ (1+ a) = (1+ ey Zi —uu? di 

) —n KR 2KR : 6 
where Uy = A/{0? +724 rr, sin 0)!—R} x2, 


and the upper or lower sign of the radical is taken according as cos $(¢— 4) 
ig positive or negative, hence the principal value of I is J, where 
Ug 


(ee wR gee | oe One 


a2 


In the second integral the Bessel’s function can always be replaced by its 
asymptotic expansion, since as R’ tends to zero, R’ cosh € is always finite 
within the range of integration, being always not less than 


J? +r2+2r7r, sin 8), 

its value at the upper limit €,; hence the principal part of J, is 

1 1 y “4 \ 1 1 
a3 erm | (w+Kh’)— (Aw+cR')~* eo du, 

—n” 

where i = t/ ir +r+2rr, sin OF — Rt 3, 

and the upper or lower sign of the radical is taken according as cos$(¢— ¢,) 

is positive or negative, therefore the value of the principal part of J, is h, 


where 


=. Uy 
tf — a2 RB!) este ek | ea ae 


when R’ is not small, and J, tends to the value 


—ru,! 


mee I a = ea 
28 a beet | u~?e-" du, 


where uy = /(2«r)), 
when £&’ tends to zero. When 7 is very large, wy and wu, tend to the values 
/(2xr sin 8) cos 4(@— 9), —-o/(27 sin 8) cos $(@ + 4), 


and the result becomes that for plane waves agreeing with the known 
result. 

Similar forms of the solution can be obtained for the case of a line 
source parallel to the edge of the half plane at a finite distance from it; 
the method of reduction of the integrals in the known solution* is identical 











* Electric Waves, pp. 192, 195. 
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with the preceding investigation, and the results are, when the electric 
force due to the line source in the line (74, ¢)), is 


Ky {txa/(7? +77 — rr, cos (b—¢,)| | e*”, 


the resulting electric force is given by Ze'*"’, where 


& Pee m. é1 sal ae ine 2 
YA — 3 e7 kk cosh & dé—4 \ ek cosh &€ dé, 
—= 00 —O 
where 
R sinh £) = (rr)? cos (P—¢), RK’ sinh & = 2(77;)? cos (P+ 4), 
2 glee es Ee ee fie 7 2 — 4,2 Yr : 
fe Tee + ri —2rr, cos(p— py); LM = +r} — 2rr, cos (p+ gy) 5 


when the magnetic force due to the line source on the line (7), ¢,) is 
Ky (txa/? +7? — 2rr, cos (p — ¢,)] } eX”, 


the resulting magnetic force is given by ye'*’*, where 


So (é1 
y= 2| 


—iuR cos : Tbh! Gee S17] ee 
e uxkR cosh & dé+ 2 | e€ xR! cosh & dé. 


— 0 —-D* 
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ON CERTAIN THEOREMS IN THE THEORY OF SERIES OF 
NORMAL ORTHOGONAL FUNCTIONS 


By EK. W. Hopson. 


[Received March 10th, 1915.—Read March 11th, 1915.] 


Tr {¢;(a)} denotes a set of normal orthogonal functions for an interval 
which may be taken to be (0, 1), it is known that if {¢,} denotes a set of 
numbers such that = c converges, a function f(x) can be determined 
such that ae 


1 
oo | ST (&) pi (x) da . 
0 


for every value of ¢, and such that the square of the function is summable, 
and that ; % 
| NG Gh) On eye 
0 t=1 
This function is uniquely determinate if sets of points of measure zero be 
neglected. 


The question of the convergence of series of the type =, Cdr (v) has 


attracted some attention. It was first shewn by Weyl* that the conver- 


gence of the series = t? cy is sufficient to ensure that the series 2 Crp: (2) 


is convergent almost everywhere in the interval (0,1). It was further 
shewn by Weyl that, when | ¢;(z) | is less than some fixed number for all 
the values of ¢ and x, the convergence of > tc? is sufficient. I provedt 


the more general theorem that the convergence of = tc? , for any value 
of k>0, is sufficient to ensure the convergence of 2 Cpr (x) almost 


everywhere in the interval, without any restriction on the functions ¢; (2). 








* Math, Annalen, Vol. 67. 
t Proc. London Math. Soc., Ser. 2, Vol. 12. 
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It was next proved by Plancherel* that the convergence of =, (log t) cf is 


sufficient ; this of course includes the above-mentioned results as particular 
cases. It seems improbable that this theorem is the final one of the kind. 
Both before and after the publication of Plancherel’s result, I have 
endeavoured, without success, to shew that the convergence of 
= (log ¢)?** Cs for a value of k > O, is sufficient, or that in the alternative 


the convergence of > (log t)*¢? is sufficient. The probability of the 


correctness of one or other of these theorems is increased by the fact that 
the latter holds good in the case of the ordinary Fourier’s series. It has, 
in fact, been proved by Hardyt that, if X(a, cosna+b, sinnx) is any 
. ; 
ad, cos n&+b, Sin nx 
Fourier’s series, the series > te ASSIS aps SMALE 
n=? log n 
everywhere; in the case of those series that correspond to functions whose 
squares are summable, this is equivalent to the theorem that the Fourier’s 
. en 9 9 9 . 
series converges almost everywhere if = (log n)° (a,-+ 07) 1s convergent. 
l= ; 


is convergent almost 


W. H. Young} had already published theorems for Fourier’s series 
which would include the result that the convergence of = (log n)?*"(a2 +0? 
for k > 0 is sufficient. 

In accordance with a known result due to Haar and Mercer, these 
properties of Fourier’s series also hold as regards series of Sturm-Liouville 
functions. 

In $1 of the present communication I have given a proof of 
Plancherel’s theorem which is, I think, simpler in form than the proot 
eiven by Plancherel himself. 

Another question relating to these series is that of their summability 
in accordance with Cesaro’s method. Weyl (loc. cit., p. 242) has stated 
that he had obtained a proof that the convergence of the series ~ (log t)c? 


is sufficient to ensure that the series =, c,d: (x) is summable, in accordance 


with Cesaro’s procedure, for almost all values of z in the interval. He 
cives only some indications as to the nature of his proof, which appears 
to involve the use of the somewhat complicated apparatus employed in the 
other parts of his memoir. I have thought it might be of interest to give, 
in § 2, a proof of this result, free from the intricacy of Weyl’s own 
method. 

It is of interest to observe that the gap between Weyl’s theorem that 





* Comptes Rendus, October 6th, 1913. 
+ Proc. London Math. Soc., Ser. 2, Vol. 12. 
t Comptes Rendus, December 23rd, 1912. 
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the convergence of Lc log ¢ is sufficient for summability of Ycrdp:(x), and 


the known result that for the particular case of Fourier’s trigonometrical 
series the convergence of Yc’ is sufficient, is the same as the gap between 


Plancherel’s result that the convergence of Yc? (log t)® is sufficient for the 


convergence of Yc,¢;(x), and Hardy’s result that for the trigonometrical 
series the convergence of 2G (log ¢)? is sufficient. 


t= 


1. Let s(x, 2) denote the partial sum > c¢;(x), where {¢ (x) } denote 
, (== 


a system of normal orthogonal functions for the interval (0, 1). 
D 


It will first be shewn that, if the series = c? log? is convergent, 
Geak 


s(x, 2') converges for almost all values of 7, as t~ «©. As a matter of 
convenience the logarithms will throughout be taken to have the base 2. 


We have 


1 
| [{s(@w, 2+) —s(@, 2) }°4 {s(@, 2°) —s(@, OP} 94. 


0 


+ 1s(a, arr) — g(a, Orta) t “4 dt 


orem 9° +e 9r + 
= ai ek eines Shee, 
ete | or tli y grtm—Tiy 
git1 gr t2 ortm 
PR OW PD Yakima ayes ee 
gr 44 “ grtliy grtm-Viy 


grtm 
2 : 
< 2 clogt. 
2" +1 
If we choose 7 so large that 


Ec? lop. pai 


ee BP 


1 m—1 
we have | D1 S(2, 2" ™—s(a, Wt das 6%. 
0 p=0 


It follows that in a set of points H,, of measure > 1—6, 
| s(a, 2) —s (w, 2°”) | < 0, 
for sO eet 1 


Thus, in H,, | s(x, 2“ —s (x, Or) | < 26, 
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for all pairs of values of g and q’, such that 
ee eb em Pat Ne 


Consider the sets Hx», Hii, Hm+o, ..., each of which is of measure 
>1—d. It is clear that each set contains the next one, and therefore a 
set H of points common to all the sets H,,, Hn4i,... exists, and is of 
measure > 1—o. 

In the set Hf, we have 


| s (a, 2—s (a, 2%)| < 26, 


for all pairs of values of g and g’, such that r<q,r<q’. 

Let 4 be an arbitrarily chosen positive number, and let 06), dg, ... 
denote a sequence such that 0,-+-0:-+03+... converges to the value 7. 
Corresponding to each of the values 6, of 6, a value 7, of » can be chosen, 
anda set H exists, such that 


| s(%, 2 —s(a, 2"”)| < 20,, 


! 


in that set for all pairs of values of g and gq’ such that <q, m<q’. 
The measure of H® is > 1—6,. 
All the sets H™ have in common a set AT of measure 


72) 


= 1— > Gis or oe 1—y. 


N=!) 
In the set KY, we have 
| s(x, 2 —-s (x, 2") | < 26, 


provided <q, % <q’, for all values of 2; therefore in the set K, 
s(a, 2’) is uniformly convergent as t ~ o. 

Since » is arbitrarily small, we see that s(x, 2‘) is convergent for 
almost all values of z, as ft ~ @. 


A fortiori the result holds if = c¢ (log 2)’ is convergent. 
t=1 


Next let us consider a number N,, expressed in the dyad seale, and of 
the form il a i 
. Np — 2+. 2 +h. 2? Op. 2? 
each of the numbers fj, /z, ..., k, is either zero or 1. We have 
. VN +27-2-1 
| {s(e, N,)—s(@, Np+2"?-9}?de =" De. 
0 N,+1 


If all the numbers N, be arranged in ascending order of magnitude, 
DP OOP, OP Or Pt! ort or-ptlt orp ortor-pt+2 | we see that the 
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difference between two consecutive numbers is always > 2’~’~', hence 


I grtl 
| 2{s(,, Np) —s @, Np+2" 9”) 7 dz <= = cF, 


0 of41 


where the summation in the integrand is taken for all the possible values 
of Np. 


2 gr tl 
: r me ae 
We now see that in a set of measure greater than 1— ET ache 
2" 41 


Je Ny) sea Nort 2) ee 


for all the numbers JN,. 

The number p may have the values 0, 1, 2, ..., y—1, and for each of 
these such a set exists. By taking the set common to all these 7 sets, we 
have a set of points of measure 


7 gr tl | 
>1— ais >) (s, 
Oe ai 
O41 
such that | 8 (a, Nz) —s @, Noose = 


for all the values of p, and for all the numbers N,. 

Now any number » between 2” and 2”*' can be expressed as a number 
N,, where p has one of the values 0, 1, 2, ..., »—1, or else is of the form 
N,-1 +1. Hence s(x, 2")—s(z, n) is of the form 


{s(a, 2")—s (x, Ny)} +{s(, Ny—s(x, No)} +...+ js(a, Np-1)—s(x, Ny»), 
where the last bracket may be 
{s(4, N,1)—s(a, Nr1i+1)}. 
We have clearly 
Ny 2 2 ord NG Net ee Ones N3= No+2"-*, or No, &e. 


Kach of the expressions in the brackets is either zero or is an absolute 
value less than 6/r in the set of points described above. 
We have therefore 


| sz, 29—s(@, n)| < 4, 


at every point « in a set of measure 


(eu) 
to 


y 





oh + 
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and for every number », such that 
Die Nee 


Let it now be assumed that the series = c? (log ¢)® is convergent ; 


fl 


then 7 may be so chosen that 


x oc; (log t)? < 6°, 


Qr+1 
and thus that 
or +1 gr +2 gr tm 
pairs er irl) one ae Heese (ere salle Do 207 <x OF, 
oC ae grt ms 


for every value of m. 
We now see that in a set G,, of measure > 1—d, for every number n, 
such that 279<n < 2"*”, 


| s(a, 2"*%)—s(x, n)| <6, 
where q is that integer (<< m), such that 
De ee eter, 
The sets Gn, Gingi, Gms, ... are all of measure > 1—d, and each set 
contains the next; hence there is a set G of measure > 1—4d, such that 
| s(a, 2"*) —s(a, n)| < 6, 
for every 2 such that » > 2", where gq is such that 
ES yy ea). 
We may further suppose that 7 is so chosen that 


[ s(z, 2+) —s(w, 2"+9)| < 26, 


! 


in a set H of measure Sea SOLO 7, 0 <Q, 
In the set LZ; of measure > 1—20, of points common to H and G, we 
have clearly eis n')| eas 
for every pair of numbers 7 and 7’, such that » > 7, n’ >. 
If we now ascribe to 6 a set of decreasing values 0,, dg, ..., such that 
6,+6,+... converges to de, the sets Ls,, Ls,, ... have in common a set LZ 
of measure >1—e. In this set L we have 


| s(a, n) —s(x, n')| < 46, 


ser. 2. VOL. 14. No. 1248. Pad, 
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provided n and m’ are both >7%,; and this holds for all the values of £, 
the number 75, increasing indefinitely as t does so. Therefore s(x, 2) 
converges uniformly in the set Z; and since e is arbitrary, we see that 
$(w, n) converges in a set of measure 1, 7.e., almost everywhere in the 
interval (0, 1). We thus have Plancherel’s theorem :— 

If the series = c’ (log t)® is convergent, the series X Crdi(x), where 

t=1 aa 

{pi(z)} are normal orthogonal functions for the interval (0, 1), converges 


almost everywhere in the interval. 


Since the series of normal functions such that 2 c? is convergent is 


always the series of which the coefficients ¢ are given by 
1 
C= \ F(x) p:(x) da, 


where f(z) is a function such that {/f(x)}* is summable, the theorem may 
be stated as follows :— 


If the serves X c.¢:(x) correspond to a function of which the square is 
t=1 


: t ; 
summable, the series = log pt &) converges almost everywhere in the 


C 
(log 
enterval. 


2. It will now be shewn that the convergence of 2 c/ log ¢ is sufficient 
ie | 
to ensure that the series = c¢;(x) is summable (C, 1) almost everywhere. 
b= 


We shall denote the expression 


s(z, I)+s(x, 2)+...+8 (x, m) 


mm 


formed in accordance with Cesaro’s method, by S(x, m), and sometimes 
simply by S(m), or Sn. 


(1) We have 


1 
\ {S(a, m)—s(a, m) }*dx 


0) 


= L(+ Qeg?+.. + OT o} + a5 { (rer)? - + (MI cm)?} 


m2 


m 


<A {P+ (Beg... +G—10)3}+ E of 
m rat 
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Let 7» = 2°, m = 2”, where p > —; we have then 





\ 1S (w, 2°)—s (w, 27)? da < Ap) + So 


0 are 
where A (p) denotes c?+(2cs)?-+...-+ { (2°—1) (2°) }?, 


c(2°) being written for cy. 


Now let p(= p,) be so chosen that 


> Cae >) Cag pnar SS 


2141 optliy 


this can be done in virtue of the convergence of the series 2c? log¢t. Then 





let p (= p,) be so chosen that Atoy) <e. We have 


92P1 


Ades eee on ore (eel) heey eck 12h 1) cP) 2 


22(p1+ 28) — 92 (71+ 2s) 


A (p)) 1 = 


< pits) + 5G p1+s) ae t 


€ € il 


S98 1 om BOP 
It follows that 


~ A(p,+s) € € 1 
2 ae < 1 emcee, 1 Q2(1- 92 (pi—p1) < de. 


oe ee OF 





We have now, by giving p the values p;, p,: +2, pi +4, .--, Pi +2q, and 
p the values p,, pi: +1, p: +2, ..., pita, 


eS) ; 
\ D> {S(a, Qt?) g(a, 2P1+?) |}? dz < 5e, 
0 s=0 
whatever value g may have. 
In this inequality we Hey change p; into pj+1, and hence by addi- 
tion, we have 


Ll s=¢ 
| > 1S, 27*5)—s (a, 20*))7 dx << 10e, 


Urs=— 0 
oF 2 
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for all values of g. If we write 10e = 6°, we see that in a set of measure 
> 1—<d, we have 
| S(a, 2?'*4)—s (a, QP+5)| < 6, 


for s=0, 1, 2, 8, ..., g. By considering the sets corresponding to 
gq, g+1, +2, ..., we see that in a set of measure >1—d, the result 
holds for all values of s. 

By considering the sets corresponding to a sequence of values of 4, 
such that 26 = y, and considering the values of p, which correspond to 
01, 6g, ..., we see that a set of points of measure > 1—y7 exists in which 
| S(z, 2")—s (x, 2")| converges uniformly to zero. Therefore, since 7 is 
arbitrary, S (x, 2")—s(x, 2") converges almost everywhere to zero. 

It has been shewn in $1 that s(x, 2") is convergent as n ~ ©, for 
almost all values of x, in virtue of the convergence of Zé. log ¢t. It follows 
that S(#, 2”) converges for almost all values of x, and that almost every- 
where S(x, 2”) and s(x, 2”) converge to the same limit. 


(2) If » >m, we have 


i (Sn —Smm) hf = \ |= (nC; di tn—1 Copot -- Eu Pn) 
— (Cr Oi-tes Soaps bn) | hs 


<>, {eit (2e3)*+.. + (m—Lem)*} + (Cnsit... 65). 


Hence, if p< m < 2p, we have 


1 © 
| (Susu? de <p (+ Qeg?+... + @p—1) ob} + E ob; 
ptl 


0 


and thence, if n > 2p, 
1 
\ [(Sn—Sp41)? + (Sn —Sp42)? +... + (Sn—S2p)"] dx 


= a ee CARS ae Ua IPS +p = c. 
Since | Sn—Sp41 | + | Sn—Sp+2| +... + | Sn— Sap | 2 
P 


<F USi— Spa. + Ga — 5) 
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we have 


Sn—Sp41| + | Sn—Sp+0 | 


i ae 





| 


bo 


<<a [Cat (aeg) een 2p — L)° Co, Pe = o 
j0Ge 


n 
Piote Deon he 2" 
Gta te 1) CF (QPS em 4tr(o-+ 1). 


Choose p so large that 
Y-?+ 2D Cae <A-€, 


2° +1 an 
and then choose g so large that 


A(p+1) 


oy 
0,49 


<= €. 


Remembering that = hort 


< 4e, 


we then have 


1 s=r Oq+2s\ __ +8 Og+2s\__ ocr 2 
| s [Re y—s (2°*84-1)| +... +] 8 (22+) —s (2° H ie 
Urs) 


Oprs 


We thus find that if 5¢ = 7’, there exists a set of points x of measure 
> 1—n, such that, when p and gq are properly chosen 
| S(t) —s(2P*54 1) | +... +] SQ) — s(t) 


Aas 


—ary 


in the set. ‘The number s does not exceed the arbitrarily fixed number >. 
By considering, as before, the sets corresponding to the values 
r, r+1, r+2, ... of 7, we see that there exists a set of measure > 1—y, 
in which the above inequality holds for every value of s. 


(8) We have at once 
(Sn—Sp+1) Pe On ae Sh 2) + se + (Sn—Sm) — ™ ( —_ Sin) ey (Sr— wale 
where p<m. From this we find that 


| Sn—Spa1 +...>+ Siaatry 


| Sr—Sin | < |S,—S»|+ Dp 
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If p< m< 2p, we then have 


| Se— Sn | <I Se Spt pe Semi | ote Seat 
wn m n j i 


Let p = 2°+’, n = 2°**®, we then have 
| S (29+) — Sin | Se | § (2862) — Se) | 


sp SON SOREL) latent ale 
ie ee aL ee ee 


for every value of s, and for every value of m between 2°** and 2°***?, 
Employing the result obtained in (2), we see that in a certain set of 
points of measure > 1—y, 


| (20) 7 & SES | < | S (29+) — §(2°+%) | =| 4] 


for every value of s, and for every value of m between 2°** and 2°t**?, 

S(2”) has been shewn to converge uniformly in a certain set of points 
of measure >1—7. The number p can therefore be, if necessary, in- 
creased, until it is so large that 


a2 a 2 eens 


in that set, for all values of s. It follows that, in a certain set of points 
of measure > 1—2y, we have 


| S(22t*)—S,, | <a 2n, 


for every value of m between 2°** and 2°t**'; and for every value of s. 
[f m, and m, be two values of m, both greater than 2°, we have 
1 2 te, 


[Sim — Sin | < |S) — Sy] + | SQM) —S,,| + [SQM —8 BH) |, 


where m is between 2°** and 2°t"+!, and m, is between 2?** and 2°+82+1, 

We see now that |S,,,—S,,|< 6) in a certain set L, of measure 
> 1—2y, for all values of m, and m, that are greater than a fixed 
number N,,. 

Considering the sets L,,,, L,,, .... where , 7, ... are so chosen that 
nmt+ng+... converges to an arbitrarily chosen number ¢, and remarking 
that the sets L,,, L,,, ..., have in common a set W,; of measure > 1—2¢, 
we see that in the set We, 


| Siny (@) — Sing (@) | <6, 
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if m, and m, are both >WN,. Since 7, converges to zero as 7 is in- 
definitely increased, we see that, in the points of the set Wz, Sn(x) 1s 
uniformly convergent. Since ¢ is arbitrary, we then see that S,,(w) is 
convergent almost everywhere in the interval (0, 1). 


The following theorem has now been established :— 
Ipc) pa @ log ¢ is convergent, the series X cCrdi(z) ts summable in 
t=1 =I 
accordance with Cesaro’s method at almost every point of the interval 
(0,1) for which the functions ¢ (x) form a normal orthogonal set of 
functions. 
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THE INFLUENCE OF THE OCEANIC WATERS ON THE LAW 
OF VARIATION OF LATITUDES 


By Sir Josppx Larmor. 


[Received April 14th, 1915.—Read April 22nd, 1915.] 


Ir the Earth’s permanent axis of steady rotation—which must be a 
principal axis of inertia of its mass, and to ensure secular* stability must 
be that of maximum moment of inertia, say C—is slightly disturbed, 
then according to the LHulerian analysis afterwards transformed into 
geometrical shape by Poinsot, the pole of the axis of terrestrial rotation 
ought to describe on the Earth an ellipse around the pole of inertia in 

/ AB 
V (C—A)(C—B) 
the Earth’s constitution and origin is that 4d and B are equal, so far as 
investigation has detected: thus the period in this free Eulerian polar 
orbit, now circular when undisturbed, and in the same direction as the 
diurnal motion by Poinsot’s representation, is A4/(C—A) sidereal days. 
The value of this quantity is directly determined by the amount of the 
ordinary forced Precession of the Equinoxes arising from the known solar 
and lunar attractions. The free period thus precisely estimated is 304 
sidereal days: and accordingly the records of the slight observed fluctua- 
tions of the latitudes of observatories were examined long ago, by Peters 
and by Maxwell, in search for a recurring component of this period, but 
without success. In 1892, however, S. C. Chandler announced an actual 
period of about 428 days: and following on this Newcomb showed briefly + 
by general reasoning that the elastic yielding of the Karth to centrifugal 
force, as it changes with axis of rotation, would, in fact, lengthen the period, 
and conceivably to the order of magnitude thus announced, while, of 
course, irregular meteorological or other transfers of mass would disturb 


sidereal days. One of the significant facts relating to 








* Of. Monthly Notices Roy. Astro. Soc., Noy. 1906, p. 33. The Poinsot representation is 
an ellipsoid Ax?+ By*?+ Cz? = (27) ~' rolling on a plane at distance G-! from its fixed centre, 
where G is the angular momentum which is invariable, while 7’ is the energy which is subject 
to dissipation and to renewal by disturbances, but always lies between G?/2.4 and G?/2C. 

{t Monthly Notices Roy. Astro. Soc., 1892. 
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the movement.* A mathematical investigation by Hough made shortly 
afterwards,t involving a determination of the yielding of an_ elastic 
sphere, taken as incompressible, to centrifugal or tidal forces, gave definite 
formulas which would agree with this conclusion if the Harth were about 
as rigid as steel. He remarked the result, on his special investigation, 
that the effect of this varying centrifugal force on the free precession is 
the same as if the centrifugal elastic bulging were annulled by removing 
the diurnal rotation, and the resulting form of the Karth were treated as 
invariable and absolutely rigid. Actually, it is small changes in the total 
centrifugal protuberance that are concerned, arising from change of axis 
of rotation, so that the calculation which thus estimates the whole of it is 
to be effected on the hypothesis of perfect linear elasticity. This result 
was proved by the writer{ to express a general dynamical principle, what- 
ever be the nature of the centrifugal deformation, elastic or otherwise, to 
which the Earth, however heterogeneous, may be subject. A method was 
later worked out, and apphed in conjunction with EK. H. Hills,§ for de- 
ducing and mapping from the observed path of the pole, very irregular as 
it is and far from circular, the character of the meteorological and other 
disturbances, of the nature of shift of surface terrestrial material, that 
mask the circularity of the free precession. Finally, generalising the re- 
sult of an important investigation by A. KH. H. Love, it was shown* that 
the amount of the change in period of the free precession determines the 
factor (k) by which the potential of a tidal or centrifugal bodily force, of 
the type of a harmonic of the second order, is to be multiplied in order to 
give the change in the potential of the Earth’s gravitational attraction 
resulting from it—or, what is the same thing, 1+ is the factor by which 
the total height of the statical oceanic tide is increased by the yielding 
of the Earth as a whole; and that the further knowledge of the ratio in 
which the observed part of the long-period equilibrium oceanic tides is 
reduced owing to elastic solid tides elevating the coasts of the Harth, 
which is 1+A4—h, allows us to determine roughly the amount (h) of this 
elastic tidal yielding over the surface relative to the true oceanic 
equilibrium tide on an invariable Earth, viz., the height of the solid tide, 








* Cf. also Lord Kelvin, Brit. Assoc. Address, 1876, in ‘‘ Popular Lectures... .,’’ Vol. 1, 
p. 262. 

t Phil. Trans., 1896. 

t Proc. Camb. Phil, Soc., 1896: cf. also Monthly Notices Roy. Astro. Soc., 1906; Proc. 
-Roy. Soc., 1909. The extension of Hough’s principle is also inferred, as I find, by a somewhat 
complex argument, in Klein and Sommerfeld, Theorie des Kreisels, Heft 3, 1903, p. 607 ; 
where pp. 663-730 are devoted to a dynamical and historical discussion of the whole subject. 

§ Monthly Notices Roy. Astro, Soc., 1906. 
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and so to compare the average or effective elastic quality of the solid Karth 
with that of a globe, say, of glass or steel. If the distribution of mass and 
elastic quality in the Harth were known, one of these data would suffice 
to determine the other: but as the constitution of the Karth’s interior 
remains unknown, the two data together suffice without further knowledge 
to determine the information here recounted—just as, for example, the 
form of the sea-level suffices by itself, without any reference to the con- 
stitution of the Earth, to determine the distribution of gravity over its 
surface. One of the aspects in which mathematical analysis of natural 
phenomena appears most to advantage is in its power of suppression and 
adaptation, through general revision, of its own unnecessarily restricted 
initial hypotheses and computations. 

A part of the displacement of terrestrial material which disturbs the 
free precession of the pole is that of the waters of the oceans; and it is 
easy to see, from the formula for x determining the ocean level infra, that 
an oscillation of the axis of rotation, of amplitude one second of are, would 
produce a concomitant tidal fluctuation with rise and fall of the order of 
two inches, such as was detected early by Bakhuysen in the Dutch records, 
and also recently extricated by General Madsen from the Danish Survey 
Observations of variation of coast level. But this oceanic disturbance is 
synchronous with the oscillation of the pole, and so its effect cannot be 
estimated by the methods appropriate to irregular disturbing influences. 
As Clairaut was compelled to recognise in the Lunar Theory, following 
Newton, the effect in such cases is not merely to disturb the existing 
oscillation, but to alter its period, thus producing fundamental change in 
the type of motion. Lord Rayleigh has shown how the cognate refined 
lunar investigations of J.C. Adams and G. W. Hill are applicable to a 
general class of prominent physical phenomena,+ e.g., to trace the pro- 
found influence, on the persistence of acoustical or other vibrations, that 
may arise from forces that are operative only indirectly by slightly 
changing the elastic or other constants of the system, provided this 
alteration occurs in a periodic time half that of the free vibrations in 
question. 

The argument above referred to, for estimating change of free period 
of terrestrial precession, implying the presence of disturbances harmonic 
only of the second order, is valid effectively for elastic deformation of the 
arth, surface irregularities practically not counting; but it does not 





* Roy. Soc. Proc, Dec,.1908. 
+ Phil. Mag., 1887; Collected Papers, Vol. 111, p. 1. 
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directly include these oceanic displacements owing to the irregular form 
of the oceans. We are thus prompted to estimate independently how 
much of the lengthening of the period of the free precession the oceanic 
movement will account for: if if proves to be a substantial proportion, 
only what remains after it is deducted can be used in the geophysical 
argument directed towards the Harth’s degree of internal rigidity. The 
general principle which determines directly its influence on the phenomena 
is that the momentum of the centrifugal protuberance is allowed time to 
follow closely the axis of rotation. Thus, if J is the moment of inertia of 
the centrifugal effect around the axis of moment C, which remains close 
to the wandering axis of the Karth’s rotation—the latter with components 
@,, @3, and w;, and resultant the practically constant axial velocity Q—then 
the angular momentum of the system has components 


A'o,+Io,, B'o,+TIo, C'w3+Los. 


In other words, the effective principal moments of inertia are A’+/, 
B'+I, C'+I, where A’, B’, C’ are what they would be if the rotation 
were stopped and the centrifugal change thus removed. ‘These are 
sensibly constant when the free precession is of small amplitude; and 
I = C—C’, where C is the actual principal moment of inertia with which 
the Precession of the Equinoxes is concerned. 

But in our present case, owing to the continental masses, the change 
in the distribution of oceanic waters is not symmetrical around the axes 
of rotation. The momentum belonging to oceanic shift has three compo- 
nents, specified in terms of its moments and products of inertia; one 
around the axis of rotation as above, which possesses a permanent con- 
figuration ; and two others around equatorial axes which travel round with 
the diurnal motion, and, in so far as they are unsymmetrical with respect 
to the polar axis, have no sensible influence on phenomena of period long 
in comparison with a sidereal day. It is thus the change of C and the 
averaged change of A, produced by the heaping up of oceanic waters by 
the Karth’s rotation, that we have to estimate. 

The form of the ocean level is given by 


Eyr—'+4o°r? sin? 0 = constant ; 
so that, if » = a-+2z, we have 


isla gee 
ro Ey sin” 0+ constant 





Skat 9 
= 5-999 © 8in 8+ constant, 
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Fy ehtoe Rey te ed 
on substituting Serr 7 389° 
The moments of inertia Cy, Ag of a spheroid of water (a, a+A) are, 
12 being the Earth’s mean density, 


Ge = 2 . fH . 2 (ath), ah = t . FH : a +(a+h)?} . 
Thus for a centrifugal protuberance of water covering the whole Karth 


Cy—Ap and k pl . Aha ia 4 h 


A ieptell peated 
CR ey er ner ail Sora ein 








If we take it that the ocean covers 2 of the Earth’s surface in low 
latitudes, we may apply roughly the factor 2;* and we have to remember 
that 4 of the protuberance belongs to the elastic Karth, requiring another 
factor 2. In all we obtain for (C)—A,)/A a value 355. If some possible 
free oceanic tide of similar type had a period in the neighbourhood of 
428 days, this estimate would, of course, be exceeded owing to resonance. 

The actual value of (C—A)/A is s34q. The influence of the mobile 
oceanic waters on the free precessional oscillation of the poles is the same 
as if (Cy)—A,)/A were subtracted from it, which by itself would reduce the 
effect by about 4. Thus the period of the free precession for the Earth 
supposed rigid but covered by the actual ocean would be about +2 of 3804, 
which is 882 sidereal days. The actual period disentangled from the 
observations of latitudes is about 428 days: and this remaining difference 
is attributable to elastic yielding of the solid Earth. Of the total increase 
from 804 days, about 24 is thus ascribable to elastie yielding: thus we 
have k = 24.54 =42 say. And observations of tides of long period give 


5 


1+k—h = 4%. Hence roughly 


se SS ~ — 1 
h= 75 k=, 
in place of the values h = 3, k = +5, 


deduced by Prof. Love from considerations of the elastic centrifugal defor- 
mation alone.{ The elastic terrestrial tide is thus of height ;% of that to 
which the tidal force would draw the ocean if it Jay on an invariable 








* But see addendum infra, which computes the actual value 3, so that the oceanic effects 
which follow in the next paragraph must be halved, with result as on p. 449. 

t Cf. Roy. Soc. Proc., Dec. 1908, p. 94. 

t Proc. Roy. Soc., Dec. 1908; or Problems in Geodynamics, § 58. 
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Earth: and the yielding of the Earth inereases the absolute tidal pro- 
tuberance by $:—similar statements holding as regards centrifugal forces 
arising from axial rotation. 

The inferences to be drawn as regards the measure of the Earth’s 
resistance to stress are thus not very substantially altered by oceanic 
mobility. 

It may be observed that, according to the principle which forms the 
basis of these estimates, a planet without an ocean could not rotate per- 
manently about a principal axis, in face of internal friction, if when the 
centrifugal strain of the rotation is supposed taken off, the planet were no 
longer dynamically oblate, 7.e., if that axis ceased to be the axis of maxi- 
mum moment of inertia. This conclusion harmonises with what we 
would in fact have been compelled to anticipate, from comparison with 
other possible axes. But we are required also to infer that, when there are 
oceanic areas, secular axial permanence requires that, after the strain 
arising from rotation is taken off, the planet shall still be dynamically 
oblate to an extent sufficient to compensate the influence of the free 
waters. lor the Eulerian equations subsist in modified form, and s») does 
their Poinsot representation. Thus, if the planet were dynamically nearly 
spherical, but with oceanic waters, there would appear to be no axis about 
which rotation could persist secularly; once it is disturbed, the pole of 
rotation would wander over the surface of the planet, keeping however the 
same direction in space, so that glacial periods of the resulting type and 
other clmatic changes would be normal events, though at long intervals 
of time.* What effective ellipticity would be required to prevent the im- 
perfectly anchored material from producing this loosening of the position 
of the axis of rotation, in the case of the Karth? One third of the pre- 
sent ellipticity of 54,, and therefore roughly of the existing value of 
(C—A)/A, is due to rotational strain, and we have seen that an additional 
part in the value of (C—A)/A, equal to 4.555, 18 required to compensate 
the mobility of the actual oceanic waters. The atmosphere contributes a 
part depending on the mean difference of the weight of air on the equator 
and elsewhere, for this is mainly a temperature effect attached to the axis 
of rotation: but it is practically nothing, and in any case it would be 
largely compensated by barometric influence on ocean level. Adding these 








* The Poinsot representation by a rolling ellipsoid teaches that when a position of secular 
stability does exist, the falling away from steady motion around the axis of least effective 
inertia, owing to dissipation of energy, would if unchecked be far from a gentle process : it must 
involve free precessions of wider and wider radius and corresponding ocean deluges, ultimately 
again attaining quiescence with rotation around the axis of greatest effective inertia. 
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components we find that a value of (C—A)/A at least equal to g{> 18 
needed in order to prevent the pole of rotation wandering over the EKarth’s 
surface, whereas the actual value of this measure of dynamical oblateness 
ig as much as 34z. In other planets it might readily be different: but 
the path towards the explanation of glacial local climatic changes on the 
Earth in this way still remains firmly closed. The estimate may be ex- 
pressed otherwise by the statement that with the actual ellipticities, in order 
for wide polar mobility to be attained, the density of the ocean would have 
to be as much as 16, instead of 1: while we know that it were more than 
54 the Earth must emerge and so to speak float gravitationally on the 
ocean, the water being heaped up on one side as Laplace’s formula showed. 

We can follow graphically the first stages of secular falling away from 
steadiness. For so long as the displacement of the axis of rotation re- 
mains small enough for A’, B’, C’ to be treated as constants, the Eulerian 
equations are of type 


(A’+-T) w,+(B'—C’) W203 = OQ, 
leading readily to 


(A'-+-T) w+ (BI+-D) o2+(C'+1) wo? = 27, 
(Al +1)? 02+ (B' + D?o2+ (C'+ D202 = Gt, 


where J’ is the kinetic energy and G the constant angular momentum 
of the system. ‘Thus, as in footnote, p. 440, as 7’ is slowly dissipated, 
the motion continues to be represented by an invariable ellipsoid 


(A'+1)2*+(B'+Dy+(C'+)H2 =1, 


rolling with centre fixed on a plane, whose distance from the centre is 
(2T)?/G and so is slowly changing. 


Added May 20th, 1915.— 


In the above estimate the factor 2 has been taken to represent the 
effect of the limited extent of the ocean, that fraction having been pre- 
sumed to be as exact as the factor 2 which reduces the accumulation of 
oceanic waters, when the tidal rise of the bottom is deducted and separately 
allowed for by a calculation of elastic deformation. As remarked above, if 
the solid earth were rigid, the influence of the ocean could be estimated 
exactly, in so far as an equilibrium theory applies so that its surface 
assumes always the statical form corresponding to the changing instan- 
taneous axis of the diurnal rotation. It seems worth while to record here 
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the actual terrestrial data and the result of such an estimate, for which I 
am indebted to my brother J. S. B. Larmor. 
The elevation of the ocean in latitude \ due to the whole centrifugal 
effect of the diurnal rotation is 
h = ka’ cos* \—H, 


where k = w’/2g, and H is a uniform fall required to maintain the con- 
stancy of volume and so is given by 


H | isa a? | cos? A dS. 


The changes thereby produced in the polar and other moments of inertia 
are given by : 
OC | ha? cos* dS, 


SA —460 = | ha® sin? d dS. 
Thus 6(C—A) = | ha? (4 cos? A—sin? A) dS. 


To evaluate this we require the values of | as, | cos? dS, | cost dS, in- 


tegrated over the ocean surface, from which the values of | sin” AdS and 
| sin?) cos*AdS are readily inferred. These quantities have been 


estimated by quadratures in the following table, which is determined 
from the number of parts of water out of 24 parts in all representing 
each zone of 10° breadth, as taken off from a Mercator map of the world. 
The entries on the table have to be multiplied by 27a* to obtain absolute 
values. 


Northern Hemisphere. 


Latitude. Water. 5S cos? A 6S costA dS 
(24) (area) 

0°—10° 1g aod "1367 "13856 
10°—20° 17 ALS "1110 °1035 
20°-380° 15 "098 ‘0810 ‘0665 
30°—40° 134 ‘080 ‘0539 "0362 
40°=50° 11 "056 ‘0281 "0140 
50°—60° 10 “O41 "0137 "0045 
60°70" 6 "018 "0033 "0006 
70°—80° 18 "034 (0022 ‘0001 
80°—90° 0 a == = 


"583 ‘4299 *3610 
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Southern Hemisphere. 


OF 102 18 "130 "1295 "1285 
10°20: 184 "129 "1207 "1126 
20°—80° 184 "122 Ue "0820 
30°—40° 21 "125 0839 0563 
40°—50° 23 sibs te: "0589 "0294 
50°—60° 24 "100 0330 "0108 
6022707, 24 O74 "0132 0023 
TOs os 24 045 ‘0030 ‘0002 
SU 90. 0 aa a = 

"843 "5421 "4221 
half sum ‘718 "486 391 
if all submerged 1°000 666 538 


the last line corresponding to an ocean covering the whole Earth. 


It may be noted in passing that the preponderance of water over the 
Southern hemisphere involves greater abstraction from it when the ocean 
level for any reason falls, and in consequence some displacement of the 
HKarth’s centre of mass. But such an effect would not be sensible astro- 
nomically: for to alter latitudes to the order of one-tenth of a second of are 
the shift would have to be of the order of 15 feet, so that changes of ocean 
level of the order of 50 feet would be needed. 

From the table above we obtain 


972 


Pee 2 ; 
= ka 796° 


and therefore for the actual limited ocean 





aw 972 ) 
6 PN Lee 3 2 
6(C—A) = 27a k| (cos r 1426 (2 cos* A—1) dS, 
ee 4 
where K 9g 2..289a’ 
while C= tra? 1d 2a2, 


leading by aid of the tabular data to 


6(C ABs 


C 4700 


If the ocean covered the whole Karth, H would not count in 6(C—A), 
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and we would have for that case as above 


1 
= yhka = aa 


6(C—A) = 
~ 1590° 


C 





Thus the value of this quantity is reduced owing to limitation of oceanic 
area by a factor slightly over 4, instead of 2 as was too hastily assumed 
above. 

This correction amends the final result (with the previous meanings 
of h and k) to 


alt — P 
h—-k= 3, k = #5; 


so that, for example, for tidal action of long period, the absolute tidal 
deformation of the solid Earth is the fraction h/(1-+4), here 44, of the 
observed oceanic tidal elevation, and would not be far from 4 for any 
reasonable value of k. 


June 9th, 1915.—The effect has to be reduced still further. For the 
oceanic tidal load itself compresses the solid Karth, and so diminishes its 
momental difference C—A, to a degree that may be calculated from the 
formule in Prof. Love’s Treatise on Elasticity, § 177. It is easy to 
recognize that this reduction is considerable; for a vertical bar of steel of 
the Jength of the Earth’s radius, with 2.10” c¢.g.s. for Young’s modulus, 
would be compressed +H by an end-load of water of depth H. Bearing 
in mind that the Karth’s mean density is 54, it would seem that the re- 
duction in the oceanic precessional influence arising on this account might 
well, if the Earth were like steel, be 20 or 30 per cent. Also h—k might 
well be changed substantially, even from 4 to 3, when allowance is made 
for this sinking of the ocean-bed owing to the tidal load, while k would 
remain at about +. 


BER. 2. vou.14. wo. 1249. 2 6 


450 Dr. T. J. VA. Bromwicn [May 18, 


DIFFRACTION OF WAVES BY A WEDGE 


By T. J. VA. Bromwicn. 


[Received January 14th, 1915.—Read May 13th, 1915.] 


Tne following treatment of the wedge-problem starts from the idea of 
generalizing the familiar process of taking images, as used in electrostatics. 
It will be remembered that in the ordinary elementary problems, success 
depends on the fact that the angle outside the conductor is of the type 
7/n, Where 2 is a positive integer: so that the angle of the wedge is then 
Qa —7/n. 

The method of generalization is to replace the sum of the effects of n 
images by a complex integral; and then to extend the. integral so as to 
obtain a formula valid for any positive value of 7 (that is, for any angle of 
the wedge). The extension required is found to be a modification of the 
path of integration ; the subject of integration remains unchanged. The 
discussion of the various points involved in this generalization occupies 
the greater part of the paper (§ 2). 

Starting from § 2 it is possible to solve (§§ 3, 4) the diffraction-problem 
for impact on a wedge (1) of sound waves from a source, (11) of electro- 
magnetic waves from a Hertzian oscillator with its axis parallel to the 
edge of the wedge, (ii) of electromagnetic waves from an oscillating 
magnet, also parallel to the edge. 

The problem (i) has been solved by Prof. Macdonald for a simple 
harmonic source ; it is here extended to a source of any type. The pro- 
blems (11) and (11) are new, so far as I know. 


1. A General Integral of the Wave-Equation. 


It is evident that the complex integral 


U = | ARO eae 
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is a solution of the fundamental wave-equation, where 
aa ea nee: ice 
Re = +r + (¢— 2)? —2rr, cos (0@—&), 


and (7, 9, z) are the cylindrical coordinates of a variable point, and (79, 45, 2p) 
are those of a fixed point. 3 

In order to make R# single-valued in the plane of the complex variable 
€, it will be convenient to make cuts as shown, parallel to the imaginary 
axis, from the branch-points of #; these branch-points are given by 


€—O = kor +a, 
where Orrycoshra.— rar. (2 2)", 


and /& is any integer (positive or negative) or zero. 


6+ 14 
Telos ll 2 ey i 6 ies gaia ala 


| : fete 


PEG. 1: 


The value of F is fixed if we agree that R is to be positive, say, on the 
real axis; it is easy to see that R is then also positive along the lines 
(indicated by dots) which are midway between the cuts. 

The phase of R will be +47 on the right-hand edge of each of the 
upper cuts, and —47 on the left-hand edge; for the lower cuts these 
signs will be reversed. 

For the special cases of the potential equation and of simple harmonic 
waves,” this solution was first given by Sommerfeld.t Using the other 
methods developed by Sommerfeld in the paper quoted, we could proceed 
to the solution of § 2, for the special case » = 4 (a half-plane or straight- 
edge) with very slight additional work: but the process fails for other 
values of 2. 











* Given by taking f (R—ct) = const. and f (R—ct) = ex\-"™, respectively. 
+ Proc. London Math. Soc., Vol. xxvitt, 1897, pp. 405, 429. 
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2. Solution of the Wave-Equation, corresponding to a Source outside 
a Wedge. 


Consider now the question of finding a solution V of the wave-equation 
corresponding to a source placed at the point (7, 9, 2) between the two 
planes 0 = 0, 0=7/n, subject to the condition that the solution is to 
vanish on both the boundary planes. 

When 7 is an integer, the solution is given by the familiar image 
process of electrostatics, and can be written in the form 





V = V,— Va, 
"S! f(R,—ct) oF itg- = Cu) 
where Y= 2 OS, SE SS 
: m=0 hi, 7 m=1 fs 
and Ri= 747) — rr, cos (6—4,— =n) +(z— 2%)’, 
2 go, ae 27 9 
while Re = 7° -+19—2rr, cos (0-+6— az -+-(¢— 2)", 


and the nature of the function f is given by the character of the source. 
We shall now express the two functions V,, V2 by means of integrals 
of the type U defined above (§ 1). It is evident that 


1 R—ct ee 
Y= ard hee gi(€) dé, 


provided that the path of integration is a closed loop surrounding the 
points £€=6,12mz/n ~ (where m—0, 1, 2, jai 


and that g,(€) is a function which has a pole of residue unity at each of 
these » points. It may be noticed that, since 0< 0) < 7z/n, these 
n points all he between € = 0 and € = 27, on the real axis of our com- 
plex diagram; and so the path of integration may be any simple loop 
cutting the real axis at the points €=0 and € = 27. 

In the subsequent argument we suppose that g,(€) has a period 27 in 
€, and further that g,(€) remains finite when € tends to infinity in either 
direction parallel to the imaginary axis (see p. 455 below). These two 
conditions, together with the specification of the poles, determine the 
function g,(£) completely, save for an arbitrary additive constant C: and, 
according to a known theorem on periodic functions, we have 


n—l 
gi(€) = 4 =X cot 4(€E—O,—2m7/n)+C = $n cot $n(O—E) +C. 


It is easy to see that the value of C does not affect the value of the in- 
tegral for V,: and so we may put C = 0. 
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Since the two functions R and g,(€) both have the period 27 in €, the 
path of integration may be any simple loop, provided that it cuts the real 
axis in two points whose distance apart is 27. 

We now change the variable of integration to ¢ = €—8, and then 


pee ee G(e\dé, 


Yr R 
where FR? = +72-+ (¢— 2)" —2rry cos €, 
and G1(¢) = $n cot $n ((-+0—9,), 


the path of integration still cutting the real axis in two points at a dis- 
tance 27 apart. Ofcourse, in the ¢-plane, the cuts extend from the branch- 
points 2k47 +a parallel to the imaginary axis. 

In order to have a standard diagram we suppose that the path of in- 
tegration cuts the real axis at ¢=— 7, ¢=-+7 as indicated in Fig. 2. 








tia: Ry 


In like manner we see that 


ih (ete 
ip rae yee Gig(¢) dé, 


where G_(¢) = 4n cot 3n(C-+O+6,), 


the path of integration being the same as for Vj. 
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We have now expressed V, and V, by means of integrals which contain 
n only through the two functions G,(¢), Go(¢): and it may therefore seem 
unnecessary to retain any longer the assumption that » is an integer. 
That is, we may be tempted to suppose that the corresponding solution 
for a wedge of any angle 7+/n, may be obtained by taking 


Va eis 


as expressed above. It will be seen, in fact, that this function does satisfy 
the necessary boundary conditions, and that it has the correct infinity at 
the source. But, as a matter of fact, the function V tis no longer a con- 
tinwous function of 8. ‘To explain the reason for this phenomenon, it is 
necessary to consider the poles of G,(¢), Gy(¢), which are still given by the 


formule €= 6—O04+2kr/n,) 0<O<7/n, 
\. 
¢§=—6,—042ka/n,) O0<0 <7z/n, 


k being any integer. 

Now, as 6 varies, these poles travel along the real axis; but the num- 
ber of them contained in the interval (—7z, -+-z) no longer remains /fized. 
Thus, when @ increases through such a value as brings one of the poles of 
G1(€) to the point ¢=-+7, the effect on the integral V, is to introduce 
an abrupt change in its value: this 1s due to the presence of an addi- 
tional pole in the interior of the path of integration. Similarly, when a 
pole comes to ¢ = —~7, it will disappear from the interior of the loop, 
and again a discontinuity will occur in the value of V. 


To illustrate the difficulty let us consider in detail the simple case » = 2. 
The poles of G,(¢) are then given by 
¢ ee —- 7) + 3k, 
and those of G,(¢) are given by ¢ =—6,—04+ 3kr, 
where & is any integer, and @, 4 both lie between the limits 0 and 21. 
It will be easily seen that 


(i) If 0 < % <3, G,(¢) has a pole (k =0) at ¢=—7, when 6= 6) +7; and G,(¢) has 
a pole (k = 0) at ¢ =—7, corresponding to @=7—@. Thus Vj, will have a discon- 
tinuity corresponding to @ = 6,+7, and V, will have one at 9 = 7—@). 

) has a pole (k =1) at 

=-—7n, when @=7—%. 


(ii) If $m < 6) < wr, G,(¢) has no pole at either limit; but G, ( 
¢=+7, when @ = 27r—6), and a second pole (k = 0) at 
Thus here Vz, has two points of discontinuity. 


¢ 
¢ 


(ili) If w < 6 < 37, G,(¢) has a pole (k =0) at ¢=+7, when @ = 0—m: and G.(¢) 
has a pole (k = 1) at ¢=+7, when @= 2r—6,. Thus again both functions Vj, V, 
are discontinuous. 


In order then to solve our problem for any value of the angle z/n, it 
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will be necessary to choose a path of integration which does not meet the 
real axis; and further the path chosen must be equivalent to the loop 
already used when 7 is an integer. 30 

Such a path can be obtained by adding on to the loop the two vertical 
lines of the last figure (the directions of integration being indicated by the 
arrows); for, when 7 is an integer, the functions G,, Gy, and R, have each 
a period 27 in ¢, and consequently the contributions to V, and Vz from 
the two vertical lines will cancel each other. 

Of course care must be taken to see that the integrals taken along the 
vertical lines are convergent. Now along these two lines, # is real and 
positive, and tends to infinity like 4/(277) cosh y), if » is the imaginary 
part of & Thus dé/R is absolutely convergent: and |G,|, | G,| tend to 


the common limit 4n. Hence, provided that f(R—ct) remains numerically 
less than some fixed value as R tends to + by real values, the integrals 
V, and V, will be absolutely convergent along the vertical lines.* 

Now, keeping the ends of the path fixed at infinity, we can, by Cauchy’s 
theorem, deform the path of integration into the shape given in Fig. 3. 
Care must be taken that neither portion of the path comes in contact 
with a cut: and both parts must be kept clear of the real axis, so as to 
avoid the poles which traverse the interval (—7, +7) as @ varies. 

We have still to prove that the solution V = V,—V, satisfies the 
prescribed conditions. It is evident that it satisfies the fundamental 
differential equation: and that it corresponds to the case of divergent 
waves, which have not been reflected back to the source. Also we have 
just seen that by using our new path of integration the function V will be 
in general continuous in the interior of the space bounded by 0= 0 
Girt. 

We have now to see that the necessary boundary conditions are 
satisfied; at @= 0, we have 


Gil) = 4ncotdn(C—O,), and G,(¢) = 4ncot dn(F+8,), 
and so G1(¢) =— — G3(—¢). 


But we can choose our two halves of the path so as to be symmetrical 
about the origin; and then, by changing the sign of ¢, we change one half 
into the other, described in the proper sense. Thus it is seen that 
V,=+V, at 0=0, because A does not alter when the sign of ¢ is 
changed. Hence V=0 at 0=0. 





* It is at this stage that we utilise the condition imposed on the functions G, (¢), G,(¢), 
that they must remain finite as 7 tends to either + o or —o (see p, 452). 
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Again, at @=7/n, we have 
G(€) = — 4n tan $n (¢—9)), Go (¢) = — $n tan 4n (€+8,), 
so that Gil) = saa 0) 


eee ee ee ee a ie ee ee ee 





| 
ral 
> 


— eee eee Se eee ee eee oe me ee ee ee ae a a a ef eae i + ee ee ee ee me mem wm ww tee eee em ewe we ow ame 





Fic. 3.—The curves are at present restricted to be asymptotic to the vertical lines; when 
more information as to the nature of the function f is available, we can often remove 
this restriction. 


and thus V,;= V, and V=0O at both the planes 0=0 and 0= 7z/n. 
That is, the required boundary conditions are satisfied. 

The only point remaining is to prove that V has the right form near 
the source. When the point (7, 0, z) approaches (7, 9, 2) it is evident 
that a will tend to zero because 


2rr, cosh a = 77-7! (g—2))?. 
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Thus the two cuts of our diagram will tend to join; and since our path of 
integration must pass between the cuts (twice), we may anticipate that a 
special discussion will be needed. We can replace our path by the form 
given in Fig. 4. Then, as 6,—6 tends to zero, we can take the inner loop 


| 


—71 
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Fia. 4. 


smaller and smaller. Now G,(¢) has the pole ¢ = 6),—@ inside the loop, 
and the residue there is unity; but G,(¢) has no pole there. Thus, by 
Cauchy’s theorem, the contributions from the loop to V, and V, are re- 
spectively 1 
jae Ate. and 0, 


where Die Tae? Arr COs\G— 04) (2——2,) 


The remainder of the path indicated in Fig. 4 will contribute finite 
amounts to V,; and Vy». 
Thus in all we see that the character of V near the source is of the 


type = f(Ry—et) and by a proper choice of the function /, this will 
0 


represent any assigned type of source (having an infinity of the first order 
only). 
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The proof that the function V satisfies all the prescribed conditions is 
now complete: and our problem is accordingly solved, for all angles 7/n, 


by the formula V = V,—S;, 





where V,= a aes 


oT 


: ; 3 R— 
G0, Vy=5- | Faas 
and BR? = 7? +7? —2rr, cos €-+(¢—2)", 


G,(f) = dn cot3n(6+O—O,),  Ga(F) = 4ncot4n(+0+6,), 


271 


the path of integration being that drawn in Fig. 3. 

We may suppose that the two halves of the path are symmetrical about 
¢ = 0; then the lower path changes into the upper (taken in the proper 
sense), by changing the sign of ¢; and so we may replace the integral 
along the two paths by the sum of two integrals along one path. Thus 
we find 


: 1 (R—ct) E (kR— 
Y= oe HOd,  Va= ee = oY rr (8) dé, 
n sin n¢ 


her Hy (OG (0 Gi 0) at a eg 
where H,(¢) scenes s cos n¢—cos n(O—O,)’ 


nM sin nC 


and Fo (0) = Ga(¢)— Ga(— 9) = — cos n€—cos 2(0+,)’ 


the path of integration being now reduced to the upper path only in Fig. 3. 


The second formula has the advantage of making more obvious the 
fact that the boundary condition V = 0 is satisfied at the two planes 
6=0, 0=~7/n; for clearly at each of these planes H,(¢) = H,(0), and 
consequently V,;= Vy, also. 


3. The Diffraction-Problem for Sound-Waves from a Source, tmpinging 
on a Wedge. 


We can now write down without difficulty the solution ¢ of the wave 
equation which satisfies the boundary condition 


; 
Op 
Gade 


? 


at the planes 0=0, 6= z/n (for any value of 2), corresponding to a 
source between the planes. 
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As is well known, when 7 is an integer, the solution is given by 
p ao Vit Vo, 


where VY, and V, are the functions obtained above. Thus, by a corre- 
sponding generalization, we see that this formula will continue to repre- 
sent the required solution for all values of », provided that V,, V, have 
the values given by the complex integrals of p. 458. . 
We note as a verification that in the second form of the solution 
OH, , Hy _ 
CE Gite Scat 
both for 0=0 and az/n. 
For a simple harmonic source, we may take 


f (Ret) = ee @“®, 


the real or imaginary part of the results being finally selected, as may be 
convenient. In this case the solution reduces to that found by Prof. H. M. 
Macdonald.* We can then also, if we wish, suppose that the ends of the 
path are displaced so that the imaginary part of # is negative ; that is 
the path may start from any point at infinity of the type .2#-+A, where 
7 <A< 27, and it may finish at any point of the type .« —2X’, where 
0 <\'’ <7; instead of being asymptotic to the dotted hnes +7, as in- 
dicated in Fig. 3. 

Prof. Macdonald has indicated how the complex integrals can be ex- 
pressed in other forms which lend themselves to numerical calculation 
when n = 4 (the case of a half-plane); his formule may be written (in 
the notation used here), 


lK 


V,= ps es Ky (uc, cosh v) dv, 





where eet el oe 21 COB er Uy) (a2) 
; 2 
and sinh v, = R. J/(rro) cos 4 (O—9)). 
0 
An alternative form, suitable when v, is positive, is given by 
ea a |. K, («Ry cosh v)d 
—— —_ — a). 
Me Ry TON by ts oo Vv 


The value of Vz is found by similar formule in which 0+6, replaces 
0— OA). 





* Proc. London Math. Soc., Ser. 2, Vol. 14, 1915, p. 418 above; the results quoted are 
given on p, 424, and the reduction of the integrals to Fresnel’s form on p. 426. 
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4. The Diffraction-Problem for Waves from a Hertzian Oscillator 
umpinging on a Wedge. 


It is known that if V denotes a solution of the fundamental wave- 


equation, and if 
OV 


ae 
We= ce tm Bene rae 


then the electromagnetic equations are satisfied by the solution 


OWir ede ov; . 
NG = Aaa Sas aS a2? c= 42 (nZ x —no"), 











OX C ape 
oe OM ana. elegant la aa 
rato Pap he 
el Le Fates sie lig Ol ereGdt ie 
2 ae ea en 


where (/, m, 2) are any fixed direction-cosines, (X, Y, Z) is the electric 
force, and (a, 6, y) the magnetic force. 

Assuming the wedge to be perfectly conducting, the condition to be 
satisfied at the boundaries is that the electric force shall be normal to the 
boundary. Now the boundaries are planes: say that one of them is the 
plane of yz. Then the conditions to be satisfied at the plane z =O are 
Y=0, Z=0; and both these conditions will clearly be satisfied provided 


that 
Va—0! WO: 


If we choose V = 0 at the plane z = 0, the value of W at that plane re- 


duces to 


OV 
ane 


which can only be zero if 7 = 0: or if the axis of the oscillator is parallel © 
to the plane boundary. 

Similar reasoning applies at the second face of the wedge: and we 
conclude that our condition is satisfied by V = 0, provided that (/, m, n) is 
parallel to both planes; that is, provided that (/, m, ) is parallel to the 
edge of the wedge. 

We can accordingly solve our problem for a Hertzian oscillator with 
its axis parallel to the edge of the wedge, by taking V to be the solution 
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determined in § 2 (see p. 458), and 1 = 0, m = 0, n= 1; so that 


ale vga esd 
Oe pairs OES Tes Bet 
OV teed Y 
oy dz’ ccat, ce Oxot’ 
oA ak feed 6 Me 
EP AR TRY eat oa 


In cylindrical coordinates this solution can be written * 


ee ee be gellod 
— - ordg’ oo By OOF’ 
Re ea a aut eatwetts 
ean dos i ae EaaUs OS OnOk! 


Z and y remaining unchanged. 
If we assume that the source is an oscillating magnet, instead of a 
Hertzian oscillator, it is easy to see that the corresponding solution is 


a LN aes Caer eae 
OS ora’ ess peep ot” 
atic ae als RA atc 
areas 0002’ peametcr ore 
oP thea g 
eaiaeton | chop? 6 = 


where now the value of V is of the form V,+ Vz, (as in § 8). For then it 
is evident that X’=0 at the faces of the wedge; and consequently the 
electric force is normal to the boundary. 

These two solutions can be adapted to numerical calculation by means 
of Prof. Macdonald’s formule (quoted above, p. 459) for the case of a half- 
plane or straight-edge, the source being supposed simple harmonic. 

It is not without interest to deduce from our solutions the known re- 
sults for the case of simple harmonic plane waves. If we make 7, tend to 


infinity, and take 
: f(ct—) _— Ary ek (ct +ro— R) 
R R i 
it will be easily seen that R—7, tends to —r cos ¢ and that Ry—7, tends 








* Here X’, Y’ are the components of electric force along the directions of 7, @ respec- 
tively ; while a’, 8’ are the corresponding components of the magnetic force. 
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to the form —?7 cos (8—O@,); consequently the limiting form corresponds 


to a value of V = Aetk let+r cos (0-6)] 


in the incident wave. Thus the incident wave is given by 
xa — 0 y= 0, Ze Leer eos Cs Por 
provided that Ay ag ke 
The complete solution is then given by 


Z = Ly— Lo; 


= Pcs uk? COS ¢ i S a = Bg | uk? COS ¢ 
where Z4,= On |e Hy) dé, VA a, \e H, (©) dé, 
H,(, H,(& being the functions defined above (p. 458), and the path of in- 
tegration being the upper curve in Fig. 3, or its extension defined in § 3. 
Similarly, by starting from the solution when the source is an 
oscillating magnet, we can deduce the solution corresponding to an in¢i- 


dent wave B' =0, 


al — 0, (ct-+7 cos (8—6o)) | 


y —_— oe 
The result is seen to be y=wyntyo 


where yj, yz are expressed by the same integrals as 7,, Z, above. 
These results are due to Macdonald,* and forms suitable for numerical 
calculation have been deduced from them by W. H. Jackson.+ 


5. Hlectrostatic and Hydrodynamical Problems. 


The problem of electrostatics may be briefly mentioned here: it 
corresponds to the case in which /(#—ct) is a constant, say unity. The 
solution then gives Green’s function for the space defined by the limits 


0<0< z/n. 


Under these conditions the ends of the path in Fig. 8 can be displaced 
_ to any extent (between adjacent cuts), without affecting the convergence of 
the integrals; and so the upper path may be reduced to two integrals 
along the edges of the upper cut. On the right-hand edge we then find 


R = + t/ {277 (cosh v—cosh a) }, 








* Hlectric Waves, 1902, pp. 192, 195. 
+ Proc. London Math. Soc., Ser. 2, Vol. 1,-1903, p. 393. 
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where ¢ = w, and on the left-hand edge, the sign of R is changed; also we 
find on either edge 


me sinh nv ne sinh nv 


H,(g) = — cosh nv—cos n(O—O,)’ SENS cosh nv—cosn (O+0,) © 


Hence the formula reduces to V = V,— V3, where 


nN dv sinh 2v 
eS = — 


T | / | 2rry)(cosh v—cosh a)} cosh nv—cos n (O—O,)’ 


and V, is a corresponding integral with 0+, in place of 0—4@,. 

These formule were given by Prof. H. M. Macdonald,* and require no 
further development now. 

It may be worth while to add the remark that the corresponding 
hydrodynamical problem (for a source in an incompressible fluid occupying 
the space between two planes) is given by the solution 


o= Vets V2, 


the integrals for V, and V, being those given above. For it is then 
evident that 0¢/00 = 0 both at 0=0 and at 0= z/n. 








* Proc. London Math. Soc., Vol. xxvi, 1895, p. 160, and Ser. 2, Vol. 14, 1915, p. 412 
above. See also Sommerfeld’s paper, quoted above, for the special case » = 3, 
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DIVISION OF THE LEMNISCATE INTO SEVEN EQUAL PARTS 


By G. B. MatHews. 
[Received April 8th, 1915.—Read April 22nd, 1915.] 


In this note #w stands for the function defined by 
"4 = 49°9u—4@u, 


and w is the real half period given by 


ite \ Nile |, dt 
mG A/G Eat) ae eae 
Taking « to be any complex integer (m+n2) not divisible by 7 (veal 
values of « are, of course, included), the quantity x, defined by 


2uUM 


Ly = 7? 


is one of 24 values, which are the roots of the equation Y, = 0, where 
Wy = Tx — 3082" — 295404 1985228 — 35231421%+ 8226474 —1119162” 
+421682°+ 156732°—147562°+13022'—19627—1. 


This polynomial is irreducible in the rational field ; but by a series of 
adjunctions it can be broken up into the product of eight cubies in the 
following manner. 

Every coefficient of W,, except the last, is divisible by 7, and we have 
identically 


Wy, = wT", 
where u = ¢?—2227!°— 2292°+ 13082°—63382!—6142?—3, 
v = 82"+ 882°—4962°+ 2402*+ 232x°+ 5. 
Hence, if we put ais 
Vy, has the factor fi., given by 
fig = v” — (224 8a) v!? — (229 + 88a) 8+ (1808 +496) 2° 
— (633+ 240a) ai — (614 4+ 2324) «?—1(21+4+8a). 
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Next put (Gel mnt Aa}. 
it is found that f\. has the factor /;, given by 
fe = ev —(114+-4a+78 +36) x*+ (68+ 240+ 268+10a8) x? 
—2(871+140a+1616+6148). 
Finally, let y’ = B(8—a), 


then /, has the factor fs; given by 
f= xv ar (16+6a+38+a) x? 
+ (6+ 2a+88-+08) ©— EY (19+ Ta+88-+8a8). 


By giving to a, 6, y all their different values, we obtain from /; the 
eight conjugate cubic factors of yy. In particular, if we take a, 6, y all 
real and positive, the roots of /; = 0 are all real and positive, and are 
accordingly the values of 21, %, 25. 

From an algebraical point of view this solution is as simple as can be 
desired ; it may, however, be put into another shape, which is of much 
theoretical interest. In the transformation theory for n = 7, Klein’s 
principal modulus 7 is connected with the absolute invariant J by the re- 


se ert (e189 149)(2-+ 574-1)" 
(7? +147°+ 687°+707—7)? : 17287. 
For the lemniscate functions J = 1, and consequently 7 satisfies the 
Soon g(t) = t*+147°+ 687°+707—7 = 0. 
This may be written 
(7? +77+21)?— 28 (7+-4)? = 0, 
whence TA (TAQ/7) 7+ (2148/7) = 0, 
and hence Ar = — 144-46, fT +69 (6,/7 — 1) /(2e, 4/7), 
where e,, ¢, are independent square roots of unity. 
Let 7 be any one of the four values of 7; then if we put 
a = — x4 (7°+107?+147—49), 
P= 7g(7’?+167?+ 687+ 35), 
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we have in virtue of ¢(7) = 0, 
emt ye hg oem Yaire 
and moreover a8 = p3(57°+5677+19674 91). 
By substituting these expressions, /, assumes the form 
fg = v°—4 (87°+407°+ 1687+ 152) 2% 
+1(267°+ 3687°-+ 16967 2065) x” 
— Js (1687°+ 22967°+ 1047274 12362). 
We have also, in terms of 7, 
ay? = — 73 — 47? +4747, 
so if we put —P—477+474+7 = a’, 
we have a cubic factor in the form 
fg = P+ sds (P+ 2277+ 1587+ 389) ox? 
+4(7?+147°+ 627+ 64) x 
gts (177° + 23877+ 107874 1253) c = 0. 
It may be noticed that we can put 
87 = 0?+46°—28—28, 
with By 28: 


I am indebted to my colleague, Mr. W. E. H. Berwick, for checking all 
of my work, except the calculation of y, and especially for performing 
the actual resolution of yy, into its factors; this is entirely his work, and 
I have only partly verified it. As to the value of ¥,, Mr. T. G. Creak was 
kind enough to work it out according to my directions, and since his re- 
sult agreed with one I had found myself by an entirely different process, 


it is practically certain that the value given is correct. 


Reference should be made to a paper by Brioschi (American Journal, 
Vol. x11, 1891, p. 381); use was made of this in the course of the in- 


vestigation. 
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A DIRECT METHOD IN THE MULTIPLICATION THEORY OF 
THE LEMNISCATE FUNCTIONS AND OTHER ELLIPTIC 
FUNCTIONS 


By G. B. Marurws. 
[Read May 138th, 1915.] 


In what follows @(w) means @(w; 4, 0) and o(u) is defined by 


ou) — = “° sin TU Hl (1— aid Se i (1— Oger cos. — 44), 


2a) 
amt 
with A fi \ ioe 
Putting Ct eu ari) 


we have a function, discovered by Gauss, which has the property 
| G (tu) = 1G (w), 
and is expandible in the form 
G(u) =utew+euw+... = uP(uv'), 


convergent for all values of w. 
Let @(u) = p, and consider 


I (p) = # (u)—® (nw) 


as a function of p. Suppose, also, in the first place, that » 1s a real odd 
integer. 


de (nu) du ng’ (nw) 
—— | — 

du dp (9 (u) 
so that /(4p°— 4p) [f' (p)—1] = — ne" (nw), 


whence 


Then f'(p)=1- 





? 


ae Oss le ep — 2, ght AN au 
VJ (4p* Ap) f LS Te rk a Ps = Vip —4p) rn?" (nu) — dp. 
2H 2 
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and therefore 
(4p°— 4p) f"(p) + (6p?— 2) f'(p) = 6p? —2—n? [6 (f—p)?—2]. 


That is to say, f(p) satisfies the equation 





(Qn —2p) - of +03)" Wan ee - > + 8n'f'— bn pf+(n?—1)(8p?—1) = = Onan 


The solution we want is a rational function of p, and for values of w 
sufficiently near to w+7w can be expressed as a convergent power series 
in p containing odd powers only. Assuming 


f=a ptasp ta; p’+..., 
we find by substitution in (1), and equating successive coefficients to zero, 
a, = — (n*?—1), 
5dg = n?(n?—1)(n?+1), 
75a, = — n7(n?—1)(n? +1) (2n*—7), 
13.75a, = n?(n?—1) (n?+1) (8n°—28n'+ 55), 


and so on. 


o (nu) 











‘i ig ee Th bo 
Now let Wy, su” h(p), 
considered as a function of p. We have 
’ h’ Gay 2 a a eee 
9' (uw) an a (p) an log VW, = nZ(nu)—n°Z (u), 
9" (wu) —— | vp” — 4p) ih (p) | = 72 | 9(u)—P (nu) | = nf, 
= h(p) ) | 
and accordingly Ee 
et rh! (p) i! (p) Shs 2) 
(4p? 1p) = (60) 6p —2)> Neo = J AD). (2) 


We know beforehand that the , we want is a polynomial in p’, so we 
assume ‘i . 
h(p) =1+¢, p?+e, p'+e3 p®+...; 


h' (p) 


h(p) 2c, p+(4cy— 2c?) p+ (6c3—6c9¢,+ 20%) p?+..., 


whence 





Ge ECW 
dp Gay — 2¢,+ (12c.— 6c?) p?+ (80c3—80c,¢,+10c%) p*+..., 
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so substituting in (2), equating coefficients, and using the caleulated values 
Of G1, Ms, as, .... we find that 


12c, = n?(n?—1), 
10080c, = — n? (n?—1) (n? — 4) (n? +75), 
1995840c, = n?(n?—1) (n?— 4) (n? — 9) (172? +4038n?+ 9000), 
2° .8°.5°.77.11.18¢, = n7(n?—1)(n*—4) (n?—9) 


S (283n8— 26978n° — 961737! + 652068n7+ 127764000), 
and so on. 


We know that there is an equivalence 


Ml Sire ett a lard 


9 (NU) 


(3) 


where the denominator is V?. Call the numerator pd;. Still supposing 
that n is odd, change w into w+o+iw; then p becomes —1/p, and (nw) 
becomes ?(nu-+o-+2), that is to say, —1/@(nu). It follows that, except 
for a possible change of sign throughout, the coefficients of ¢, are those 
of vy, in the reverse order. Now, since 


9 (nw) = p—f(p) = (l—a) p—a, p?’— 4; p?—..., 
(3) gives the identity 
{(1—a) p—agp?—...} {1 +2c, p?+ c.+ 7) p*+...} 
=p {nv + 2nd, p +(2nb,+bi) p-+...}, 
so by equating coefficients we find 
60), = — n(n?—1)(n?+ 6), 
10080), = — n(n?—1) (n®—18n? + 36n?+ 420), 
97 .34.5?.7.11.138b, = n(n?—1)(n?— 9) 


X (2328 + 23752°— 1463881! +116100n?+ 693000), 
and so on. 


np"+ b, p+ a 


with m = 4(nr?—1), 


When we write Vn 
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we find that the constant term is —1 for Ws, Ww, and +1 for W;, Wo. The 
eu Vrn+3Wn-s — WieWn-1 Wrn41 — Wi WoW; 

enables us to prove by induction that the constant term is (—1)?“~” for 
ull odd values of x. Thus with 


Im = n—1, ee = (—1)?*», 


we have Wr, = np” + b; pret b, prt by pe 8+ ie 
bel, pes Doo p +e, p +L), 


with the 0;, c; as above. | 

When 7 is even, vy, is of the form #’(u) #, where F is a polynomial 
inp. We might form a differential equation for F, but it is easier to 
proceed as follows. Changing n into w+e+to, p becomes —1/p as be- 
fore, but @(nu) is unaltered. We hence infer that F is a reciprocal 
polynomial. Moreover, (x—1) being odd, 


PPn-1 ee Vrn-2Wn 


Vn-1 Wi 
whence Ve cae sei Prai) . 4) 
n—2 


It thus appears that F is always reducible even after removing the 
factor Wy, For instance, 


We = — p' (8p*+ 12p°—46p* + 12p*+ 8) (p*— 28p° + 6p* — 28p?-+ 1) 
= — p' (8p'— 6p? — 1) (p* + 6p? — 8) (p*— 28p°+ 6p' — 28p?+ 1), 
ws = — 4p’ (ph +15p?—131p"+ 51p*+ 51p®—181p'+ 15p?+1) 
x (p'©— 88p4+ 92p” — 87 2p" + 1990p8— 87 2p°+ 92p' — 88p?+ 1) 
= — 4p'(p?+ 1)(p'— 6p? + 1) (p? + 20p® — 26p* + 20p?+ 1) 
x (p'*—88p4+...—88p?+1). 
It remains to consider complex multiplication. Let a, 6 be any two 
real integers, Vl bie aen oe aN 
so that m is the norm of uw. If we put 


_  ((=<artabriu) oluw _ Guu) 
Me Wee 4a” Jo(u)™ Glu)™’ 
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we find that = Wy, (w+ 20) = Wy, (w+ 2iw) = (—D)” wy, (w), 


so that y, has the periods 2, 2% unless a, b are both odd; that is, 
unless « = 1-+7 (mod 2), in which case we shall say that « is half even. 
In every case y-" has the periods 2, 2%. 

There are m incongruent residues of u, including zero. The zeroes of 
vy, are given by 2Aw/u, where A is any residue of « not congruent to 0; 
the poles of wy, are given by 2Aw, where A is any complex integer in- 
cluding 0, and we have near the origin 


a = Seat ho 
so each pole is of order (m—1). Since G(2uw) = iG(u), we have 
Vin = Vw Pin =o a = — (4) 
Observing that 
N(utvy+N(u—v) = 2N (u) +2N (0), 
we have, as in the real theory, 


Mee Ur pe (fet) 6 Ce — 9) 1 


2? G(uu)? G(vu)? 
= (vu) — 9 (uu) 
= {P(U)—P (uu) | — ( P(w)—# (vu) | 


a Wut Vfeaa Bs Wv41 Y= 
7: ») 9 
Vu Vy, 


(since WY, = 1), and therefore 
ute = Va Wahi Way (5) 


from which we derive other formule of reduction in the usual way. 
For a complex u the first few values of vy, are 


Yi = 4, 
Wisi = (140 /p, 
Vises = (142%) p?—1, 
Vrs = melon tp: — 1), 
W143i = (1+0)/p | (1+ 21) p?—1} | p?—(1+22)}, 
W340i = (8+ 22) p°+(7 — 42) p*+(—11+102) p? +1. 
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In general, as may be proved by induction, yy, is a polynomial in p? 
when u is odd; the product of such a polynomial by p’ when u is even; 
and the product of such a polynomial by ./p when yu is half-even. Here /p 
is that definite function of « which coincides with 1/slw. In virtue of (4) 
above, and the fact that if uy is the conjugate of u, y,, can be obtained 
from Wy, by changing the coefficients into their conjugates, only one- 
eighth of all possible arguments need be entered in a table of w,. When 
18 prime the proper argument is that one of the eight associated ones 
which is congruent to 1 mod (2+227); for the other values of « there does 
not seem to be any decisive rule. 

When uw is odd, we can apply a direct method for calculating W,. We 
have d 


ue log Wy, = MP (wu) — pw (uu) 
= (m—p") P(w)+y? | P(u)— (uu) }. 
Now, just as before, we have 
p(w) — (uw) = — (w?— 1) pth? (wW—D(wW +) pert... 
= a, ptaz p?+a,; p>+..., 
where a; is derived from a; by writing wu for n. Hence, putting 


Ww, = h(p) =1+y, p?+yep'+..., 


and proceeding as before, we have 





) d (h'( hi ( , 
Dae, dp fo TRU ma = (m—u') p+w(asp?+as5p’+...), 


leading to 12y, = u*—m, 
10080y. = — u®— 70m! + 85m? +336 u'— 300m, 
19958400y; = 17u?+165mu°—1584u°+5775m7u* 


—104940mut—1925m>+ 876992u4 


+ 49500m?—324000m, 
and so on. 


If we assume, still with u odd, 


h(p) — pp? DA By pr 
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we find in a similar way 
606, = — u(u?+5m—6), 
100808, = — u(u®—14mu'+84u'—35m?+384m—420), .... 
If in 8, y,; we put w= n, m=’, they reduce to 0; c as previously 


calculated ; this is a good test of the accuracy of the work. 
When wu is odd we have an equivalence 


Poy, 
P(uu) = ty 
Vi 
where ¢, is related to Wy, in the same way as ¢, to WY, and the upper or 


lower sign is to be taken according as y, ends with +1 or with +7. 
When uw is even or half-even 


y= pia ae pb: -1) 
; Va 





(6) 


by the same argument as before, because in each case «—1 is odd. 
Formula (6) is not one of reduction unless N(u—2) < N(u); but by 
taking, if necessary, one of the three numbers —wu, iu, —iu instead of pu, 


we can always make it applicable. For example, suppose u« = —1+3:7; 
Bae G14 8i)u _— G{i8-+4)u} 
v= Sar = ea 
me eGdo tee ) 
ame SRG 
We have Wor; = (21) p?—t, hari = tp? —(2+0), 


and hence, by (6), 
. a 9° or) Q47 bro; —t 9 | 
Vena = We +i — t{Woribtporit (Wore Lp +4 


W 1+4 


— pi d+ p'+ (1—3i)} (8+ pi+(—1+9)} 
(1+72)/p 


= (—1+1)/p | p°—(1+ 21) } | (2—2) p?-+7} 
= (1+4)/p {(1+20) p?—1} (p?—+2)} 
= Vis iV 42 geen tet a2 


where the factors Wi+i, Wi+a; arise from the fact that 1+7 and 1+2:2 are 
divisors of —1-+9382. 
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Of course, the direct method soon becomes far too laborious for practical 
application, but it does not lose its interest on that account. The differ- 
ential equations (1) and (2) are quite different in character from the partial 
differential equations given.by Jacobi (Werke, 1, p. 266), and Halphen 
(onctions Hlliptiques, 1, p. 828) in the same connexion. At present I do 
not see how to deduce the ordinary equations from the partial equations, 
or conversely. 

When 7 is a real odd number, and the invariants have the general 
values J, gs, the direct method of this paper is still applicable; instead of 
(1) we have 








(4p? —g2 p—gs) os + (6p?>— 1 + 6n7/?— 12n?pf+ (n?— 1) (6p?— 4g.) = 0 
(7) 
and instead of (2), 
s h'(p) Pe) pees 
dp—92p—99) 5, (Fh) +6499 Fy = MP (8) 


So far as they go, the ordinary equations are more useful than the partial 
ones, when gs, g3 are actually given, especially when, as in our case, one 
of them is zero. Thus for the lemniscate functions, if we use Halphen’s 
equation, we have to calculate a number of terms involving gs, although 
gz 1s actually zero, on account of the term 


Lay 
9 O4 
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occurring in the equation. Similarly in Jacobi’s equation we have the term 


Oz 
2n(a?—4) ae, 
with a= (1+ x*)/k, 


which in our case is zero. 

If we eliminate f from (1) and (2) or from (7) and (8), we have an 
ordinary differential equation of the fourth order satisfied by W,. The 
general solution is of course transcendental ; the fact that it has a solution 
which is a finite polynomial is very noteworthy. 

I am greatly indebted to Mr. T. G. Creak, of Llanberis, for helping me 
in the calculations. Almost all the coefficients were caleulated by us in- 
dependently ; the values of 63, y; are due to Mr. Creak alone, but he has 
checked them by putting «=n, m=n? in ys, and by finding the values 
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of b; for n= 5 and n= 7. These two values of b, came out right, so it 
is almost certain that the expression for 0, is correct. 

The coefficients c,, ¢,, cz were found by Gauss (see Werke, mt, p. 411); 
he also gives y,, yp (tbid., p. 412). In the same place there are a number 
of real and complex multiplication formule corresponding to n = 2, 8, 4, 2, 
1+7, 2+7, 8+7, 1+27, 14+382,1-+4:. It is not clear how he obtained 
Ci, Cy, ..-, but it was probably by a method similar to that of the present 
paper, since (/.c., p. 408) he gives a differential equation of the fourth 
order satisfied by G(u). Here, however, it is w (Gauss’s ¢) which is the 
independent variable. The functions W3+9:, Wi+4, Ws; are practically given 
by Hisenstein (Mathematische Abhandlungen, p. 188, or Crelle, xxix, 
peter). 
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